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Preface

This volume contains the papers presented at the Sixteenth International
Conference on Automated Deduction (CADE-16), held in Trento, Italy, July
7-10, 1999, and hosted by Istituto Trentino di Cultura — Centro per la ricerca
scientifica e tecnologica (ITC-IRST). The year 1999 marks the 25th anniver-
sary of CADE. Since their inception in 1974 at Argonne National Laboratory,
the CADE conferences have matured into the major forum for presentation of
research in all aspects of automated deduction.

CADE-16 was one of the conferences participating in the 1999 Federated
Logic Conference (FLoC). FLoC’99 was the second Federated Logic Conference;
the first took place in 1996 and was hosted by DIMACS at Rutgers University,
New Brunswick, NJ. The intention of the Federated Logic Conferences is to bring
together as a synergetic group several conferences that apply logic to computer
science. The other participating conferences in FLoC’99 were the Eleventh Inter-
national Conference on Computer-Aided Verification (CAV’99), the Fourteenth
IEEE Symposium on Logic in Computer Science (LICS’99), and the Tenth Con-
ference on Rewriting Techniques and Applications (RTA-99).

Eighty-three papers were submitted to CADE-16: 67 regular papers and
16 system descriptions. Each of the submissions was reviewed by at least four
program committee members, and an electronic program committee meeting was
held through the Internet. Of the 83 papers, 21 regular papers and 15 system
descriptions were accepted. In addition, this volume contains full papers by two
of the four invited speakers, Erich Gradel and Robert Nieuwenhuis, along with
an abstract of Tobias Nipkow’s invited lecture. Zohar Manna gave an invited
talk in a plenary session with CAV.

These proceedings do not cover several important conference events. Four
workshops were held on specialized research topics. The fourth automated the-
orem-proving system competition (CASC-16) was organized by Geoff Sutcliffe.
And for the first time an induction system competition was organized by Dieter
Hutter.

I would like to thank the many people who have made CADE-16 possible. I
am grateful to the following groups and individuals: to the Program Commit-
tee and the additional referees for reviewing the papers in a very short time
and maintaining the high standard of CADE conferences; to my fellow Trustees
for their advice and co-operation; to the FLoC Organizing Committee (Fausto
Giunchiglia, Leonid Libkin, Paolo Traverso, Morena Carli, Carola Dori, Alessan-
dro Tuccio, Adolfo Villafiorita, and Moshe Vardi) for organising an excellent and
outstanding conference; and last but not least, to Uwe Waldmann, and the other
members of my research group at MPI, who helped with the many tasks of the
program chair, and helped compensate for his lack of technical expertise in cer-
tain Web and text processing tools.

Saarbriicken, May 1999 Harald Ganzinger
CADE-16 Program Chair
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A Dynamic Programming Approach to
Categorial Deduction

Philippe de Groote

LORIA UMR n° 7503 — INRIA, Campus Scientifique, B.P. 239
54506 Vandceuvre les Nancy Cedex — France
degroote@loria.fr

Abstract. We reduce the provability problem of any formula of the
Lambek calculus to some context-free parsing problem. This reduction,
which is based on non-commutative proof-net theory, allows us to de-
rive an automatic categorial deduction algorithm akin to the well-known
Cocke-Kasami-Younger parsing algorithm.

1 Introduction

Modern categorial grammars [8], which are intended to give a deductive account
of grammatical composition, are based on substructural logics whose paradigm
is the Lambek calculus [7]. Any parsing problem for a given categorial gram-
mar gives rise to some decision problem in the substructural logic on which the
grammar is based. Consequently, to design an efficient parsing algorithm for a
categorial grammar amounts to design an efficient decision procedure for some
logic akin to the Lambek calculus.

On the other hand, the Lambek calculus, which has been introduced four
decades ago, appears a posteriori to be a non-commutative fragment of linear
logic [4]. Consequently, it is possible to take advantage of Girard’s proof-net the-
ory in order to design automatic deduction procedures for the Lambek calculus.

In this paper, we introduce an original correctness criterion for non-commu-
tative proof-nets, from which we derive a dynamic programming algorithm for
deciding the provability of a Lambek sequent.

The paper is organised as follows. Section 2 is a short presentation of the Lam-
bek calculus. In Section 3 we introduce an original notion of non-commutative
proof-net, and we prove that this notion of proof-net corresponds to an actual
notion of proof. In Section 4, we associate to each Lambek sequent a context-free
grammar that allows to see the provability problem, for this sequent, as a rewrit-
ing problem. This gives rise to the algorithm described in Section 5. Finally, we
conclude in Section 6.

It is to be noted that the theory of non-commutative proof-nets appeals to
the theory of planar graphs. The formalisation of this theory relies on advanced
geometrical concepts whose exposition is out of the scope of this paper. On
the other hand, the elementary concepts of planar graph theory that we used
(essentially the notion of face) are rather intuitive. Consequently, we have decided

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 1-15, 1999.
© Springer-Verlag Berlin Heidelberg 1999



2 Philippe de Groote

to illustrate the different concepts by several examples in order not to lose the
reader into the formal details.

2 The Lambek Calculus

The Lambek calculus [7], which has been introduced as a logical basis for cate-
gorial grammars [8], corresponds exactly to the non-commutative intuitionistic
multiplicative fragment of linear logic [4].

Given an alphabet of atomic formulas A, the syntax of the formulas obeys
the following grammar:

F u= A| FeF | F\F | F/F

where formulas of the form A e B correspond to conjunctions (or products),
formulas of the form A\ B correspond to direct implications (i.e., A implies B),
and formulas of the form A/B to retro-implication (i.e., A is implied by B).

Then, the deduction relation is specified by means of the following sequent
calculus.

I'-A A,A A+ B

Avr A (ident) (cut)
Al,F,AQFB
I'A,B,Avw C I'-A Av B
(o left) (e right)
INAe B, A C I'Avr AeB
I'-A A,B A+ C AT+ B
(\ left) — () right)
Al,F,A\B,AQFC FFA\B
I'-A A,B A+ C I''Av+ B
(/ left) ———  (/ right)
Al,B/A,F,AQF C I B/A

It is to be noted that the above system does not include any structural
rule. In particular, the absence of an exchange rule is responsible for the non-
commutativity of the connectives. This, in turn, explains the presence of two
different implications.

Ezxample 1. As an illustration, consider the sequent
(a/b)eb, b\ (be(a\a)) v a,

which may be derived as follows:

brb  aa\av a
a/b,b,a\ar a
br b a/b,be(a\a) v a
a/b, b, b\ (be(a\a)) + a
(a/b)eb, b\ (be(a\a)) + a
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3 Proof-nets for the Lambek calculus

Proof-nets are concrete structures that allow the proofs of linear logic to be
represented geometrically [4]. As we mentioned, the Lambek calculus is a non-
commutative fragment of linear logic. It is consequently possible to adapt the
notion of proof net to the case of the Lambek calculus [6, 10]. To this end, we first
give a translation of the Lambek calculus into (non-commutative) multiplicative
linear logic.

The formulas of multiplicative linear logic are built upon a set of atomic
propositions A according to the following grammar:

MF = A| AL | MFOMF | MF3MF

where the unary connective + denotes the linear negation, and the binary con-
nectives ® (tensor) and % (par) correspond to multiplicative conjunction and
disjunction respectively .

Definition 1. The translation 7[I" v A] of a Lambek sequent I" v+ A into a
sequence of multiplicative formulas is defined as follows:

T v Al =T [I],TH[A]"

where

1. T*a]" =a 5 T [a] =a* B B
2. TH[AeB]" =T*[B ﬂ ®T+HAH+ 6. T~[AeB] =T [A] &7 [B]
5. TH[A\ BH: =T*[B]" T 1Al 7 TTIA\B]” =T T[A]TeT 18]
4. TT[A/B]T =T~[B]” 787 T1A] 8. T~[A/B]” =T~ [A] ®T*[B]
9. T Al =77, T-[A]

It is important to note that the translation 7[I" + A] does not define a set
but a sequence of formulas. This is due to to fact that the order between the
formulas of a Lambek sequent is relevant.

Ezample 2. Consider the sequent of Example 1. Its translation is the following:
T[(a/b)eb, b\ (be(a\a)) + a] = (et @b) XbT, 0@ (b B (a®a't)),a

The definition of a multiplicative proof-net procceds as follows. The notion of
proof-structure, which corresponds to a class of graphs decorated with formulas,
is first defined. These proof-structures are intended to represents proofs. It is
not the case, however, that they all correspond to actual proofs. It is therefore
necessary to give some further criterion in order to distinguish the correct proof-
structures, which are called proof-nets, from the other ones.

The notion of multiplicative proof-net may be adapted to the Lambek cal-
culus by stating an additional condition that ensures non-commutativity. We
do not follow this approach. The definition that we give is based on a correct-
ness criterion that is intrinsically non-commutative. This new criterion, which
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has been especially devised in order to prove the correctness of the algorithm of
Section 5, is a refinement of a similar criterion due to Fleury [3].

Proof-nets and proof-structure being a sort of graph, we use freely elementary
graph-theoretic concepts that can be found in any textbook. In particular, the
terminology we adopt is taken from [2]. We also take for granted the notion of
parse tree of a formula. The leaves of such a parse tree are decorated with literals
(i.e., atomic propositions, or negations of atomic propositions) and its internal
nodes are decorated either with the connective ® or the connective 7. These
internal nodes will be called ®- and %¥-nodes, respectively.

Definition 2. Let I' v A be a Lambek sequent. The proof-frame of I" — A
consists of (the sequence of ) the parse-trees of the formulas in T[I" v A]l. The
roots of these parse trees are called the conclusions (or the conclusive nodes) of
the proof-frame.

Ezample 3. The proof-frame of the sequent of Example 1 is the following:

a at
| b bl \ ® _—
a
2 ® a
Let us associate two polarised atoms a™ and a~ to each atomic formula a,
and let X be the set of these polarised atoms. The next step in defining a notion

of proof-structure for the Lambek calculus consists in introducing the concept
of well-bracketed matching on a word of X7.

Definition 3. Consider a word w = wiws . ..wy, of polarised atoms. We define
a well-bracketed matching on w to be a permutation p on the set of w;’s such
that:

1. (Vi,j < n) p(wi) = wj implies (w; = a* and w; = a~) or (w; = a~ and
w; = at), for some atomic formula a.

2. (Vi,j < n)p(w;) =w; implies p(w;) = w;,

3. (Vi, 5, k,l € n) p(w;) = wj, plwr) =wi, and 1 < k imply 1 < j.

Conditions 1 and 2, in this definition, formalise the idea that a matching con-
sists in grouping by pairs atoms of opposite polarities. Condition 3 corresponds
to a notion of well-bracketed structures by forbidding configurations such as

i kg l

Let I' + A be a Lambek sequent. We write (A/I") to denote the sequent
(consisting of one formula) obtained by applying Rule (/ right) to I' ~ A as
many times as possible. It is well-known that I" + A is provable if and only if
(A/TI') is. We now associate, to each Lambek sequent, a word of polarised atoms
as follows.
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Definition 4. The word of polarised atoms V; [I" + A]| associated to a Lambek
sequent I v A is defined as Vi[I" v A] = W[T[A/I']], where:

1 W[[a} at 3. W[aR 5] =W[a] W]
Wlat] =a~ 4. W[a® ] = W]a]W[F]

Let us interpret at and a~ respectively as a and a', which is consistent
with Equations 1 and 2 in the above definition. Then the word associated to a
sequent corresponds exactly to the sequence of the leaves of the proof-frame of
this sequent.

We are now in a position of defining a notion of proof-structure for the
Lambek calculus.

Definition 5. Let I' v A be a Lambek sequent. A proof-structure of I' v~ A (if
any) is a simple decorated graph made of:

1. the proof-frame of I' v A;
2. a perfect matching on the leaves of this proof-frame that corresponds to a
well-bracketed matching on V1 [[I' v A].

The conclusions of the proof-structure are defined to be the conclusions of the
proof-frame. The edges defining the perfect matching on the leaves of the proof-
frame are called the axiom links of the proof-structure.

Ezample 4. The following graph is a proof-structure for the sequent of Exam-
ple 1.

\

( f \ \/
\/ ‘ \/3
\/ \/

a

In order to state the definition of a proof-net, we need some elementary con-
cepts of planar graph-theory. A graph is said to be planar if it may be represented
on a plane in such a way that no two edges cross one another. Such a represen-
tation is called a topological planar graph. A face of a topological planar graph
is defined to be a region of the plane bounded by edges in such a way that any
two points of this region may be connected by a continuous curve that does not
cross any edge.

It is is easy to see that the proof-structures of Definition 5 are planar graphs
(this is due to the well-bracketing condition). Consider, for instance, the proof-
structure of Example 4. It has three faces: two bounded faces that are contained
within elementary cycles — respectively, (a, a®, ®1, b, b+, ¥, ®3) and (b*, b,
®1, B, b, b, @2, B) —, and one unbounded face that corresponds to the region
of the plane that is “outside of the proof-structure”.

While the notion of face is proper to the notion of planar graph, the notion
of bounded and unbounded face depends of the particular topological planar
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representation under consideration. Consequently, from now on, when speaking
of a proof-net we mean its natural topological representation' as illustrated by
example 4. This convention allows us to define the faces of a proof-structure as
the bounded faces of the corresponding topological planar graph.

Let P be a proof-structure, F' be a face of P and n be a %- or a ®-node of
P. We say that F' contains n if and only if n and its two daughter nodes belong
to the boundary of F'. Remark that some nodes may belong to the boundaries
of two different faces. However, according to the present definition, any node is
contained in at most one face. Finally, let ¢ and u be two ®-nodes of P. We say
that ¢ is dominated by u (and we write ¢t < u) if and only if ¢ is the ancestor of
a %¥-node that is contained in the same face as u.

We now define our notion of proof-net.

Definition 6. Let I' v A be a Lambek sequent. A proof-net of I' v A (if any)
s a proof-structure P of I' v A such that

1. each face of P contains exactly one %¥-node;

2. each ®-node is contained in a face of P;

3. the relation of dominance < between the ®-nodes of P is acyclic, i.e., its
transitive closure <T is irreflexive.

Ezample 5. The proof-structure of example 4 is a proof-net. Indeed, each face
contains exactly one %¥-node. There are no other %-nodes. The dominance rela-
tion consists simply of ®2 < ®1, whose transitive closure is clearly acyclic.

In constructing a proof-net, the difficulty consists in guessing an appropriate
set of axiom links. A possible solution to this problem is to generate all the
possible sets of axiom links and to check for each corresponding proof structure
whether the proof net correctness criterion is satisfied or not. A more clever
way of proceeding is to construct the set of axiom links incrementally so that
the correctness criterion is ensured by construction. This is precisely what our
algorithm is doing. Consequently, in order to prove its correctness, we will need
a notion of partial proof-net.

Let us define a module to be a simple decorated graph made of a proof-
frame and a partial perfect matching that obeys the conditions of Definition 5.
In other words a module is a proof-structure from which some axiom links have
been erased. Now, given a module M, we define an possibly open face to be a
set of nodes that belong to the boundary of the same face in any proof-structure
that contains M as a subgraph. If the boundary of a possibly open face is cyclic,
we call it an actual face. If it is acyclic, we call it an open face.

The notion of possibly open face allows the relation of dominance to be de-
fined on modules. This, in turn, allows us to define a correct module. to be a

! That is the representation obtained by drawing trees with their root at the bottom,
by drawing left and right daughter-nodes respectively on the upper left and upper
right of their mother, and by drawing sequences of trees from left to right.
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module whose actual faces contain exactly one Z-node, whose open faces con-
tain at most one #¥-node, and for which the transitive closure of the dominance
relation is acyclic.

We end this section by proving that the proof-nets of definition 6 correspond
actually to a notion of proof for the Lambek calculus. In other words, we prove
that any Lambek sequent I" + A is provable if and only if there exists a proof-net
for it.

Proposition 1. Let I' v A be a provable Lambek sequent. Then there exists a
proof-net whose conclusions are T[[I' v A].

Proof. The proof consists in a straightforward induction on the sequent calculus
derivation. ad

To prove the converse of this proposition, which corresponds to Girard’s
sequentialisation theorem [4, 5], we establish the following key lemma.

Lemma 1. Let P be a proof-net that does not contain any conclusive %-node.
If P contains at least one ®-node then it contains a conclusive ®-node whose
removwal splits P into two disconnected proof-nets.

Proof. Consider some conclusive @-node t1 of P (there is at least one). If the
removal of t1 disconnects P, we are done. Otherwise, t1 must be contained in a
face of P. Consider the B-node p that is contained in this face. p cannot be a
conclusion of P. Hence it must be the descendant of some conclusive ®-node to,
and we have ty < t1. By iterating this process, which terminates because of the
acyclicity of the transitive closure of <, we eventually find a splitting ®. a

Proposition 2. Let P be a proof-net whose conclusions are T[[I' v A]. Then
the Lambek sequent I' v A is provable.

Proof. The proof is done by induction on the number of nodes in P. If P is made
of a single axiom link then it corresponds to an axiom a v a. If P has at least
one conclusive ¥-node, the induction is straightforward. Finally, if P does not
consist of a single ariom link and does not contain any conclusive %¥-node, we
apply Lemma 1. a

Proposition 3. Any Lambek sequent is provable if and only if there exist a
proof-net of it. a

4 Grammars of axiom links

As we already stressed, to construct a proof-net consists essentially in finding
an appropriate set of axiom links. This set must obey three conditions:

A. it must induce a well-bracketing on the leaves of the given proof-frame,
B. it must give rise to a proof-structure whose faces contain exactly one 73,
C. it must induce a dominance relation o whose transitive closure o™ is acyclic.



8 Philippe de Groote

Given a Lambek sequent I + A, it is easy to show that there exist a set of
axiom links satisfying Condition A if and only if

Vil A =7 S (%)

according to System R; that is defined by the following rules:

T — S (1) a~at — T (4)
TS — S (2) atSa- - T (5)
ata™ —- T (3) a~Sat - T (6)

Indeed, the above system corresponds to a context-free grammar whose terminal
alphabet is X and whose non-terminal alphabet is the set {S,T}. Then, any
rewriting sequence such as (x) induces the well-bracketed matching that matches
together two atoms of opposite polarities if and only if they are rewritten at the
same time by an instance of Rule (3), (4), (5) or (6).

We now transform, step by step, the above grammar in order to take Condi-
tions B and C into account.

Let us define a new terminal alphabet Xy by associating to each a™ € X
(respectively, a= € X) two different symbols, namely, af, af (respectively,
ay, and az ). Similarly, we consider the non-terminal alphabet {Sx, Sy, Ty, T}
Then, we associate to each Lambek sequent I" + A a word of X7 as follows:

Ve[l v A = WITTA/ ]
where the transformation W : MF x{#, ©} — X3 obeys the following equations:

3. Wla? fllec =Wlall» W[s]c
4. Wla @ fllec = Wlalle W[s]c

1. Wlale = af
2. W[at]e = ag
with ¢ ranging over {2, ®}. The intended meaning of this definition is the follow-
ing: Va[[I" v AJ| corresponds to the sequence of the leaves of the proof-frame of
I' v A with, for each leave, a subscript » or @ indicating respectively whether
the open face immediately on the right of the leave contains or does not contain
a %¥-node.

Let I' v A be a Lambek sequent. We claim that there exists a proof-structure
of I' v A whose each face contains exactly one %¥-node if and only if

Vo[l A] =7 Sy ()

according System Ry that is defined by the following rules:

Te — Se (1) ayal — Te (6)
Ty S5 — Sz (2) at Sga; — T, (7)
Ty Sy — Sx (3) ay Syal — T, (8)
T, Sy — Sg (4) al Syag — T (9)
atag — T, (5) ay Syad — T (10)

where ¢ ranges over {%,®}.
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The only-if-part of our claim is easy to show. In order to prove the if-part, we
must show that the proof-frame of I' + A admits a set of axiom links satisfying
both Conditions A and B. The proof that (xx) induces a set of axiom links
satisfying Condition A is similar to the case of System Rj. The proof that this
set of axioms satisfies Condition B is based on the following facts:

— for each (occurrence of a) non-terminal symbol N involved in (xx) there
exist wi, ws, ws € X3 such that: (1) Vo[I' + A] = wiwaws; (2) we —* N; (3)
w1 Nwy —* Sz. consequently, to each (occurrence of a) non-terminal symbol
N, one may associate the portion of the proof-frame that corresponds to wo,
the set of axiom links that is induced by ws —* N, and the module that is
made of the proof-frame together with this set of axiom links;

— to each (occurrence of a) non-terminal symbol N involved in (x#) corresponds
(a portion of) an open face of the associated module; this open face corre-
sponds to the portion associated to N together with the leaf immediately on
the right of this portion;

— a non-terminal symbol has # as a subscript if and only if the corresponding
open face contains a %-node (this property is preserved by all the rules of
Ry);

— Rules (5) to (10) ensure that each open face that is turned into an actual
face by adding an axiom link contains a %¥-node.

We will illustrate the above facts by examples, but first we transform System Rs
in order to take Condition C' into account.

From now on, we distinguish the different occurrences of ® within a multi-
plicative formula by means of indices. For instance, we write (a®1 (b®2c¢)) instead
of (a® (b®c)). Then we consider an infinite set of constants K = {k1, ka2, ks, ...},
and we construct the alphabet X3 by associating a new symbol s[I'] to any
s € Yo, I' C K. Similarly, we associate four different non-terminal symbols S,
Sg, T, Ty} toany 'UK, o C K x K, such that the transitive closure o™ of the
relation o is acyclic. Then, we associate to each Lambek sequent I" + A a word
of X% defined as follows:

Vsl v Al = WITTA/ I~ 00

where the transformation W : MF x {m, @} x 285 x 28XK . 5% obeys the
following equations:

1. Wla]eI' A = a[I]

2. Wlat]eI A = a_ [T

3. WlaR el A=W[a]]s AA W[B]eT A

4. Wla®; flle ' A = Wa]e {ki} (AU {k;}) W[Ble ' (AU {k;})

with ¢ ranging over {#, ®}. The interpretation of this definition is the following.
The different constants ki, k2, ... occurring in Vs[I' + A] correspond to the
different occurrences of ® in I' + A . Then a symbol af[I'] or a;[I'] occurring
in V3[[I" v+ AJ| corresponds to a leaf whose right open face contains one Z-node,
and I" corresponds to the set of ®-nodes that are ancestors of this %¥-node. On
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the other hand, a symbol a}[I'] or a_[I'] corresponds to a leave whose right
open face contains one ®-node (and, consequently, does not contain a %-node),
then I' is a singleton corresponding to this ®-node.

Definition 7. The rewriting system Rs is defined as follows:

TC[Fv J} - SC[Fv J} (1)
T®[F1,01]S¢[F2,02] — S?g[FQ,UlUO‘QU(FQXFl)} (2)
provided that (o1 U oy U (I'y x I7))T is acyclic.

Tyg[Fl,CTl] S®[F2,CTQ] — S@[Fl,CTlUCTQU(Fl XFQ)] (3)
provided that (o1 U o U (I'y x I2))T is acyclic.
T®[F1,01]S®[F2,02} — S®[F1UF2,01UCTQ] (4)
provided that (o1 U os)™ is acyclic.

ax[l]ag[In] — Te[l?,0] (5)

az [T al[Iy] — Te[I?, 0] (6)

az[I1] Ss (I, 09 ag [I5] — Te[I'3, 02U (I X I3)] (7)
provided that (o2 U (I't X I))T is acyclic.

a5 1] Sg (I, 09] ad [I5] — Te[I3, 02U (I X I3)] (8)
provided that (o2 U (I't X I))T is acyclic.

ag[]jﬂ S@[FQ,UQ} ag[Fg} — TC[Fg,CTQU(FQ XFl)] (9)
provided that (o2 U (I'y x I'1))T is acyclic.

aé[]“ﬂ S?g[FQ’ 0‘2} aj;[Fg} — TC[Fg, oo U (FQ X Fl)] (10)

provided that (o2 U (I'y x I'1))T is acyclic.

Proposition 4. Let I' v A be a Lambek sequent. Then I' v A is provable if
and only if
Vs[I' = A =" Sx[0,0] (5 %)

according to system Rs, for some o C K x K whose transitive closure is acyclic.

Proof. (sketch). By Proposition 3, we have that I' v A is provable if and only
if there exists a proof-net of it. Given such a proof-net, it easy to construct a
rewriting such as (x*x) by taking o to be the dominance relation of the proof-net.
This proves the only-if part of the proposition.

Conversely, we show that the set of axiom links induced by (x x ) satisfies
Conditions A, B, and C. To show that Conditions A and B are satisfied, one
proceeds similarly to cases of Systems Ry and Rs. To show that Condition C' is
satisfied, one establishes the following invariants:

— the set I' appearing in a non-terminal symbol Sx[I", o] or T[T, o] corresponds
the ®-nodes that are ancestors of the Z¥-nodes contained in the open face
associated to this non-terminal symbol;

— the set I' appearing in a non-terminal symbol Sg[I,o] or Tyl o] corre-
sponds the ®-nodes that are contained in the open face associated to this
non-terminal symbol;
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— the set o appearing in a non-terminal symbol Sc[I, o] or Te[I, o] corresponds
the dominance relation of the module associated to this non-terminal symbol.
|

Ezample 6. Consider again the sequent of Example 1. Its provability may be
established by the following rewriting (where applications of Rule (1) have been
left implicit):
ag[{ki}] o3[0] b5 (0] bF[{ko}] b5[{ke}] afl{ks}] a5[0] a5[0]
~—_——— —_—
agl{ki}] b300]  Tol{ke}, 0] b5[{k2}] af[{ks}] T:[0,0]
ag [{ki}] Ts[{ka}, 0] af [{ks}] [0, 0]
T [{ks}, {(ka, k1)}] [0, 0]
Sx[0, {(ka, k1)}]

)

T
T

Now, the different rewriting steps of the above derivation may be interpreted as
incremental steps in the construction of a proof-net. We start with the proof-
frame:

b=

z

The first rewriting steps, b5 [0] bf [{ko}] — T, [{ko}, 0] and a [0] af [0] — T[0, 0],
yield the following module:

b0 Tol{kab, 0 by [{l)] ot [{Ka)]
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Then, the interpretation of b} [0] Sy[{ka}, 0] b5 [{ka2}] — T[{ka}, 0] gives rise to
a supplementary axiom link:

alfk  Tl{ke}0

The next step, a; [{k1}] Ss[{ka}, 0] af[{ks} — T [{ks}, {(ka, k1)}], is interpreted

similarly:

To[{ks}, {(ka, k1)}]

/
Finally, the last step, T [{ks}, {(ka,k1)}] S»[0, 0] — S50, {(ks, k1)}], establishes
that the above module is indeed a proof-net.

5 The proof-net construction algorithm

The fact that we have reduced the decision problem of the Lambek calculus
to a context-free parsing problem allows us to take advantage of the dynamic
programming techniques that are used to recognize the context-free languages. In
particular, we present an algorithm derived from the well-known Cocke-Kasami-
Younger procedure.

This algorithm, which is based on the Chomsky normal form of System Rj3
(See Appendix A), constructs an upper-triangular recognition matrix A whose
entries are sets of non-terminal symbols. The initial conditions are the following:
Given a sequent I' + A, w = wiwsy...w, contains V3[I' + AJ|, and all the
entries of A are empty.
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fori:=1ton—1do
(* Rules 4 and 5 %)
if w; = aﬂfﬂ and Wi+l = Qg [FQ} then Ai,i = {TC[FQ’ @], SC[FQ’ @]}
(* Rules 6 and 7 x)
else if w; = a
od;
ford:=2ton—1do
if d is even
then for i :=1ton—ddo

Fl] and Wi4+1 = aj [FQ} then Ai,i = {TC[FQ’ @], SC[FQ’ @]}

5

ji=(d+1i) -1
(* Rule 8 %)
if w; = a}[I1] then for each S, [I%,09) € A;41,; do
o:=09U([7 X I3);
if o is acyclic
then Ai,j = Ai,j @] {U[a, +, Cf}}
od
(% Rule 9 %)

else if w; = a;[I'1] then for each S [I%,09] € Aij1,; do
o:=09U([1 X I3);
if o is acyclic
then Ai,j = Ai,j U {U[a, — Cf}}
od
(* Rule 10 %)
else if w; = af[I] then for each Sy[I%,09] € Aj41,; do
o:=09U([2xI1);
if o is acyclic
then Ai,j = Ai,j U {U[CL, +, Cf}}
od
(* Rule 11 %)
else if w; = a[I1] then for each S;[I,02] € Aj41,; do
o:=09U([2xI1);
if o is acyclic
then Ai,j = Ai,j U {U[a, — Cf}}
od
od
else (x d is odd *)
fori:=1ton—ddo
ji=d+1i) -1
(* Rules 12 and 13 %)
for each Ula, +,0] € A; j_1 do
if Wi+l = Q¢ [F} then Ai,j = Ai,j @] {TC[F, CT], SC[F, Cf}}
od;
(* Rules 14 and 15 %)
for each Ula, —,0] € A; j_1 do
if Wiyl = CL+[F} then Ai,j = Ai,j @] {TC[F, CT], SC[F, Cf}}

C
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od;

k=1

while k£ < 5 do
(¥ Rule 2 %)

for each T5[I'1,01] € A; i, do
for each Sg[Is, 03] € Agyo,; do
o:=01UoyU (I7 x I});
if o is acyclic then A; j := A; j U{Ss[I1, 0]}
od
od;
(* Rules 1 and 3 x)
for each Ty[I,01] € A; 1, do
for each S5[I%, 09 € Apyo; do
oc:=01UoyU (I3 x I1);
if ot is acyclic then A; j := A; ; U {S5[I%, 0]}
od
for each Sg[Is, 0] € Agyo,; do
o :=01 Uoy;
if o is acyclic then A; j := A; j U{Sy[[1 UI%, 0]}
od
od;
k:=k+2
od
od
od

6 Conclusions and future work

Our proof-net construction algorithm does not take any advantage of the intu-
itionistic nature of the Lambek calculus. Consequently it is easily adaptable to
classical calculus such as Yetter’s [11] and Abrusci’s [1]

Our work indirectly addresses the problem of the complexity of the Lambek
calculus decision problem. Whether this problem is NP-hard or not is still open.
The theoretical complexity of our algorithm is exponential because of the number
of possible non-terminal symbols. It is possible to reduce this number because it is
not necessary to record the complete dominance relation but only the constraints
that are “still active”. However, this optimisation, which we will describe in an
extended version of this paper, does not give rise to a polynomial algorithm.
Nonetheless, it allows to define interesting fragments of the Lambek calculus for
which the decision problem is polynomial.

Acknowledgements I wish to thank Glyn Morrill, Frangois Lamarche, and
Yves Lafont for helpful discussions and comments.
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A Chomsky normal form of System Rj3

To[I,01] Sx[I2,02] — Sx[l2,01Uoc2U ([2 X I7)] (1)
Ts[I1,01] Sg[la,02] — Sx[I1,01Uo2U (I X I3)] (2)
To[I,01] Se[l2,00] — Sg[l1U %, 01Uo03] (3)
ay[I]ag[I2] — Te[l2,0] (4)
af[]ag[Is] — Se[l2,0] (5)

ay [N al (] — Te[l3, 0] (6)

az [M]ad [I2] — Sell2,0] (7)
at[l] Sells,02] — Ula,+,02U (I x I3)] (8)
ay [I] Sgl[l2,02) — Ula,—, 02U (It X I3?)] (9)
al[l] Sx[Is,00] — Ula,+,02U Iy x I1)] (10)
ag[I] S»[Is,00] — Ula,—, 00U (I x I1)] (11)
Ula, + 0lac[I'] — Tc[I', 0] (12)
Ula, +,0lag[I'] — Se[I', 0] (13)
Ula, -, 0lal["] — Te|I',0] (14)
Ula,—,0]lal[I"] — S¢[I, 0] (15)
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Abstract. We define a class of modal logics LF by uniformly extend-
ing a class of modal logics L. Each logic L is characterised by a class
of first-order definable frames, but the corresponding logic LF is some-
times characterised by classes of modal frames that are not first-order
definable. The class LF includes provability logics with deep arithmeti-
cal interpretations. Using Belnap’s proof-theoretical framework Display
Logic we characterise the “pseudo-displayable” subclass of LF and show
how to define polynomial-time transformations from each such LF into
the corresponding L, and hence into first-order classical logic. Theorem
provers for classical first-order logic can then be used to mechanise de-
duction in these “psuedo-displayable second order” modal logics.

1 Introduction

Background. There are two main approaches to modal theorem proving
in the literature. The direct approach consists in defining calculi dedicated
to modal logics at the cost of modifying existing theorem provers (see e.g.
[ s NESs] ). The translational approach consists in translating modal
logics into logics for which theorem provers already exist, typically clas-
sical first-order logic (FOL). The relational translation into FOL (see e.g.
a7 Sch U SHNITS| ) is the most common such translation although not the
only one (see e.g. [MarZaORIRAHorRUINVIETH IR ). These two approaches

cannot always be applied with equal success (see e.g. [HSG4]). For instance, for
the provability logic G which is characterized by a second-order class of modal
frames (see e.g. [[Raald]), the relational translation is not possible unless FOL
is augmented with fixed-point operators (see e.g. [RS8H]). However, dedicated
sequent-style calculi do exist for provability logics such as G or Grz (for Grze-

gorczyk); see e.g. |[EIROEESRN TR AT R0 SUNCOrT).
Display Logic. Display Logic (DL) [RalX7| is a proof-theoretical framework
that generalises the structural language of Gentzen’s sequents by using multiple
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complex structural connectives instead of Gentzen’s comma. The term “display”
comes from the nice property that any occurrence of a structure in a sequent can
be displayed either as the entire antecedent or as the entire succedent of some se-
quent which is structurally equivalent to the initial sequent (see e.g. [Balx7]). Any
display calculus satisfying the conditions (C1)-(C8) [B&Xd] (see the appendix)
enjoys cut-elimination. Kracht’s characterisation of properly displayable modal
logics [BEa8H] means that any extension of the (poly)modal logic K obtained
by the addition of the so-called primitive axioms admits a display calculus that
obeys conditions (C1)-(C8) [Ri25d], and therefore enjoys cut-elimination. Since
every primitive axiom is a Sahlqvist formula, any such extension is first-order
definable [Rahzd].

Our Contribution. Let ¢ be a modal formula and F(¢) be a formula built
from {¢} using -, A, V, =, O and < such that any subformula of the form O
in F(¢) occurs positively (when every ¢1 = ¢ is written as —¢1 V ¢3). Let L
be a properly displayable modal logic and LF be the logic obtained from L by
adding the axiom scheme O(F(¢) = ¢) = O¢. Here a logic is understood as a
set of formulae and therefore is exactly a (decision) problem in the usual sense
in complexity theory. That is, as a language viewed as a set of strings built upon
a given alphabet.

By generalising results from [EE=SS], we establish conditions permitting an
O(n3.log n)-time transformation (also called a “many-one reduction” [ZAb94])
g from LF into L. If K4 C L, then ¢g can be in O(n.log n)-time. Now, every
primitive modal logic can be translated into FOL in linear-time (using a smart
recycling of the variables). So in the general case, we define an O(n3.log n)-time
transformation from LF into (possibly known) fragments of FOL even though
a formula of second-order logic may be essential to describe the class of modal
frames characterising LF. This provides an alternative for mechanizing modal
provability logics.

Our uniform definition of such mappings shows that DL is ideal for proof-

theoretical analyses of calculi for LF and L. In fact, the theoremhood preserving
nature of our transformations are a characterisation of (weak) cut-elimination
for many of these logics.
Plan of the Paper. In Section [l we define the class of modal logics LF studied
in the paper. In Section [, we define display calculi SLF for these logics and show
these calculi to be sound and complete. In Section l we give necessary and
sufficient conditions to establish that the display calculi 0LF admit a (weak)
cut-elimination theorem, and provide the promised transformations. Section il
contains a similar analysis for traditional sequent-style calculi. Proofs are omitted
because of lack of space and they can be found in [EGESSH].

2 Provability Logics

Given a set PRP = {p1,ps, ...} of atomic formulae, the formulae ¢ € FML are
inductively defined as follows for p; € PRP:

¢ =L T | pi| ¢1Ag2 | d1Vha | 29| ¢1=¢2 | O
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Standard abbreviations include <, <: for instance, G S —0-¢. An occurrence
of the subformula v in ¢ is positive [resp. negative] iff it is in the scope of an even
[resp. odd] number of negations, where as usual, every occurrence of ¢1 = ¢s is
treated as an occurence of =¢; V ¢2. The standard axiomatic Hilbert system K
consists of the axiom schemes

1. the tautologies of the Propositional Calculus (PC)
2. 0(p = q) = (Fp = Hq)

and the inference rules: modus ponens (from ¢ and ¢ = ¢ infer ¥) and necessi-
tation (from ¢ infer O¢). When L is an extension of K (including K), we write
¢ € L to denote that ¢ is a theorem of L. In the paper, we refer to the following
well-known extensions L of K:
TEK+Op=rp K4 K + Op = O0p
S4= K4 4+ Op=p CY¥K4+0O0p=p) = Op
Crz = 84 4+ O(O(p = Op) = p) = Op

Following [Ka:ald], a formula is primitive iff it is of the form ¢ = ¢ where
both ¢ and ¥ are built from PRP U {T} with the help of A, Vv, ¢, and where ¢

contains each atomic proposition at most once.

Ezample 1. Neither of the formulae Op = p and Op = OOp are primitive,
but their logically equivalent (in K) forms p = <Op and ¢<Op = <p are both
primitive.

Definition 1. JEZA] A logic (defined via Hilbert system) L is properly dis-
playable iff L is obtained from K by adding primitive formulae as axioms.

By Example B the logics T, K4 and S4 are properly displayable. In general,
many of the traditional axioms for the most well-known modal logics are not
primitive, but most of them have a primitive equivalent [EZ55H|. In [BEEESH it is
shown that every properly displayable logic admits a display calculus satisfying
the conditions (C1)-(C8) [RalXd] and therefore enjoys cut-elimination. In what
follows, we write 0L to denote the display calculus for L defined in [RF5SH].

A formula generation map F : FML — FML is an application such that there
is a formula ir containing only one atomic proposition, say p, and no logical
constants, such that for ¢ € FML, F(¢) is obtained from ¢ by replacing every
occurrence of p by ¢. Moreover, we assume that no subformula of the form Oy
occurs negatively in ¢r. F is also written Ap.ir. For any properly displayable logic
L and any formula generation map F, we write LF to denote the logic obtained
from L by addition of the scheme

O(F(p) = p) = Up (1)

Observe that O(F(q) = q) = Oq is not a Sahlqvist formula. This does not
exclude the possibility to find a Sahlqvist formula logically equivalent (in the
basic modal logic K) to it. For instance, this is the case when F(q) = —q since
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then, O(F(q) = q)) = Oq is just Oq = Oq, and this has an equivalent primitive
form T = T. Moreover, in numerous cases LF is not properly displayable. For
instance, let Fg and Fg,, be Ap.Op and Ap.O(p = Op) respectively. Then, by
definition G = K4F¢ and Grz = S4Fg,-,. Since Fg and Fq,., are modal axioms
that correspond to essentially second-order conditions on frames, the logics G
and Grz are not properly displayable in the sense of Definition [l

3 Display Calculi

In this section, L is a properly displayable logic, F is a formula generation map
and LF is the corresponding extension of L by the axiom scheme (1).

We briefly recall the main features of the calculus JL from [MZnSARAGH].
On the structural side, we have structural connectives x (unary), o (binary),
I (nullary) and e (unary). A structure X € struc(dL) is inductively defined as
follows for ¢ € FML:

Xu=¢ | «X | X10Xo | I | X

We assume that the unary connectives bind tighter than the binary ones. We use
formula variables like ¢, 1, ¢ to stand for formulae, and use structure variables
like X, Y and Z to stand for arbitrary structures from struc(dL).

A sequent is a pair of structures of the form X - Y with X the antecedent and Y
the succedent. The rules of 0L are presented in Figures . Additional structural
rules satisfying conditions (C1)-(C8) are also needed but are omitted here since
they depend on the primitive axioms defining L (see [Kxald]| for details).

XFo oY

(Id) pkp (cut) TEY

Fig. 1. Fundamental logical axioms and cut rule

The display postulates (reversible rules) in Figure B deal with the manipula-
tion of structural connectives.

In any structure Z, the structure X occurs negatively [resp. positively] iff X
occurs in the scope of an odd number [resp. an even number] of occurrences of
x [BalXD]. In a sequent Z b Z’, an occurrence of X is an antecedent part [resp.
succedent part] iff it occurs positively in Z [resp. negatively in Z'] or it occurs
negatively in Z’ [resp. positively in Z] [BaIX]]. Two sequents X - Y and X' Y’
are structurally equivalent iff there is a derivation of the first sequent from the
second (and vice-versa) only using display postulates from Figure B

Theorem 1. ([RaiX%]) For every sequent X b Y and every antecedent [resp.
succedent] part Z of X & Y, there is a structurally equivalent sequent Z + Y
[resp. X'+ Z] that has Z (alone) as its antecedent [resp. succedent]. Z is said to
be displayed in ZF Y’ [resp. X'+ Z].
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XoYF2Z XoYHFZ XFYoZ XFYoZ
XEZoxY YH*X02Z XoxZFY *YoXFZ
*XFY X xY *xXFY XE*xxY X F oY
*Y - X Y F X XY XY XY

Fig. 2. Display postulates

XTI IEX

w7 4H) L b 5 (TH) = T
ﬁg%ﬁ%%%(¢w %;%g%(hﬂ

SYTEON fdreastN HERen e

;:;i(FDQ DZifX(DH %5%%%%%(v%) ;:zsﬁ(%w

Fig. 3. Operational rules

Theorem 2. [Kzald] For all ¢ € FML, I - ¢ has a cut-free proof in SL iff ¢ € L.

To define the calculus 0LF we need one additional notion. Let m be a map
m : FML x {0,1} — struc(dL) that transforms certain logical connectives into
structural connectives, inductively defined as follows (i € {0,1}):

m(p,i) = p for any p € PRP

( ) dgf m( ) dgf

(¢1V b2,0 )“ifaslvasz (¢1 V ¢o, )difm(czsl, 1) om(¢a, 1)
(61 A d2,0) = m(¢1,0) o m(p2,0) m(1 A 2, 1) = b1 A bo
( (
( (=¢

m

3
S

3

$1 = $2,0) = ¢1 = ¢ m(1 = ¢, 1) = xm(¢1,0) o m(p2,1)
O¢,i) < O¢ ¢,1) = wm(p, 1 — ).

The second argument of m indicates when the first argument is read as an
antecedent part (¢ = 0) or as a succedent part (i = 1). The calculus JLF has the
same structures as JL, and is obtained from JL by replacing the (- Op)-rule from
Figure @ by the (- Opf) rule:

X b o (+m(F(9),0) o 0)
XF O¢

m

3
S

(F Oip)
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XkzZ X2z I-Y XHI

— (I)) r) (Q1)
ToXFZ XH1IoZ «l Y XF ol

XFHZ
YoXFZ

ITHX
o/ HX

(weaky)

(nech)

Xlo(XQOX;),)}—Z Z}—Xlo(XQOX;),)
—— (CLSSOC[) —— (CLSSOC»,«)
(X10X2)OX3}—Z Z}—(X10X2)OX3

YoXFHZ
XoYHFZ

YHEXoX
YFX

ZFYoX XoXFY
= (comy) T2 (

(coms) oy

(contry)

Fig. 4. Other basic structural rules

The (- Ogg)-rules for §Grz and dG are respectively:

X+ o(x0(¢p = O¢) 0 ¢) XF e(x0¢ 0 ¢)
X+ O (Do) —xrog_ He)

The calculus OLF satisfies conditions (C2)-(C7). In particular, 6G satisfies
the conditions (C1)-(C7). The (F Og)-rule in §G is similar to the GLR rule
in [RAZXT (see also [BamXd]). Analogously, the (- Ogy.)-rule in §Grz is similar
to the (GRZc) rule in [RGXE or to the (= 0O) rule in [BaaX4]. An intuitively
obvious way to understand the (- Orp)-rule is to recall the double nature of the
O-formulae in LF as illustrated by the LF-theorem O¢ < O(F(¢) = ¢).

We use the label (dp) as shown below left to denote that the sequent s’ is
obtained from the sequent s by an unspecified finite number (possibly zero) of
display postulate applications from Figure ll The (- Op)-rule from 4L is derivable
in §LF as shown below right:

XF e
XE ¢ (dp) (weak;)
m(F(¢),0) o eX F ¢ (dp)l
5 (dp) X+ o(*r;(:"(:(‘;ﬁ;, 0) o 9) (- Oue)

To prove soundness of JLF with respect to LF-theoremhood, we use the map-
pings a : struc(dL) — FML and s : struc(dL) — FML recalled below:

a(®) & s(9) &% for any ¢ € FML

a(l) s(I) =1

a(xX) = s(X) s(xX) = —a(X)
a(XoY) = a(X) Aa(Y) s(XoY) = 5(X) V s(Y)
a(eX) = O~a(X) s(eX) = Os(X)
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The modality ¢~ is the backward existential modality associated with O.
That is, as is usual with DL, we extend the language by adding the unary
modal operator O~. We write L™ [resp. LTF] to denote the extension of L [resp.
LF] obtained by adding the axiom schemes O p = (0~ (p = q) = 07q), q =
0o7q, g = 07 <Cq and the necessitation rule: from ¢ infer 07 ¢. The language
is extended appropriately by adding 07, and <~ ¢ is defined as ~0O7 =¢.

Theorem 3. If X+ Y is derivable in 6LF, then a(X) = s(Y) € LTF.

The maps a and s can be found for instance in [Rxadd] where they are called
71 and Ty respectively. The maps a and s give an intuitive way to interpret
the meaning of the structural connectives depending on the polarity of their
occurrence (either as antecedent part or as succedent part).

Lemma 1. The following rules are admissible in JLF:

¢1A¢2FX XF¢1:>¢2 XF(,ZSl\/(,ZSQ
@o¢2FX(OF) XF*@O¢20me XF 61 0 bo (Fo)
-p X F(¢) X ) At

orx ) mE@). 0 rx 9 e )

Moreover, for each of these rules, if the premiss has a cut-free proof in OLF, then
the conclusion also has a cut-free proof in JLF.

The proof of admissibility of the rules (F o), (adml), (o F), (x |) and (F %)
is similar to [EE290 Lemma 9]. Admissibility of (adm2) is a mere consequence
of the admissibility of the above rules.

Lemma 2. ¢ & ¢ is cut-free derivable in OLF for any formula ¢.

Lemma B requires induction on the formation of ¢. Theorem [l is the DL
version of Theorem 1 in [AaaXd] for Gentzen-style calculi.

Theorem 4. A formula ¢ € LF iff [ F ¢ is derivable in SLF.

Proof. The right to left direction is just an instance of Theorem B The left to
right direction requires uses of the cut rule (to simulate the application of the
modus ponens rule) and proceeds by induction on the length of the derivation
in LF (viewed as an Hilbert-style system). Most of the cases can be found in
[EERSARTESARAETNGA). It remains to show that I + O(F(¢) = ¢) = O¢ has a
proof in §LF which is done below using the fact that F(¢) - F(¢) and ¢ - ¢ are
derivable in LF by Lemma B

F(¢

) ()
6o mEG)LO <>((“i’f)2>
F(@) = o Fam(F(¢).0)06 " " [,
O(F(9) = ) - o(+m(F(9), >o¢> - D)
OF@ =90\~
ToO(F(¢) = )FD¢(L§)
I+ O(F(¢) = ¢) = 0O¢
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As stated previously, any display calculus satisfying the conditions (C2)-(C8)
from [BelXT] admits cut-elimination. Unfortunately JLF does not satisfy (C8) (see
the appendix).

Specifically, the cut instance below breaks (C8):

X+ o(xm(F(¢),0) 0 ¢) oFY

(F Owp) ———
XFO¢ O¢ - oY (cut)
XF oY

where there is a formula ¢ in m(F(¢),0) that is not a subformula of ¢. For
instance, such cases are easy to find with the display calculi 6G and 0Grz.
Furthermore, in order to infer X F oY from X - e(xm(F(¢),0) o ¢) and ¢ - Y, no
cut can be used on v if (C8) has to be satisfied. In the display calculus JLF, for
all the derivations of the sequent X” I Y’ from X F e(xm(F(¢),0) o ¢), if a cut
with a cut-formula that is not a subformula of ¢ is forbidden, then either X"’ F Y
contains 1 as the subformula of some formula/structure (see the introduction
rules different from (- Of)), or X F Y contains O¢ as the subformula of some
formula/structure (see the (F Ogp)-rule). So, in the general case, there is no way
to derive X |- oY since neither ¢ nor O¢ are guaranteed to occur in it.

We say that LF is pseudo displayable iff for any ¢ € FML, I - ¢ has a proof in
OLF iff I F ¢ has a cut-free proof in JLF. “Pseudo” because strong cut-elimination
is couched in terms of arbitrary sequents X F Y rather than sequents of the form
I F ¢. For mechanisation “pseudo” is sufficient for our needs since we want to
check whether ¢ € LF. We now provide a characterisation of the class of pseudo
displayable logics and show that both G and Grz are pseudo displayable.

4 Transformations from LF into L

In this section, L is a properly displayable logic and F is a formula generation
map. Let f:FML x {0,1} — FML be the following map for ¢ € {0,1}:

for any p € PRP, f(p,0) = f(p,1) = p T, =T f(Ld) =L
Fdr @ ¢a,8) = f(dr,1) @ f(¢2,i) for & € {A, V}

f(=¢ >“‘ifﬂf§¢, 1) F(=¢,1) = ~f(9,0)

(m:»m, 1) = f(¢1,0) = f(¢2,1) F(@1=> 62,0) = f(d1,1) = f(¢2,0)
f(D¢,1) = O(f(F(¢),0) = f(¢,1)) £(0p,0) = Of(¢,0)

In f(¢,4), the index ¢ carries information about the polarity of ¢ in the
translation process as in [REHSZ). The map f also generalises one of the maps
from G into K4 defined in [BESZ]. By simultaneous induction one can show that
for any ¢ € FML and for any ¢ € {0,1}, ¢ < f(¢,i) € LF. Moreover, for any

¢ € FML: f(¢,0) = ¢ €L, ¢ = f(4,1) € L and therefore f(¢,0) = f(¢p,1) €L

Lemma 3. Every positive [resp. negative] occurrence of

1. 0% in f(6,1) is of the form O(f(F(¢),0) = f(¢,1)) fresp.
Of(p,0)] for some subformula ¢ of ¢;
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2. = in f(¢,1) is of the form —f(p,0) [resp. =f(p,1)] for some subformula
© of ¢;

3. 1 = g in f(¢,1) is of the form f(¢1,0) = f(p2,1) [resp. f(p1,1) =
f(p2,0)] for some subformulae @1, 2 of ¢;

4 Y1 @2 (@ € {A,V}) in f(9,1) is of the form f(p1,1) © f(p2,1) [resp.
f(p1,0) @ f(p2,0)] for some subformulae o1, 2 of ¢;

The proof of Lemma B is by an easy verification. Lemma W is used in the
proof of Theorem Bl below. We extend the map f to structures in the following
way (i € {0,1}):

f(IaZ)d:LfI f(*XaZ)d:Lf*f(Xalfl)

F(X oY) = f(X,1) 0 f(Y,3) F(o%,1) 2 o (X, )

By induction on the structure of ¢, the rule below is admissible in 0L:

f(m(¢,0),0) F X
f(¢,0) X

(adm3)

Theorem [l below is the main result of the paper.
Theorem 5. The statements below are equivalent:
1. For all formulae ¢, ¢ € LF iff f(¢,1) € L. 2. LF is pseudo displayable.

That is, (weak) cut-elimination of JLF is equivalent to the theoremhood pre-
serving nature of f from LF into L. Its proof is purely syntactic and therefore
it does not depend on the class of modal frames that possibly characterises LF.
Moreover, Theorem [l goes beyond the mechanisation aspect since it provides a
characterisation of the class of pseudo displayable logics which is not directly
based on a cut-elimination procedure.

The proof of Theorem H is long and tedious. For instance, when (2) holds
and ¢ € LF, to show that f(¢,1) € L, we show that in any cut-free proof IT of
I+ ¢ in JLF, for any sequent X - Y in IT, f(X,0) - f(Y,1) has a cut-free proof in
0L. By way of example, the proof step (in dLF) shown below left is transformed
into the proof steps (in 0L) shown below right:

f%,0) F o(ef(m(F(),0),0) 0 f(, 1))
of(%,0) F *f(mE),0),0) 0 F 1) (0
*f(%,0) F f(¥,1) o +f(m(F(),0).0) dp)r
Fm(F®), 0,00 F *¢ f(£0) 0 S, 1) o0
fEW),OFxe fE0) 0 [, 1) >
*/(%.0) 0 JEW).0) F J(.1)
fX0)F FEW).0) = fW.1) -
Kb e(mFW).0)0) (o JEOFS(EW).0) = JW.1) \\
XF Oy X 0) F O(F(F(),0) = f(,1)) ©
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DR ST =T S =L
f(XoY, z) 4 F71(X,4) o f7(Y,4) or undefined

f (X, i) ' of~1(X,4) or undefined

7 x,1 - z) d:Lf *f71(X,1) or undefined

' (p,i) &' p for any p € PRP

def

for & € {A,V}, fTHo DY, i) = f(¢,i) @ f~"(¢,1) or undefined

F Yo =,1) E f74,0) = f~ (¢, 1) or undefined

F Yo = ,0) < f71p,1) = f~1(¢,0) or undefined

fH=p, 1 — i) '~ f~(6,4) or undefined

FH0¢,0) € Of1(¢,0) or undefined

1O, 1) dnf{ Of (2, 1) if ¢ = (¢1 = ¢2) and f~(¢2, 1) is defined

undefined otherwise
e . if all ts of defined
where “z & y or undefined” means: z def [ Y 1@ COMIpONENts ol i are deline
undefined otherwise

Fig. 5. Definition of f~1(.) for i € {0,1}.

When (1) holds, f(¢,1) € L implies I + f(¢,1) has a cut-free proof IT in JL,
and ¢ € LF implies I I ¢ is provable in JLF. To show that I - ¢ has a cut-free
proof in JLF, we prove that for every sequent X - Y in IT, the sequent f~*(X,0)
f71(Y,1) admits a cut-free proof in 6LF with the partial function f~! defined in
Figure B Since 0L satisfies (C1)-(C8) (see the appendix), for every sequent X F Y
in I7, both f~1(X,0) and f~1(Y,1) are defined (Lemma B is also used to show
this property). Because the map f~!: struc(éL) x {0,1} — struc(dL) satisfies
Y f(p,1),1) = ¢ and f~1(f(4,0),0) = ¢, the end-sequent I - f(¢,1) of IT
becomes I F ¢ in this procedure, as desired.

The proof of Theorem B actually shows that DL is particularly well-designed
to reason about polarity, succedent and antecedent parts. One of the translations
from G into K4 in [E&ES is exactly the map f when L is K4 and F is Fg.

Corollary 1. G is pseudo displayable.

Let 6~ G be the calculus 4G minus the cut-rule. Thus §~ G satisfies all the
conditions (C1)-(C8) and for any ¢ € FML, ¢ € G iff I + ¢ has a proof in
0~ G. At first glance, this seems to contradict the fact that G is not properly
displayable in the sense of [KxalH]. However, in [Kxald], all the axioms added to
K are transformed into structural rules. By contrast, in §~ G, one of the axioms
is encoded in the (- Og)-rule. This opens an avenue to define display calculi
satisfying (C1)-(C8) for modal logics that are not properly displayable.

Theorem 6. For every pseudo displayable logic LF, there is an O(n3.log n)-time
transformation g such that any ¢ € LF iff g(¢) € L.
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Form of ¢, 0i
T (ALZ?D D (pin & T) A D (pio < T))
L (A9 Oi(p; 1 <L) AD(pio <L)
P (AZZ? O (pio < pit))

0% (pi0 < —pj1))

O (pi,0 < (Pi,0 APin0)))

—¢; (NS O (pi1 & —ps0)
Gir A iy | (ALY D' (pin  (Pig,1 APin1)) A
Gir V iy | (ASG? D' (pin € (Piy,1 VPin1)) AT (Pio € (Pig,0 V Pis)))
biy = iy [(ANLGD O (Pin  (Pir.0 = Pins1)) A O(Pi0 € (Pin,1 = Pino)

0¢;  [(AZSY? O'(pix < O(F (pj0,ps1) = Pji1)) A D (pio & Opjo

A
A )
)

)
)

Fig. 6. Definition of 1;

The right-hand side of the definition of f(O, 1) may require several calls
to f(1,0) and f(z),1), so f is not necessarily computable in O(n3.log n)-time.
However, we can use a variant of f using a standard renaming technique (see

def

e.g. [FIERA]). Let md(¢) denote the modal depth of ¢, let 0% = o and Oitly =

O0%. Then for any extension L of K, ¢ € L iff (A" d(@) O (Prew < ¥)) = ¢/ €L
where ¢’ is obtained by replacing every occurrence of ¥ in ¢ by ppew, & new
propositional variable not occurring in ¢. When X4 C L, ¢ € L iff (O(ppew <

V) A (Prew < V) = ¢’ € L.

Proof. (Theorem B The key point to define g is to observe that there is a
map F/ : FML X FML — FML and a formula 1 containing at most two atomic
propositions, say p and q, such that

— F'(¢1, p2) is obtained from v by replacing simultaneously every occurrence

of p [resp. q] by ¢1 [resp. pa;
— for any ¢ € FML, f(F(¢),0) =F'(f(¢,0), f(p, 1)).

For instance, if F = Ap.p A —p then F/ = Apq.p A —q.

Let ¢ be a modal formula we wish to translate from LF into L. Let ¢1, ..., om
be an enumeration (without repetition) of all subformulae of ¢, in increasing
order of size. We shall build a formula g(¢) using the set {p; ;: 1 <i<m, j €
{0, 1}} of atomic propositions such that g(¢) € L iff f(¢,1) € L. We could also
just consider the set {p; : ¢ € w} of atomic propositions and use a 1-1 mapping
from w? — w, but for simplicity, the present option is the most convenient.

Moreover, g(¢) can be computed in time O(|¢|®.log |¢|). For i € {1,...,m},
we create a formula 1; as shown in Figure Band let g(¢) = (A", i) = Pm.1-
If K4 C L, the generalised conjunction in Figure Bis needed only for i € {0, 1}.

Each [¢f;] is in O(|¢|?) since X749 is in O(|¢[2). So |g(¢)| is in O(|¢| x
(|p|* x log |#|)). As usual in complexity theory, the extra log |$| factor in the
size of ¢ is because we need an index of size O(log |¢|) for these different atomic
propositions. That is, these indices are represented in binary writing.
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The map g is a generalisation of the map from Grz into S4 defined in [RGSSE].
One of the maps from G into K4 in [BEYZ] is linear-time and does not use renam-
ing (which allows us to treat the general case). We are currently investigating
if their map can be generalised by considering the map f’ : FML x {0,1} — FML
inductively defined as f except that f/(0¢,1) & O(F(¢) = f'(¢,1)). Another
map in P from G into K4 is given in [E5E23, Chapter 5].

5 Another Characterisation

Theorem B has a counterpart when LF has a traditional Gentzen system although
additional conditions are required. In this section, L is a properly displayable
logic and F is a formula generation map.

Definition 2. Assume L, properly displayable by assumption, has a traditional
Gentzen system GL in which

1. GL extends a standard Gentzen system for PC containing contraction, weak-
ening, exchange and cut (shown below left), and GL satisfies cut-elimination;

2. any sequent I' = A is derivable in GL iff (Ager @) = (Vyen ¢) € L;

3. the (O F)-rule (if any) and the (- O)-rule have the form

Ik A D .
T O06F A EFDQS( )

@ F)

where there is a map h : FML — FML such that h(X) = X', h(f(X,0)) =
f(X',0) for any sequence X to which the (- O)-rule is applicable. Both h
and f (defined via F) are naturally extended to sequences. Moreover, f(X,0)
satisfies any further conditions on the (F O)-rule iff X does too: for example,
that X must contain only formulae beginning with O.

These sequents consist of comma-separated lists of formulae. Then, LF is pseudo
Gentzenisable iff the Gentzen system GLF obtained from GL by replacing the
(F O)-rule by (F Op) shown below right enjoys cut-elimination.

T'F¢,A I, ¢+ A F(¢), X'+ ¢
ILT'FA A TF 0o

(cut) (F Oir)

Definition B(3.) ensures that (C4) is satisfied when the structures are simply
sequences of formulae. Following [ESF=A Theorem 1], we can show that GLF is
sound and complete for LF. Here is the Gentzen counterpart of Theorem B

Theorem 7. IfL satisfies assumptions (1)-(3) from Definition Bl then the state-
ments below are equivalent:

1. For all € FML, ¢ € LF iff f(¢,1) € L. 2. LF is pseudo Gentzenisable.

By [Aazxdl Corollary 3.1], Grz is pseudo Gentzenisable and therefore Grz is
pseudo displayable. So by Theorem B for any ¢ € FML, ¢ € Grz iff f(¢,1) € S4
where f is defined with F = Fgy,. See [H=884] for a more detailed case-study
showing how to translate Grz into a decidable subset of first-order logic.
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6 Concluding Remarks

We can summarise the general situation as follows:

Theorem 8. Assume logic L is properly displayable and F is a formula genera-
tion map. Then,

(I) (a) LF is pseudo displayable iff
(b) for all € FML, ¢ € LF iff f(¢,1) € L (where f is defined via F).

(II) If L satisfies the assumptions (1)-(3) from Definition B then (b) holds iff
LF is pseudo Gentzenisable.

(IIT) When (a) holds [resp. and when Kj C L], there is an O(n3.log n)-time

[resp. an O(n.log n)-time] transformation from LF into L.
Our contribution can be summarised as follows:

1. Automated Reasoning: We gave a uniform framework to translate every
pseudo-displayable modal logic LF, which may not be first-order definable,
into the first-order definable primitive modal logic L. The transformations
are at most in O(n3.log n)-time. Since a linear-time transformation from
each L into FOL is known, we can use classical theorem provers for any
pseudo-displayable logic LF.

2. Cut-elimination: (Often a desirable property for mechanisation) Although
the calculi OLF do not satisfy condition (C8), we can nevertheless characterise
weak cut-elimination by the theoremhood preserving nature of f.

3. Display Logic: We defined DL calculi for logics that are not properly dis-
playable & la [Rzali].
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Appendix: Belnap’s Conditions.

For every sequent rule Belnap [R&XA page 388] first defines the following
notions: in an application Inf of a sequent rule (p), “constituents occurring as
part of occurrences of structures assigned to structure-variables are defined to
be parameters of Inf ; all other constituents are defined as nonparametric,
including those assigned to formula-variables. Constituents occupying similar
positions in occurrences of structures assigned to the same structure-variable
are defined as congruent in Inf”. The eight (actually seven) conditions shown
below are from [Kxzald] and [Manlx]|:

(C1) Each formula which is a constituent of some premiss of a rule p is a
subformula of some formula in the conclusion of p.

(C2) Congruent parameters are occurrences of the same structure.

(C3) Each parameter is congruent to at most one constituent in the conclusion.
Equivalently, no two constituents of the conclusion are congruent to each
other.

(C4) Congruent parameters are either all antecedent parts or all succedent parts
of their respective sequent.

(C5) If a formula is non-parametric in the conclusion of a rule p, it is either
the entire antecedent, or the entire succedent. Such a formula is called a
principal formula.

(C6/7) Each rule is closed under simultaneous substitution of arbitrary struc-
tures for congruent parameters.

(C8) If there are inferences Z; and Zo with respective conclusions X F ¢ and
@ Y with ¢ principal in both inferences, and if cut is applied to obtain
X F Y, then
(i) either X I Y is identical to one of X F ¢ and ¢ - Y;

(ii) or there is derivation of X F Y from the premisses of Z; and Zs in which
every cut-formula of any application of cut is a proper subformula of .
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Abstract. Different variants of guarded logics (a powerful generaliza-
tion of modal logics) are surveyed and the recent decidability result for
guarded fixed point logic (obtained in joint work with I. Walukiewicz) is
explained. The exposition given here emphasizes the tree model property
of guarded logics: every satisfiable sentence has a model of bounded tree
width. Based on the tree model property, different methods for reasoning
with guarded fixed point sentences are presented:

(1) reduction to the monadic theory of countable trees (SwS);

(2) reduction to the u-calculus with backwards modalities;

(3) the automata theoretic method (which gives theoretically optimal

complexity results).

1 Introduction

Guarded logics are defined by restricting quantification in first-order logic,
second-order logic, fixed point logics or infinitary logics in such a way that,
semantically speaking, each subformula can refer only to tuples of elements that
are ‘very close together’ or ‘guarded’.

Syntactically this means that all first-order quantifiers must be relativised
by certain ‘guard formulae’ that tie together all the free variables in the scope
of the quantifier. Quantification is of the form

Jy(a(z,y) Np(z,y)  or  Vyla(z,y) — P(z,y))

where quantifiers may range over a tuple y of variables, but are ‘guarded’ by a
formula a that must contain all the free variables of the formula 1 that is quanti-
fied over. The guard formulae are of a simple syntactic form (in the basic version,
they are just atoms). Depending on the conditions imposed on guard formulae,
one has logics with different levels of ‘closeness’ or ‘guardedness’. Again, there
is a syntactic and a semantic view of such guard conditions.

Let us start with the logic GF, the guarded fragment of first-order logic, as
it was introduced by Andréka, van Benthem and Nemeti [i.

Definition 1. GF is defined inductively as follows:

(1) Every relational atomic formula Rz;, - - - z;
(2) GF is closed under boolean operations.

m

or x; = x; belongs to GF.

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 31l 1999.
© Springer-Verlag Berlin Heidelberg 1999
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(3) If @,y are tuples of variables, a(x,y) is a positive atomic formula and
P(x,y) is a formula in GF such that free(¢) C free(or) = & Uy, then also
the formulae

Jy(a(z, y) ANp(z,y)) and  Vy(a(z,y) — P(z,y))
belong to GF.

Here free() means the set of free variables of ¢. An atom «(x, y) that relativizes
a quantifier as in rule (3) is the guard of the quantifier. Hence in GF, guards
must be atoms. But the really crucial property of guards (also for the more
powerful guarded logics that we will consider below) is that it must contain all
free variables of the formula that is quantified over.

The main motivation for introducing the guarded fragment was to explain
and generalize the good algorithmic and model-theoretic properties of proposi-
tional modal logics. Recall that the basic (poly)modal logic ML (also called K,,)
extends propositional logic by the possibility to construct formulae (a)1) and [a]y
(for any a from a given set A of ‘actions’ or ‘modalities’) with the meaning that
1 holds at some, respectively each, a-successor of the current state. Although
ML is formally a propositional logic we really view it as a fragment of first-order
logic. Kripke structures which provide the semantics for modal logics are just
relational structures with only unary and binary relations. There is a standard
translation taking every formula ¢y € ML to a first-order formula ¢*(x) with
one free variable, such that for every Kripke structure K with a distinguished
node w we have that K,w = ¢ if and only if K | ¢*(w). This translation
takes an atomic proposition P to the atom Pz, it commutes with the Boolean
connectives, and it translates the modal operators by quantifiers as follows:

(@)t~ ((@)9)* (x) := Fy(Eazy A" (y))
[a] ~ ([a]¥)*(z) := Vy(Eary — ¢"(y))

where F, is the transition relation associated with the modality a. The modal
fragment of first-order logic is the image of propositional modal logic under this
translation. Clearly the translation of modal logic into first-order logic uses only
guarded quantification, so we see immediately that the modal fragment is con-
tained in GF. In fact the guarded fragment can be viewed as the generalization
of the modal fragment of FO that is obtained by dropping the restrictions to use
only two variables and only monadic and binary predicates, and to retain only
the restriction that quantifiers must be guarded.
The following properties of GF have been demonstrated [lH]:

(1) The satisfiability problem for GF is decidable.

(2) GF has the finite model property, i.e., every satisfiable formula in the
guarded fragment has a finite model.

(3) GF has (a generalized variant of) the tree model property.

(4) Many important model theoretic properties which hold for first-order logic
and modal logic, but not, say, for the bounded-variable fragments FO*,
do hold also for the guarded fragment.
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(5) The notion of equivalence under guarded formulae can be characterized
by a straightforward generalization of bisimulation.

Based on this kind of results Andréka, van Benthem and Németi put for-
ward the ‘thesis’ that it is the guarded nature of quantification that is the main
responsible for the good model-theoretic and algorithmic properties of modal
logics.

Let us discuss to what extent this explanation is adequate. One way to ad-
dress this question is to look at the complexity of GF. We have shown in [ that
the the satisfiability problems for GF is complete for 2EXPTIME, the class of
problems solvable by a deterministic algorithm in time 22p(n), for some polyno-
mial p(n). This seems very bad, in particular if we compare it to the well-known
fact that the satisfiability problem for propositional modal logic is in PSPACE.
But dismissing the explanation of Andréka, van Benthem and Németi on these
grounds would be too superficial. Indeed, the reason for the double exponential
time complexity of GF is just the fact that predicates may have unbounded ar-
ity (wheras ML only expresses properties of graphs). Given that even a single
predicate of arity n over a domain of just two element leads to 22" possible types
already on the atomic level, the double exponential lower complexity bound is
hardly a surprise. Further, in most of the potential applications of guarded logics
the vocabulary is fixed and the arity therefore bounded. But for GF-sentences of
bounded arity, the satisfiability problem can be decided in EXpPTIME [, which is
a complexity level that is reached already for rather weak extensions of ML (e.g.
by a universal modality). Thus, the complexity analysis does not really provide
a decisive answer to our question.

To approach the question from a different angle, let us look at extensions
of ML. Indeed ML is a very weak logic, and the really interesting modal logics
extend ML by features like path quantification, temporal operators, least and
greatest fixed points etc. which are of crucial importance for most computer sci-
ence applications. It has turned out that many of these extended modal logics
are algorithmically still manageable and actually of considerable practical im-
portance. The most important of these extension is the modal p-calculus L,
which extends ML by least and greeatest fixed points and subsumes most of the
modal logics used for automatic verification including CTL, LTL, CTL*, PDL
and also many description logics. The satisfiability problem for L, is known to
be decidable and complete for EXPTIME [H]. Therefore, a good test for the ex-
planation put forward by Andréka, van Benthem and Németi is the following
problem:

If we extend GF by least and greatest fixed points, do we still get a
decidable logic? If yes, what is its complexity? To put it differently,
what is the penalty, in terms of complexity, that we pay for adding fixed
points to the guarded fragment?

In B we were able to give a positive answer to this question. The model-
theoretic and algorithmic methods that are available for the p-calculus on one
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side, and the guarded fragments of first-order logic on the other side, can indeed
be combined and generalized to provide positive results for guarded fixed point
logics. (Precise definitions for these logics will be given in the next section.) In
fact we can establish precise complexity bounds.

Theorem 1 (Gradel, Walukiewicz). The satisfiability problems for guarded
fixed point logics are decidable and 2EXPTIME-complete. For guarded fixed point
sentences of bounded width the satisfiability problem is EXPTIME-complete.

By the width of a formula 1), we mean the maximal number of free variables
in the subformulae of 1. For sentences that are guarded in the sense of GF, the
width is bounded by the maximal arity of the relation symbols, but there are
other variants of guarded logics where the width may be larger. Note that for
guarded fixed point sentences of bounded width the complexity level is the same
as for p-calculus and for GF without fixed points.

The proof that we give in [{] relies on alternating two-way tree automata (on
trees of unbounded branching), on a forgetful determinacy theorem for parity
games, and on a notion of tableaux for guarded fixed point sentences. A tableau
can be viewed as a tree representation of a structure. We associate with every
guarded fixed point sentence ¢ an alternating tree automaton Ay that accepts
precisely the tableaux that represent models for . This reduces the satisfiability
problem for guarded fixed point logic to the emptiness problem for alternating
two-way tree automata.

In this paper, we explain this result and discuss several ways to design deci-
sion procedures for guarded fixed point logics. All these techniques exploit one
very important property of guarded logics, namely the (generalized variant of
the) tree model property, which says that every satisfiable sentence of width &
has a model of tree width at most k£ — 1.

In Sect. Bl we discuss different variants of guarded logics. In Sect. [ll we explain
the notions of guarded bisimulations and of the unraveling of a structure, and
we prove the tree model property of guarded logics. Based on the tree model
property we will present in Sect. =l a somewhat simpler decidability proof for
guarded fixed point logic that replaces the automata theoretic machinery used
in @ by an interpretation argument into the monadic second-order theory of
countable trees (SwS) which by Rabin’s famous result [§] is known to be decid-
able. We then show in Sect. IRl that instead of using SwS, one can also reduce
guarded fixed point logic to the p-calculus with backwards modalities which has
recently proved to be decidable (in EXPTIME actually) by Vardi [i=2]. Finally we
sketch the direct automata theoretic approach used in [H] (but here without the
explicit use of tableaux).

2 Guarded Logics

There are several ways to define more general guarded logics than GF. On one
side, we can consider other notions of guardedness, and on the other side we can
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look at guarded fragments of more powerful logics than first-order logic. We first
consider other guardedness conditions.

Loosely Guarded Quantification. The direct translation of temporal formu-
lae (v until ¢), say over the temporal frame (N, <), into first-order logic is

Fy(z <ynp(y) AVz((z <z Az <y) = ¢(2))

which is not guarded in the sense of Definition ll However, the quantifier Vz in
this formula is guarded in a weaker sense, which lead van Benthem [ to the
following generalization of GF.

Definition 2. The loosely guarded fragment LGF is defined in the same way as
GF, but the quantifier-rule is relaxed as follows:

(3) If Y(x,y) is in LGF, and a(x,y) = a1 A+ -+ Ay, is a conjunction of atoms,
then

Fy((ar A Aam) AY(x,y))  and  Vy((ar A Aam) — ¥(x,y))

belong to LGF, provided that free(¢) C free(a) = & Uy and for any two
variables z € y, 2’ € Uy there is at least one atom «; that contains both
z and 2’

In the translation of (¢ until ¢) described above, the quantifier Vz is loosely
guarded by (z < z Az < y) since z coexists with both z and y in some conjunct
of the guard. On the other side, the transitivity axiom Veyz(Fzy A Eyz — Exz)
is not in LGF. The conjunction Ezy A Eyz is not a proper guard of Vxyz since
x and z do not coexist in any conjunct. Indeed, it has been shown in [ that
there is no way to express transitivity in LGF.

Clique-Guarded Quantification. In this paper we introduce a new, even more
liberal, variant of guarded quantification, which leads to what we may call clique-
guarded logics. To motivate this notion, let us look at the semantic meaning of
guardedness.

Definition 3. Let 9B be a structure with universe B and vocabulary 7. A set
X C B is strictly k-guarded in B if, for some s < k, there exists by,...,bs € B
such that

(Z) X g {bla cee abS}a and
(ii) there exists an atom «(by,...,bs), in which all of by, ..., bs occur, such
that B = a(by, ..., bs).

To put it differently, X is strictly k-guarded if there is a guard « in the sense of
GF that guards a set containing X with cardinality at most k.

Similarly, a set X C B is loosely k-guarded if it is contained in a set {b1,. .., bs}
(with s < k) that is guarded in the sense of LGF. That is clause (i) is replaced
by
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(71) There exists a conjunction a(bi, ..., bs) of atoms such that every pair b;, b;
coexists in some conjunct of o and B |= a(by, ..., bs).

A set is (strictly or loosely) guarded if it is (strictly or loosely) k-guarded for
some k, and a tuple b = (b1, ...,b,) is (strictly or loosely) guarded in 9B if the
set {b1,...,b,} is.

Clearly, sentences of GF resp. LGF can refer only to strictly resp. loosely
guarded tuples. Note that the components of a loosely guarded tuple need not
coexist in a single atom, but they are nevertheless all ‘adjacent’ in the sense of
the locality graph or Gaifman graph of a structure, which is an important notion
in finite model theory. Let us recall the definition.

Definition 4. The Gaifman graph of a relational structure % (with universe
B) is the undirected graph G(B) = (B, E®) where

E® = {(a,d’) : a # d/, there exists a guarded set X C B with a,a’ € X}.
The following observation is obvious.
Lemma 1. Let X be loosely guarded in B. Then X induces a clique in G(B).

The converse is not true, as the following example shows. Consider a structure
A = (A, R) with universe A = {a1, as, as, b1, bag, b13} and one ternary relation
R containing the triangles (a1, a1,b12), (a2, as,bes)(a1,as, bi3). Then the tuple
(a1, az, ag) is neither guarded nor loosely guarded, but induces a clique in G(2).

Definition 5. For each finite vocabulary 7 and each k € N, there is a positive,

existential first-order formula clique(x1, . .. , k) such that, for every 7-structure
B and all by,...,bp € B

B = clique(by, ..., by) < by,...,bx induce a clique in G(B).
A tuple by, ..., b such that B = clique(by, ... ,by) is called clique-guarded in
B.

Definition 6. The clique-guarded fragment CGF of first-order logic is defined
in the same way as GF and LGF, but with the clique-formulae as guards. Hence,
the quantification rule for CGF is

(3)" If ¢(x,y) is a formula CGF, then
Sy (clique(w, y) A (e, y)) and  Vy(clique(w,y) — ¥, y))
belong to CGF, provided that free(y)) C free(clique) = x U y.
We observe that CGF has strictly more expressive power than LGF.

Proposition 1. The CGF-sentence Vxyz(clique(z,y, z) — Rxyz) is not equiv-
alent to any sentence in LGF.
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On the other side CGF inherits all the nice decidability and model-theoretic
properties of LGF.

Notation. We use the notation (Jy.«) and (Vy . «) for relativized quantifiers,
i.e., we write guarded formulae in the form (Jy. o)y (x,y) and Vy . a)(x,y).
When this notation is used, then it is always understood that « is indeed a
proper guard as specified by condition (3), (3)" or (3)".

Remark. Note that quantifiers over tuples are in principle no longer needed
in CGF (contrary to GF and LGF), since they can be written as sequences of
clique-guarded quantifiers over single variables.

Guarded Fixed Point Logics. We now define guarded fixed point logics,
which can be seen as the natural common extensions of GF, LGF and CGF on
one side, and the p-calculus on the other side.

Definition 7. The guarded fixed point logics uGF, uLGF and uCGF are ob-
tained by adding to GF,LGF and CGF, respectively, the following rules for
constructing fixed-point formulae:

Let W be a k-ary relation symbol, ® = x1, ..., 2 a k-tuple of distinct vari-
ables and ¢(W, x) be a guarded formula that contains only positive occurrences
of W, no free first-order variables other than zi,...,z; and where W is not
used in guards. Then we can build the formulae

[LFP Wz . ¢](x) and [GFP Wz . ¢](x).

The semantics of the fixed point formulae is the usual one: Given a structure
2 providing interpretations for all free second-order variables in v, except W,
the formula (W, ) defines an operator on k-ary relations W C A*, namely

P W s PN (W) = {a € A" 1A |= (W, a)}.

Since W occurs only positively in 4, this operator is monotone (i.e., W C W’
implies ¥* (W) C ¢®(W')) and therefore has a least fixed point LFP(x*) and a
greatest fixed point GFP (/). Now, the semantics of least fixed point formulae
is defined by

A |= [LFP We. (W, z)](a) iff a e LFP(y%)
and similarly for the greatest fixed points.

The Lowenheim-Skolem Property. For future use, we recall that even the
(unguarded) least fixed point logic (FO + LFP) has the Léwenheim-Skolem
property. This result is part of the folklore on fixed point logic [H].

Theorem 2. Every satisfiable sentence in (FO + LFP), and hence every satis-
fiable sentence in uGF, uLGF or pCGF, has a model of countable cardinality.

On the other side, guarded fixed point logics do not have the finite model
property (see [A for a simple counterexample).

Guarded Infinitary Logics. It is well known that fixed point logics have a
close relationship to infinitary logics (with bounded number of variables).
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Definition 8. GF* LGF* and CGF* are the infinitary variants of the guarded
fragments GF, LGF and CGF, respectively. For instance GF> extends GF by
the following rule for building new formulae: If ® C GF* is any set of formulae,
then also \/ @ and A @ are formulae of GF*. The definitions for LGF™ and
CGF® are anologous.

In the sequel we explicitly talk about the clique-guarded case only, i.e. about
#CGF and CGF°, but all results apply to the guarded and loosely guarded case
as well. The following simple observation relates uCGF with CGF>.

Proposition 2. For each v € uCGF of width k and each cardinal v, there is
a ) € CGF®, also of width k, which is equivalent to 1 on all structures up to
cardinality .

3 Guarded Bisimulation and the Tree Model Property

Tree width is an important notion in graph theory. Here we need a generalisation
of this concept to arbitrary relational structures. For readers who are familiar
with the notion of tree width in graph theory we can simply say that the tree
width of a structure is the tree width of its Gaifman graph. Here is a more
detailed definition.

Definition 9. A structure 8 (with universe B and arbitrary vocabulary 7) has
tree width k if k is the minimal natural number satisfying the following condition.
There exists a directed tree T = (V, E') and a function

F:Vo{XCB:|X|<k+1},

assigning to every node v of T" a set F'(v) of at most k + 1 elements of B, such
that the following two conditions hold.

(i) For every m-atom «(x1,...,x,) and every tuple by, ..., b, such that B =
a(by, ..., b.) there exists a node v of T such that {b1,...,b.} C F(v).

(ii) For every element b of 9B, the set of nodes {v € V : b € F(v)} is connected
(and hence induces a subtree of T).

For each node v of T, the set F(v) induces a substructure F(v) C B of
cardinality at most k 4+ 1. (Since F'(v) may be empty, we also permit empty
substructures.) (T, (§(v)yer)) is called a tree decomposition of width k of B.

Remark. A more concise, but equivalent, formulation of clause (i) would be
that B = (J,cr 5(v).

By definition, every strictly guarded set X C B is contained in some F'(v). A
simple graph theoretic argument shows that the same is true for loosely guarded
and clique-guarded sets.

Lemma 2. Let (T, (§(v)yer)) be a tree decomposition of B and X C B be a
clique-guarded set in B. Then there exists a node v of T such that X C F(v).
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Proof. For each b € X, let V, be the set of nodes v such that b € F(v). By
the definition of a tree decomposition, each V, induces a subtree of T'. For all
b,b' € X the intersection V, N V4 is non-empty, since b and b’ are adjacent
in G(B) and must therefore coexist in some atomic fact that is true in B. It
is known that any collection of pairwise overlapping subtrees of a tree has a
common node (see e.g. [& p. 94]). Hence there is a node v of the T such that
F(v) contains all elements of X. O

Guarded Bisimulations. The notion of bisimulation from modal logic gen-
eralises in a straightforward way to various notions of guarded bisimulation
that describe indistinguishability in guarded logics. We focus here on clique-
k-bisimulations, the appropriate notion for clique-guarded formulae of width at
most k. The notions of strict or loose k-bisimulations can be defined analogously.

Definition 10. A clique-k-bisimulation (in the sequel simply called a k-bisimu-
lation), between two 7-structures 2 and % is a non-empty set I of finite partial
isomorphisms f : X — Y from 2 to B, where X C A and Y C B are clique-
guarded sets of size at most k, such that the following back and forth conditions
are satisfied. For every f: X — Y in I,

forth: for every clique-guarded set X’ C A of size at most k there exists a
partial isomorphism ¢g : X’ — Y’ in I such that f and g agree on X N X',

back: for every clique-guarded set Y’ C B of size at most k there exists a partial
isomorphism ¢ : X’ — Y’ in I such that f~! and ¢~ ! agreeon Y NY".

Two 7-structures 2 and B are (clique- )k-bisimilarif there exists a k-bisimulation
between them.

Remark. One can describe k-bisimilarity also via a guarded variant of the in-
finitary Ehrenfeucht-Fraissé game with k pebbles. One just has to impose that
after every move, the set of all pebbled elements induces a clique in the Gaifman
graph of each of the two structures. Then 2 and B are k-bisimilar if and only if
Player II has a winning strategy for this guarded game.

Adapting basic and well-known model-theoretic techniques to the present
situation, one obtains the following result.

Theorem 3. Let A and B be two 7-structures. The following are equivalent:

(i) A and B are k-bisimilar.
(i1) For all sentences ¥ € CGF™ of width at most k, A E < B 1.

In particular this shows that k-bisimilar structures cannot be separated by
guarded fixed point sentences of width k.

Unravelings of Structures. The k-unraveling B(*) of a structure 9B is de-
fined inductively. We build a tree T', with functions F' and G such that each
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F(v) induces a clique-guarded substructure §(v) C B, each G(v) induces a sub-
structure &(v) € B*) that is isomorphic to F(v), and (T, (B(v))yer) is a tree
decomposition of B*).

The root of T is A, with F(A\) = G(\) = @. Given a node v of T with
F(v)={a1,...,a,} and G(v) = {a],...,a’} we create for every clique-guarded
set {b1,...,bs} in B with s < k a successor node w of v such that F(w) =
{b1,...,bs} and G(w) is a set {b7,...,b%} which is defined as follows. For those
i, such that b; = a; € F'(v), put by = aj so that G(w) has the same overlap with
G(v) as F(w) has with F(v). The other b7 in G(w) are fresh elements.

Let fy : F(w) — G(w) be the bijection taking b; to b} for i =1,...,s. For
F(w) being the substructure of B induced by F(w), define &(w) so that f,
is an isomorphism from F(w) to &(w). Finally B*) is the structure with tree
decomposition (T, (&(v)yer))-

Note that the k-unraveling of a structure has tree width at most k& — 1.
Proposition 3. B and B%) are k-bisimilar.
Proof. Let I be the set of functions f, : F(v) — G(v) for all nodes v of T. O

It follows that no sentence of width k& in CGF*°, and hence no sentence of
width k£ in pCGF distinguishes between a structure and its k-unraveling. Since
every satisfiable sentence in yCGF has a model of at most countable cardinality,
and since the k-unraveling of a countable model is again countable we obtain
the following tree model property for guarded fixed point logic.

Theorem 4 (Tree Model Property). Every satisfiable sentence ¢ in uCGF
of width k has a countable model of tree width at most k — 1.

Remark. In fact our decision algorithms will imply a stronger version of the tree
model property, where the underlying tree has branching bounded by O(||*).

4 Decision Procedures

Once the tree model property is established, there are several ways to design
decision algorithms for guarded logics. We focus here on guarded fixed point
logics (in fact on pCGF which contains uGF and uLGF).

4.1 Tree Representations of Structures

Let (T, (§(v))ver) be a tree decomposition of width k—1 of a 7-structure ® with
universe D. We want to describe ®© by a tree with a finite set of labels. To this
end, we fix a set K of 2k constants and choose a function f : D — K assigning
to each element d of ® a constant aq € K such that the following condition is
satisfied. If v, w are adjacent nodes of T', then distinct elements of §(v) U F(w)
are always mapped to distinct constants of K.
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For each constant a € K, let O, be the set of those nodes v € T at which
the constant a occurs, i.e., for which there exists an element d € §(v) such
that f(d) = a. Further, we introduce for each m-ary relation R of ® a tuple
R := (Rg)ackxm of monadic relations on T with

Rqo:={v €T : there exist di,...,dn, € §(v) such that
S(U) ‘: Rdl o dm and f(dl) =az, ... a.f(dm) = am}'

The tree T' = (V, E) together with the monadic relations O, and R, (for R €
7) is called the tree structure 7 (®) associated with ® (and, strictly speaking,
with its tree decomposition and with K and f). Note that two occurrences of a
constant a € K at nodes u, v of T represent the same element of ® if and only if
a occurs in the label of all nodes on the link between u and v. (The link between
two nodes u, v in a tree T is the smallest connected subgraph of T' containing
both u and v.)

An arbitrary tree T = (V, F) with monadic relations O, and R does define
a tree decomposition of width k£ — 1 of some structure ©, provided that the
following axioms are satisfied.

(1) At each node v, at most k of the predicates O, are true.
(2) Neighbouring nodes agree on their common elements. For all m-ary rela-
tion symbols R € 7 we have the axiom

consistent(R) := /\ VxVy((Exy A /\ (O A an)> — (Rgz < Ray)>.

acK™ aca

These are first-order axioms over the vocabulary 7* := {E} U{Q, : a €
K} U{Rq : R € 7,a C K}. Given a tree structure 7 with underlying tree
T = (V, E) and monadic predicates O, and R, satisfying (1) and (2), we obtain
a structure ® such that 7(®) = T as follows. For every constant a € K, we call
two nodes u, w of T a-equivalent if 7 = O,v for all nodes v on the link between
u and w. Clearly this is an equivalence relation on OZ. We write [v], for the
a-equivalence class of the node v. The universe of © is the set of all a-equivalence
classes of T for a € K, i.e.,

D:={[v]g:veT ac K, TE Oy}
For every m-ary relation symbol R in 7, we define
R® :={([vi]ays- - -+ [Vmla,,) :T = Ra,..a, v for some

(and hence all) v € [v1]q, N+ N [Vm]a,, }-

4.2 Reduction to SwS

We now describe a translation from pCGF into monadic second-order logic on
countable trees. Given a formula ¢(z1,...,2,) € pCGF and a tuple a =
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ai,...,am over K, we construct a monadic second-order formula ¢,(z) with
one free variable. The formulae ¢4 (z) describe in the associated tree structure
7 (D) the same properties of clique-guarded tuples as ¢(x) does in ©. (We will
make this statement more precise below).

On a directed tree T' = (V, E)) we can express that U contains all nodes on
the link between x and y by the formula

connect(U, xz,y) :=Ux AUy A Ir(Ur AVz(Ezr — -Uz)
AYWVzZ(Bwz NUz A z #£ 1 — Uw)).

For any set @ C K we can then construct a monadic second-order formula

linkg (x,y) := 3U<connect(U, z,y) ANVz(Uz — /\ Oaz)>

aca

saying that the tuple a occurs at all nodes on the link between x and y. The
translation is now defined by induction as follows:

(1) If p(z) is an atom Sz;, - - - x;,, then pq(2) := Spz where b = (a;,, ..., a;,,).
(2) If o = (z; = x;), let wa(z) = true if a; = a; and @q(z) = false otherwise.
(3) If p(x) := clique(x), let

cliqueq(z /\ Jy(linkg, o (y, 2 \/ \/ Rpy).
a,a€a ReT b:a,a’eb
(4) If o =AY, let pa(2) = na(2) Ada(2).
(5) If ¢ = =, let @a(z) = ~a(2).
(6) If o = (Jy. clique(zx, y))n(x, y), let
©va(z) == 3y<hnk ) A \/(/\ Opy A cliquegs(y) A nab(y)>>.
b beb

(7) If p = [LFP Sz .n(S,x)](x), let

val(z) = VS((consmtent )A /\VI (Spx < np (S, :17))) — Saz>.

Here S is a tuple (Sp)per= of monadic predicates where m is the arity of

S.

Theorem 5. Let ¢(x) be a formula in pCGF and © be a structure with tree
decomposition (T, (§(v))ver). For an appropriate set of constants K and a func-
tion f: D — K, let T (D) be the associated tree structure. Then, for every node
v of T and every clique-guarded tuple d C F(v) with f(d) =

DEed) <= T(D)F palv).
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Proof. We proceed by induction on ¢. The only non-trivial cases are the clique-
guards, existential quantification and least fixed points.

For the clique-guards, note that the translated formula clique, (v) says that
for any pair a, a’ of components of a, there is a node w, such that

— a,a’ occur at all nodes on the link from v to w and hence represent the same
elements d,d’ at w as they do at v.

— T(®) = Rpw for some predicate R and some tuple b that contains both
a and o. By induction hypothesis, this means that d,d’ are components of
some tuple d' such that ® = Rd'.

Hence 7 (D) |= cliqueq(v) if and only if the tuple d induces a clique in in the
Gaifman graph G(D).

Suppose now that p(x) = (Jy . clique(z, y))n(z, y) and that © = ¢(d). Then
there exists a tuple d’ such that D = clique(d, d’) A n(d, d).

By Lemma B there exists a node w of T such that all components of d U d’
are contained in §(w).

Let f(d') = b. By induction hypothesis it follows that

T(®) = /\ Opw A cliquegp(w) A Ngp(w).
beb

Let U be the set of nodes on the link between v and w. Then the tuple d
occurs in F(u) for all nodes u € U. It follows that 7 (D) |= linkg (v, w). Hence

7(9) = ¢a(v).

Conversely, if 7(D) = pq(v) then there exists a node w such that the con-
stants a occur at all nodes on the link between v and w (and hence correspond
to the same tuple d) and such that 7 (D) |= cliquegs(w) A nes(w) for some tuple
b. By induction hypothesis this implies that ® |= clique(d, d’) An(d, d') for some
tuple d’, hence ® |= ¢(d).

Finally, let o(z) = [LFP Sz .n(S,x)](x). By definition, ® |= ¢(d) is true if
and only if d is contained in every fixed point of the operator n®, i.e. is in every
relation S such that S = {c: (D,5) En(S,c)}.

We first observe that, for guarded tuples d, this is equivalent to the seemingly
weaker condition that d is contained in every S such that ¢ € Siff © = (S, ¢) for
all guarded tuples c. Indeed this is obvious, since (S, ) is a Boolean combination
of quantifier-free formulae not involving @, of positive atoms of the form Su
where u is a recombination of the variables appearing in « and of formulae
starting with a guarded existential quantifier. Therefore the truth values of Sc
for unguarded tuples ¢ never matters for the question whether a given guarded
tuple is in ©®(S).

Recall that the formula associated with ¢(x) and a is

Va(2) = (VS) <<cons1'stent(§) A /\Vx(be — (S, x))) — Saz>.
b
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Consider any tuple S = (Sp)pexm of monadic relations on 7 (D) that satisifies
the consistency axiom such that

(T(®),5) = /\VI(be = (S, 2)).
b

This tuple S defines a relation S on ® such that for all nodes w of T and all
tuples ¢ in §(w) with f(c) = b, we have ¢ € S iff w € Sp. Conversely each relation
S on ® defines such a tuple S of monadic relations on 7 (D) which describes the
truth values of S on all guarded tuples of ®. Since 7 (D) = Spw < 1 (S, w) it
follows by induction hypothesis that ® = Sc¢ < (S, ¢). Further d € S if and
only if v € Sg.

Hence the formula ¢gq (v) is true in 7 (D) if and only if d is contained in all
relations S over © such that for all guarded tuples ¢, ¢ € S iff ¢ € n°(S). By
the remarks above this is equivalent to saying that d is in the least fixed point
of n®. ]

Theorem 6. The satisfiability problem for pyCGF is decidable.

Proof. Let ¢ be a sentence in pCGF of vocabulary 7 and width k. We translate
1) into a monadic second-order sentence 1* such that 1 is satisfiable if and only
if there exists a countable tree T' = (V, E) with T |= ¢*.

Fix a set K of 2k constants and let O be the tuple of monadic relations O, for
a € K. Further, for each m-relation symbol R € 7, let R be the tuple of monadic
relation R, where a € K™. The desired monadic second-order sentence has the
form

Y* = (30)(3R)(x A Vs (z)).

Here x is the first-order axiom expressing that the tree T expanded by the
relations O and R does describe a tree structure 7 (D) associated to some 7-
structure ®. We have shown above that this can be done in first-order logic. The
formula ¥g(x) is the translation of ¢ (and the empty tuple of constants) into
monadic second-order logic, as described by Theorem H.

If ¢ is satisfiable, then by Theorem B, ¥ has a countable model ®© of tree width
k — 1. By Theorem B the associated tree structure 7 (D) satisfies x A Vzig(x),
hence there exists a tree T such that T |= ¢*. Conversely, if T' |= ¢*, then there
exists an expansion 7 = (T, O, R) which satisfies x and hence describes the tree
decomposition of a T-structure ®. Since 7 |= Vo () it follows by Theorem W
that © = .

The decidability of pCGF now follows by the decidability of SwS, the monadic
second-order theory of countable trees, a famous result that has been established
by Rabin [H]. O

Note that while this reduction argument to SwS gives a somewhat more
elementary decidability proof (modulo Rabin’s result, of course), it does not
give good complexity bounds. Indeed, even the first-order theory of countable
trees is non-elementary, i.e. its time complexity exceeds every bounded number
of iterations of the exponential function.
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4.3 Reduction to the p-Calculus with Backwards Modalities

Instead of reducing the satisfiability problem for pCGF to the monadic second-
order theory of trees, we can define a similar reduction to the p-calculus with
backward modalities and then invoke Vardi’s decidability result for this logic

=,

For a set of actions A, the p-calculus with backwards modalities L,", permits,
for each action a € A, besides the common modal operators (a) and [a] also the
backwards operators (a) and [a“] corresponding to the backwards transitions
E = {(w,v) : (v,w) € E.}. Hence (a™ )¢ is true at state w in a Kripke
structure R if and only if there exists a state v, such that &, v = ¢ and w is
reachable from v via action a.

Here, we will need L, on trees (V,E) with only one transition relation.
We can write (+), [+] for the forward modal operators, and (=), [—] for the
backwards operators, and then use the abbreviations

Cpi=(H)pV(-)p and Op:=[+]pA[-]p.

Hence & and O are the usual modal operators on symmetric Kripke structures.
Finally, it is convenient for our reduction argument to permit the use of

simultaneous least and greatest fixed points in L; . Let X = (Xy,...,X,) be
a sequence of propositional variables, and P(X) = (¢1(X),...,¢r(X)) be a
sequence of L; -formulae in which all occurrences of X, ..., X, are positive.
Then, for each i < r, the expressions [uX .2(X)]; and [vX . p(X)]; are formulae
in L7

On every Kripke structure & with universe V', the sequence (X)) defines an
operator " that maps any tuple S = (S1,...,S5,) of subsets S; C V to a new

tuple (¢5(S), ..., ¢5(S)) where ¢£(5) = {v: &,v |- p:(S)}.
Since the variables in X occur only positive in §, the operator 7% has a least
fixed point X = = (X,...,X). Now, the semantics of simulteneous least

fixed point formulae is given by
RvEpX.p(X)); = ve XX

The meaning of a simultaneous greatest fixed point [vX . (X)]; is defined simi-
larly. It is well-known that simultaneous fixed points can be rewritten as nestings
of simple fixed points, so the use of simulateneous fixed point does not change
the expressive power of L.

Theorem 7 (Vardi). Fvery satisfiable formula in L, has a tree model. Fur-
ther, the satisfiability problem for L, is decidable and EXPTIME-complete.

On connected Kripke structures (in particular on trees), the universal modal-
ity is definable in L;;". For every formula ¢, we write V¢ to abbreviate the formula
uX.o AOX. It is easy to see that Vo is satisfied at some state of a connected
Kripke structure £ if and only if ¢ is satisfied at all states of K.

Let ® be a 7 structure of bounded tree width, and let T¢(D) its tree repre-
sentation as described in Sect. Rl We view 7 (D) as a Kripke structure, with
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atomic propositions O, and R,. Having available an universal modality, the ax-
ioms for tree representations 7 (D), given in the previos subsection, can easily
be expressed by modal formulae. For instance the consistency axioms can be
written

consistent(R) :=V /\ (/\ Oy ANRg — D(\/ -0, V Ra>>.

aceK™ aca aca

Theorem 8. Let © be a structure with tree decomposition (T, (F(v))ver). For
an appropriate set of constants K and a function f : D — K, let T (D) be the
associated tree structure. For every formula ¢(x1,...,xy) in pCGF and every
tuple a € K™ we can construct a formula @q € L, such that, for every node v
of T and every clique-guarded tuple d C F(v) with f(d) = a,

° ‘: @(d) — T(@),U ‘: Pa-

Proof. The translation is very similar to the translation into monadic second-
order logic that was given in the previous section.

(1) If p(x) is an atom Sz, - - -x;,, then ¢4 := Sp where b = (a;,,...,a;,,).
(2) If ¢ = (z; = x;), then pq = true if a; = a; and @4 := false otherwise.
(3) For the guard formulae clique(x), let

cliqueq := /\ uX . < \/ Rp VO (04 A Oy AX)).
a,a’€a ReT
b:a,a’€b
(4) If o =n A D, then g :=ng A Jq.
(5) If ¢ = =9, then @4 := V.
(6) If ¢ = (Jy . clique(x, y))n(x,y), then

Pg = \b/uX. ((/\ ObAch'queabAnab> \/<></\ OGAX>>.

beb aca
(7) If ¢ := [LFP Sz .n(S, x)](x), let

¢a = 1S .7(S))]a-
Here S is a tuple of fixed point variables Sp and 7(.9) is the tuple of the

formulae 7y (S) for all b € K™ (where m is the arity of .S).

The proof that the translation is correct is analogous to the proof of Theo-
rem @ O

We now get another proof for the decidability of guarded fixed point logic.
Given a sentence ¢ € pCGF, we translate it into the L} -sentence g according
to Theorem M and take the conjunction with the consistency axioms in L, for
tree representations 7 (®). Then use Vardi’s decidability result for L; . By the
tree model property of L, the tree model property of yCGF and Theorem [ |
this gives a decision procedure for uCGF.

However, it is not clear whether this argument can modified to provide the
optimal complexity bounds for guarded fixed point logic.
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4.4 Alternating Tree Automata

Finally we sketch the automata theoretic method used in [H] for solving the sat-
isfiability problem for guarded fixed point logic. The general idea is to associate
with every sentence v an alternating automaton By that accepts precisely the
(descriptions of) tree models of . This reduces the satisfiability problem for
to the emptiness problem for B, a problem that is solvable in exponential time
with respect to the number of states of the automaton.

Automata based procedures are very important for the satisfiability testing
and model checking of modal logics. For the p-calculus and its relatives, alternat-
ing tree automata seem to be the right model to get optimal complexity results.
In [£9] Vardi used alternating two-way tree automata (A2A) to establish decid-
ability and EXPTIME-completeness of the u-calculus with backward modalities.
His model of A2A works on trees of bounded branching where nodes have outgo-
ing arcs labelled by indices 1,2, ..., k. In our decidability proof for guarded fixed
point logic in [l] we use a different variant of alternating automata which work
on trees of arbitrary, finite or infinite, degree. The automata do not make use of
the orientation of the edges in the tree; they may proceed to any neighbour of the
current node, i.e. to the parent or to any child. A general forgetful determinacy
theorem for parity games can be used to reduce the emptiness problem for our
automata to the emptiness problem for Vardi’s automata.

Definition 11. An alternating two-way automaton on trees is a tuple A =
(Q3, Qv, X, qo, 0, £2) where @ = Q3 U Qv is a finite set of states, partitioned into
existential and universal states, X' is an input alphabet and ¢¢ € @ is an initial
state. The transition function has the form

§:Qx X —-PQU{0g:qeQ)})

Intuitively ¢’ € 0(q, o) means that a copy of the automaton should stay at the
current node and assume a new state ¢'. If O¢’ € §(q,0) then a copy of the
automaton should proceed to some neighbour of the current node and assume
state ¢’. The function 2 : @ — N specifies the acceptance condition of the
automaton.

Let T = (T,L : T — X) be a tree whose nodes are labelled by symbols from
J.. The notion of a run of A on 7 and the acceptance condition can be defined
via a game G(A, 7T), played by two players, player 0 and player 1, who move a
token along the edges of a graph.

Let G(A, T) = (Vo, V1, E, 2) where

- VO:TXQH andVlszQv;
— (v,qQ)E(W', q") iff either

(i) ¢ € §(¢q, L(v)) and v' = v, or

(i) O¢' € 6(¢q, L(v)) and v’ is a neighbour of v.
= (v, q) = 2(q)-
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Initially, the token is at the vertex (A, go) where A is the root of T' and ¢q is
the initial state of the automaton. When the token is at a vertex (v, ¢) € V;, then
player j moves it along some edge (v, q)E(v', ¢') to a new node (v/,¢’). If one of
the players cannot make a move she looses. Otherwise the result of the game is an
infinite path (X, qo), (v1,41), (v2,q2), ... through the graph. In that case player
0 wins iff the sequence £2(qo), 2(q1), £2(q2), . .. satisfies the parity condition:
the minimal number ¢ € N appearing infinitely often in the sequence is even.
(Therefore such games are called parity games.) By definition the automaton A
accepts 7 if and only if player 0 has a winning strategy from position (A, qo) in

G(AT).

Definition 12. A memoryless strategy for player 0 is a partial function f :
(T x Q3) — T x @ such that (v,q)E(v',q") whenever f(v,q) = (v/,¢'). A finite
or infinite play (w1, q1), (w2, q2),... of G(A,T) is consistent with f if for every
pair (wj, ¢;) such that g; € Q3 the value of f(w;, ¢;) is defined and (w;+1, ¢i+1) =
f(ws, q;). A memoryless strategy is winning from position (v, ¢) if player 0 wins
every play starting at (v, q) that is consistent with f.

For a large class of games, there are forgetful determinacy theorems which
say that from each position, one of the two players has a memoryless winning
strategy. In particular this is the case for the graph games with parity winning
conditions that we use here (see e.g. [, Theorem 1]).

Theorem 9. The automaton A accepts T if and only there exists a memoryless
winning strategy for player 0 on G(A, T) from the initial position (X, qo).

As a consequence, one can derive the following results (see [B] for further
details).

Theorem 10. If an alternating two-way automaton accepts some input tree,
then it also accepts a tree whose branching is bounded by the number of states
of the automaton. The emptiness problem for alternating two-way automata (on
trees with arbitrary branching) can be decided in EXPTIME.

Accepting Tree Models by Automata. In [H] we construct for every guarded
fixed point sentence ¢ an automaton A, accepting exactly those tableaux that
represent a model for . We do not explain the notion of a tableau here. Instead
we present an almost identical construction of an automaton By that accepts a
tree 7 if and only if 7 is a tree representation (more or less as in Sect E=l) of a
model D = .

Let (T, (§(v))per) be a tree decomposition of width & — 1 of a 7-structure
® with universe D, let K be a set of 2k constants and let f : D — K be
an appropriate function naming each element d of © by a constant ag € K as
described in Sect. Bl Our automaton works on the description of (T, (F(v))ver)
by a labelled tree (T, L), where the label of L(v) of a node v is the pair (C, I")
such that C' C K is the set of constants that occur at the node v, and I" contains
all atomic and negated atomic formulae 5(a) and all guard formulae clique(a)
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that are true at node v. It is not difficult to design an alternating automaton
that checks whether a given tree is consistently labelled in this sense. One could
also integrate the checking of these conditions directly into the automaton By
constructed below but this would make the construction less transparent.

Let ¢ be a sentence in uCGF of vocabulary 7 which is in positive normal form
(i.e. with negations only in front of atomic formulae). We assume that the fixed
point variables in v are T1, ... , T}, and that for each fixed point variable T; there
is only one formula of the form [FP T;x.n(T;, )](x) in ¢ (where FP is either
LFP or GFP; accordingly 7; is either an LFP-variable or a GFP-variable). Fur-
ther we assume that for j > 4, T; does not preceed T; in the dependency order of
the fixed point variables in ¢, i.e. T} does not occur free in [FP Tz . n(T;, z)](x).

Our goal is to describe an automaton B, that, given a consistently labelled
tree (T, L) describing a structure ©, checks whether © = 1

Definition 13. We denote by cl(v)) the smallest set of formulae such that all
subformulae of ¥ belong to ¢l(¢), and for every relation symbol R occurring in
¥ (including equality), c¢l(¢)) contains formulae Rz - - - xp and —Rxq - - - with
distinct variable symbols x1, ..., xx. Further, we put

cd(, K) :={p(a) :a C K,p(x) € cl(y)} U {true, false}.

The states of the automaton B, will be the formulae in ¢l(¢, K), with initial
state 1, and the following partition into existential and universal states:

Qa={peccd,K): op=nV9Iorp=IJxn}U/ {false}
Qv = cl(¥, K) — Q3.

The transition function ¢ is defined as follows.

(1) o(true, (C,I")) = d(false, (C, I")) =@
(2) If « is a 7-atom or a negated T-atom then

true ifael
oe (€, 1)) = {false ifagl
(3) d(p V9, (C, 1) =d(p A9, (C, ) =
(4) o([FP T .n(T, z)|(a), (C,T) = {n
(5) 8(Ta, (C, 1)) = {n(T,a)} where [F

formula in ¢ that binds T
(6) Let ¢ be of the form (Jz . clique(a, x))n(a, x) or (Vx . clique(a, x))n(a, x).
Then

{e, 9}
a)}.

(T,
P Ta:.n(T, x)] is the unique fixed point

5(@7 (O’ F)) =

{n(a,b) : b C C,clique(a,b) € 't U{Op} ifaCC
%] ifag C.
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The acceptance condition {2 is defined by

2t —1 for ¢ =T;a and T; an LFP-variable
21 for ¢ = T;a and T; a GFP-variable
2n+1 forp=dx.n

2n + 2 otherwise.

2(p) =

Theorem 11. Suppose that (T, L) represents a tree-decomposition of width k—1
of a structure ®. Then By, accepts (T, L) if and only if © = .

We just try to convey some intuition why this is true. For a detailed proof,
we refer to [H].

The game G(By, T) associated with the automaton B, on input 7 is basically
just the model checking game for ¥ on the structure ® that is represented by 7.
(This game generalizes the model checking game for the p-calculus described for
instance in [E3]). It is not difficult to see that if player 0 has a strategy to win
G(By,T) in a finite number of moves, then ® = 1, and if player 1 has such a
strategy, then ® = —1). However, the interesting plays are the infinite ones. We
have to distinguish different cases:

(1) Suppose that there are infinitely many occurrences of fixed point formulae
Ta in the play. Then the ‘outermost’ fixed point variable T; (the least with
respect to the dependency order) that appears infinitely often determines
which player has won. If it is a LFP-variable then the minimal number
£2(q) appearing infinitely often on the play is odd and therefore the play
is winning for player 1. One can show that if player 1 has a strategy to
enforce this, then © = —) since the regeneration sequence of some LFP-
formula in 9 is not well-founded. If T; is a GFP-variable, then player 0
wins and ® |= .

(2) If no fixed point variable appears infinitely often on a infinite play, then
there is an existential or universal formula that is never reduced but always
‘passed over’ to a neighbouring node (see clause (6) of the definition of
the automaton). If this formula is existential, say Jx.n(x), then by the
definition of 2, player 0 looses. Indeed, if she gets trapped in such a
situation then this means that she cannot find a witness a and then win
the remaining game from 7(a). Hence ® = —) (recall that ¢ is in positive
normal form). If the formula is of the form Vz.n(x), then player 1 wins.
Indeed, such an outcome just means that player 1 does not find a ‘bad’ a
such that he hopes to win on n(a). In this case © = .

Note that the number of states of the automaton By, is bounded by [¢|?*1o8k
where k is the width of . Given that the emptiness problem for our automata
can be solved in exponential time with respect to the number of states, it fol-
lows that the satisfiability problem for guarded fixed point logic is solvable in
2EXPTIME for sentences of unbounded width an in EXPTIME for sentences of
bounded width.
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Abstract. We present a PSPACE algorithm that decides satisfiability of
the graded modal logic Gr(Kr)—a natural extension of propositional
modal logic Kr by counting expressions—which plays an important
role in the area of knowledge representation. The algorithm employs
a tableaux approach and is the first known algorithm which meets the
lower bound for the complexity of the problem. Thus, we exactly fix the
complexity of the problem and refute a ExpTiME-hardness conjecture.
This establishes a kind of “theoretical benchmark” that all algorithmic
approaches can be measured with.

1 Introduction

Propositional modal logics have found applications in many areas of computer
science. Especially in the area of knowledge representation, the description logic
(DL) ALC, which is a syntactical variant of the propositional (multi-)modal logic
Kgr [5ehil]; forms the basis of a large number of formalisms used to represent
and reason about conceptual and taxonomical knowledge of the application do-
main. The graded modal logic Gr(Kg) extends K by graded modalities [Hanl],
i.e., counting expressions which allow to express statements of the form “there
are at least (at most) n accessible worlds that satisfy ... ”. This is especially
useful in knowledge representation because (a) humans tend to describe objects
by the number of other objects they are related to (a stressed person is a person
given at least three assignments that are urgent), and (b) qualifying number
restrictions (the DL’s analogue for graded modalities [EIRUN]) are necessary for
modeling semantic data models [ELNGA].

K is decidable in PSPACE and can be embedded into a decidable fragment of
predicate logic [BazBRGN]. Hence, there are two general approaches for reasoning
with Kz: dedicated decision procedures [LadZZRSSUNESTH], and the transla-
tion into first order logic followed by the application of an existing first order
theorem prover [GSSARchdl]. To compete with the dedicated algorithms, the
second approach has to yield a decision procedure and it has to be efficient, be-
cause the dedicated algorithms usually have optimal worst-case complexity. For
KR, the first issue is solved and, regarding the complexity, experimental results
show that the algorithm competes well with dedicated algorithms [ES94]. Since
experimental result can only be partially satisfactory, a theoretical complexity

* This work was supported by the DFG, Project No. GR 1324/3-1

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 52-ll 1999.
© Springer-Verlag Berlin Heidelberg 1999
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result would be desirable, but there are no exact results on the complexity of
the theorem prover approach.

The situation for Gr(Kg) is more complicated: Gr(Kg) is known to be
decidable, but this result is rather recent [ERUI, and the known PSPACE up-
per complexity bound for Gr(Kg) is only valid if we assume unary coding
of numbers in the input, which is an unnatural restriction. For binary coding
no upper bound is known and the problem has been conjectured to be EXPp-
TiME-hard [EEEST]. This coincides with the observation that a straightforward
adaption of the translation technique leads to an exponential blow-up in the size
of the first order formula. This is because it is possible to store the number n in
log;, n-bits if numbers are represented in k-ary coding. In [ESESH] a translation
technique that overcomes this problem is proposed, but a decision procedure for
the target fragment of first order logic yet has to be developed.

In this work we show that reasoning for Gr(Kz) is not harder than reasoning
for K by presenting an algorithm that decides satisfiability in PSPACE, even
if the numbers in the input are binary coded. It is based on the tableaux algo-
rithms for K and tries to prove the satisfiability of a given formula by explicitly
constructing a model for it. When trying to generalise the tableaux algorithms
for Kz to deal with Gr(Kg), there are some difficulties: (1) the straightfor-
ward approach leads to an incorrect algorithm; (2) even if this pitfall is avoided,
special care has to be taken in order to obtain a space-efficient solution. As an
example for (1), we will show that the algorithm presented in [EEEIH to decide
satisfiability of Gr(Kg) is incorrect. Nevertheless, this algorithm will be the
basis of our further considerations. Problem (2) is due to the fact that tableaux
algorithms try to prove the satisfiability of a formula by explicitly building a
model for it. If the tested formula requires the existence of n accessible worlds,
a tableaux algorithm will include them in the model it constructs, which leads
to exponential space consumption, at least if the numbers in the input are not
unarily coded or memory is not re-used. An example for a correct algorithm
which suffers from this problem can be found in [EZ] and is briefly presented
in this paper. Our algorithm overcomes this problem by organising the search
for a model in a way that allows for the re-use of space for each successor, thus
being capable of deciding satisfiability of Gr(Kx) in PSPACE.

2 Preliminaries

In this section we introduce the graded modal logic Gr(Kg), the extension of
the multi-modal logic K with graded modalities, first introduced in [ESZ].

Definition 1 (Syntax and Semantics of Gr(Kg)). Let P = {po,p1,...} be
a set of propositional atoms and R a set of relation names. The set of Gr(Kg)-
formulae is built according to the following rules:

1. every propositional atom is a Gr(Kg)-formula, and
2. if ¢, 1, are Gr(Kg)-formulae, n € IN, and R is a relation name, then

=, 1 Aha, 1V e, (R)nd, and [R],¢ are formulae.
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The semantics of Gr(Kg)-formulae is based on Kripke structures
M= (W™ AR | Re R} V™),

where W™ is a non-empty set of worlds, each R™ C W™ x W™ is an accessi-
bility relation on worlds (for R € R), and V™ is a valuation assigning subsets
of W™ to the propositional atoms in P. For a Kripke structure MM, an element
r € W™ and a Gr(Kg)-formula, the model relation = is defined inductively
on the structure of formulae:

M,z =piffec V™(p) forpeP

M,z = ¢ iff M,z = ¢

M,z =1 Ao iff Mz = 1pr and M,z |= o
M,z =1 Vo iff M,z =P or M,z |= 1o
M,z = (R)nd iff 4R (x,¢) > n

M,z = [R]ng iff 1R (2, —¢) <n

where R (z, ¢) == [{y € W™ | (z,y) € R™ and M,y = ¢}

The propositional modal logic K is defined as the fragment of Gr(Kg) in
which for all modalities n = 0 holds.

A formula is called satisfiable iff there exists a structure M and a world
x € W™ such that M,z |= ¢.

By SAT(Gr(Kr))and SAT(Kgr)we denote the sets of satisfiable formulae
of Gr(Kg) and Kg, respectively.

As usual, the modalities (R),¢ and [R],¢ are dual: {R™(x, ) > n means
that in 91 more than n R-successors of x satisfy ¢; 1R™ (2, ~¢) < n means that
in 907 all but at most n R-successors satisfy ¢.

In the following we will only consider formulae in megation normal form
(NNF), a form in which negations have been pushed inwards and occur in front
of propositional atoms only. We will denote the NNF of —¢ by ~¢. The NNF
can always be generated in linear time and space by successively applying the
following equivalences from left to right:

(11 Ap2) = —th1 V e “(R)ntp = [R]—y
(11 V h2) = b1 A e 2[R = (R

3 Reasoning for Gr(Kx)

Before we present our algorithm for deciding satisfiability of Gr(Kz ), for historic
and didactic reasons, we present two other solutions: an incorrect one [FERSA],
and a solution that is less efficient [FEE=SH|.

From the fact that SAT(Kg )is PSPACE-complete [Ladd MG it immedi-
ately follows, that SAT(Gr(Kr))is PSPACE-hard. The algorithms we will con-
sider decide the satisfiability of a given formula ¢ by trying to construct a model
for ¢.
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3.1 An Incorrect Algorithm

In [EERSH], an algorithm for deciding SAT(Gr(Kg))is given, which, unfortu-
nately, is incorrect. Nevertheless, it will be the basis for our further considerations
and thus it is presented here. It will be referred to as the incorrect algorithm.
It is based on an algorithm given in [BLENNGY] to decide the satisfiability of the
DL ALCN'R, which basically is the restriction of Gr(Kx), where, in formulae
of the form (R), ¢ or [R],¢ with n > 0, necessarily ¢ = p V —p holds.

The algorithm for Gr(Kg) tries to build a model for a formula ¢ by ma-
nipulating sets of constraints with the help of so-called completion rules. This is
a well-known technique to check the satisfiability of modal formulae, which has
already been used to prove decidability and complexity results for other DLs (e.
g., [ESSTIEESIREESH] ). These algorithms can be understood as variants of
tableaux algorithms which are used, for example, to decide satisfiability of the
modal logics Kr, T, or S4g in [EEEE.

Definition 2. Let V be a set of variables. A constraint system (c.s.) S is a
finite set of expressions of the form ‘z |= ¢’ and ‘Rxy’, where ¢ is a formula,
ReR, and x,y € V.

For a c.s. S, let 4R (x, ) be the number of variables y for which {Rxy,y |=
¢} C S. The c.s. [z/y]S is obtained from S by replacing every occurrence of y
by z; this replacement is said to be safe iff, for every variable x, formula ¢, and
relation symbol R with {x |= (R)n¢, Rxy, Rz} C S we have tRF/VS (x, ¢) > n.

A c.s. S is said to contain a clash iff for a propositional atom p, a formula
¢, and m < n:

{zEpa=-p} €S or{zkE (R)mo v = [Rln~o} C S

Otherwise it is called clash-free. A c.s. S is called complete iff none of the rules
given in Fig. B are applicable to S.

To test the satisfiability of a formula ¢, the incorrect algorithm works as
follows: It starts with the c.s. {z = ¢} and successively and applies the rules
given in Fig. l, stopping if a clash is occurs. Both the selection of the rule
to apply and the selection of the formula to add (in the the —-rule) or the
variables to identify (in the —<-rule) are selected non-deterministically. The
algorithm answers “¢ is satisfiable” iff the rules can be applied in a way that
yields a complete and clash-free c.s. The notion of safe replacement of variables
is needed to ensure the termination of the rule application [ERSH].

Since we are interested in PSPACE algorithms, non-determinism imposes no
problem due to Savitch’s Theorem, which states that deterministic and non-
deterministic polynomial space coincide [Raszzl].

To prove the correctness of a non-deterministic completion algorithm, it is
sufficient to prove three properties of the model generation process:

1. Termination: Any sequence of rule applications is finite.
2. Soundness: If the algorithm terminates with a complete and clash-free c.s.
S, then the tested formula is satisfiable.
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—a-rule: if 1.z =11 A € S and
2{z =z} €5
then S —A SU{z |= 91,z E ¥}
—v-rule: if 1. (z =41V e) € S and
2. {:E |:w1,:]3 |:w2}ﬂS:@
then S —v SU{z = x} where x € {¢1,¢2}
—s-rule: if 1.2 = (R),¢ € S and
2. 4R (x,¢) < n
then S —s SU{Rzy,y |= ¢} where y is a fresh variable.
—<o-rule: if 1. z |= [R]o¢, Rxy € S and
2yl ¢S
then S —<o SU{y = ¢}
—<-rule: if 1.z |= [R]no, 4R (z,6) > n > 0 and
2. Rxy, Rxz € S and

3. replacing y by z is safe in S
then S —< [2/y]S

Fig. 1. The incorrect completion rules for Gr(Kg).

3. Completeness: If the formula is satisfiable, then there is a sequence of rule
applications that yields a complete and clash-free c.s.

The error of the incorrect algorithm is, that is does not satisfy Property 2,
even though the converse is claimed:

CLAIM([EEESH)): Let ¢ be a Gr(Kg)-formula in NNF. ¢ is satisfiable
iff {xo = ¢} can be transformed into a clash-free complete c.s. using the
rules from Figure |l

Unfortunately, the if-direction of this claim is not true, which we will prove
by a simple counterexample. Consider the formula

¢ = (R)2p1 A [R]ip2 A [R]1—p2.

On the one hand, ¢ is not satisfiable. Assume 9,z = (R)2p;. This implies
the existence of at least three R-successors yi,ys,ys of x. For each of the y;
either MM, y; = p2 or M, y; ~ p2 holds by the definition of =. Without loss of
generality, there are two worlds y;,,y;, such that 9, y;, = p2, which implies
M, x [~ [R]1—p2 and hence M, x [~ ¢.

On the other hand, the c.s. S = {z |= ¢} can be turned into a complete
and clash-free c.s. using the rules from Fig. [ll as is shown in Fig.[ll Clearly this
invalidates the proof of the claim.

3.2 An Alternative Syntax

At this stage the reader may have noticed the cumbersome semantics of the [R],
modality, which origins from the wish that the duality O¢ = ~0—¢ of K carries
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{z = o} =n - =a{z E &, z E(R)2p1, x |= [Rl1ip2, = |E [R]1i—p2}
=5,
—s o S1U{Rzy:, viEm |1=1,2,3}

=S5
Sa is clash-free and complete, because §R?(x,p1) = 3 and RS2 (x,ps) = 0.

Fig. 2. A run of the incorrect algorithm.

over to [R],¢ = —(R),—¢ in Gr(Kg). This makes the semantics of [R], and
(R),, un-intuitive. Not only does the n in a diamond modality mean “more than
n” while it means “less or equal than n” for a box modality. The semantics also
introduce a “hidden” negation.

To overcome these problems, we will replace these modalities by a syntax
inspired by the counting quantifiers in predicate logic: the modalities (R)<, and
(R)>n with semantics defined by :

M,z = (R)<n¢ iff 4R (z,9) < n,
M,z = (R)>n¢ iff tR™ (x, ¢) > n.

This modification does not change the expressivity of the language, since 9, x =
(R)ng it M,z = (R)>n—1¢ and M,z = [R],¢ iff M,z = (R)<p—.

3.3 A Correct but Inefficient Solution

To understand the mistake of the incorrect algorithm, it is useful to known how
soundness is usually established for the kind of algorithms we consider. The
underlying idea is that a complete and clash-free c.s. induces a model for the
formula tested for satisfiability:

Definition 3 (Canonical Structure). Let S be a c.s. The canonical structure
Ms = (WPs {R™s | R € R}, V™) induced by S is defined as follows:

WPs = {z €V |z occurs in S},
RS = {(z,y) € V* | Ray € S},
VPs(p)={zx eV |rkEpeS}

Using this definition, it is then easy to prove that the canonical structure
induced by a complete and clash-free c.s. is a model for the tested formula.

The mistake of the incorrect algorithm is due to the fact that it did not take
into account that, in the canonical model induced by a complete and clash-free
c.s., there are formulae satisfied by the worlds even though these formulae do not
appear as constraints in the c.s. Already in [ERUH, an algorithm very similar
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—n-, —v-rule: see Fig. ll
— choose-Tule: if 1.z |: <R>|>qn¢7 Rmy € S and
2{yEdykEr~otnS=10
then S —choose S U {y |= x} where x € {¢, ~¢}
—>-rule: if 1. xl=(R)>n¢p €S and
2. 4R%(x,¢) <n
then S —> SU{Rzy,y |= ¢} where y is a new variable.
—<-rule: if 1. 2= (R)<n¢, R (x,$) > n and
2.y #z Rry, Rez,y |= ¢,z |=¢ € S and
3. the replacement of y by z is safe in S
then S —< [y/z]S

Fig. 3. The standard completion rules

to the incorrect one is presented which decides the satisfiability of ALCQ, a
notational variant of Gr(Krg).

The algorithm essentially uses the same definitions and rules. The only dif-
ferences are the introduction of the —¢poose-rule and an adaption of the —>-rule
to the alternative syntax. The —cpoose-rule makes sure that all “relevant” formu-
lae that are implicitly satisfied by a variable are made explicit in the c.s. Here,
relevant formulae for a variable y are those occuring in modalities in constraints
for variables = such that Rxy appears in the c.s. The complete rule set for the
modified syntax of Gr(Kx) is given in Fig. B The definition of clash has to be
modified as well: A c.s. S contains a clash iff

— {z Ep,z |E —p} C S for some variable x and a propositional atom p, or
— 2 = (R)<n¢ € S and R (z, ¢) > n for some variable z, relation R, formula
¢, and n € IN.

The algorithm, which works like the incorrect algorithm but uses the expan-
sion rules from Fig. ll and the definition of clash from above will be called the
standard algorithm; it is a decision procedure for SAT(Gr(Kg)):

Theorem 1 ([EESH]). Let ¢ be a Gr(Kg)-formula in NNF. ¢ is satisfiable
iff {xo |E @} can be transformed into a clash-free complete c.s. using the rules
in Figurel. Moreover, each sequence of these rule-applications is finite.

While no complexity result is explicitly given in [EE=EH] | it is easy to see that
a PSPACE result could be derived from the algorithm using the trace technique,
employed in [ESSTH to show that satisfiability of ALC, the notational variant
for Kg, is decidable in PSPACE.

Unfortunately this is only true if we assume the numbers in the input to be
unary coded. The reason for this lies in the —>-rule, which generates n successors
for a formula of the form (R)>,¢. If n is unary coded, these successors consume
at least polynomial space in the size of the input formula. If we assume binary
(or k-ary with & > 1) encoding, the space consumption is exponential in the
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size of the input because a number n can be represented in log, n bits in k-
ary coding. This blow-up can not be avoided because the completeness of the
standard algorithm relies on the generation and identification of these successors,
which makes it necessary to keep them in memory at one time.

4 An Optimal Solution

In the following, we will present the algorithm which will be used to prove the
following theorem; it contrasts the ExpTIME-hardness conjecture in [HERSH].

Theorem 2. Satisfiability for Gr(Kg) is PSPACE-complete if numbers in the
input are represented using binary coding.

When aiming for a PSPACE algorithm, it is impossible to generate all succes-
sors of a variable in a c.s. at a given stage because this may consume space that
is exponential in the size of the input concept. We will give an optimised rule set
for Gr(Kg)-satisfiability that does not rely on the identification of successors.
Instead we will make stronger use of non-determinism to guess the assignment of
the relevant formulae to the successors by the time of their generation. This will
make it possible to generate the c.s. in a depth first manner, which will facilitate
the re-use of space.

The new set of rules is shown in Fig. ll. The algorithm that uses these rules
is called the optimised algorithm. We use < as a placeholder for either < or >.
The definition of clash is taken from the standard algorithm. We do not need a
—<-rule.

At first glance, the —>-rule may appear to be complicated and therefor is
explained in more detail: Like the standard —>-rule, it is applicable to a c.s.
that contains the constraint = = (R)>p¢ if there are not enough witnesses for
this constraint, i. e., if there are less than n R-successors y of x with y = ¢ € S.
The rule then adds a new witness y to S. Unlike the standard algorithm, the
optimised algorithm also adds additional constraints of the form y = (~)¥ to
S for each formula ¢ appearing in a constraint of the form z |= (R)nq, 1. Since
we have suspended the application of the — >-rule until no other rule applies to
x, by this time S contains all constraints of the form z |= (R)ypnt it will ever

—sa-, —y-rule: see  Fig. ll
—>-rule: if 1. z=(R)>n¢ €5, and
2. R%(x, ¢) < n, and
3. neither the — - nor the —-rule apply to a constraint for x
then S —> SU{Rzy,y = o,y = x1,---,y = xr} where
{wlv .. 7wk} = {w | z |: <R>l>‘<1’m¢Y € S}7 Xi € {w’i7Nw’i}7 and

y is a fresh variable.

Fig. 4. The optimised completion rules.
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contain. This combines the effects of both the —choose- and the —<-rule of the
standard algorithm.

4.1 Correctness of the Optimised Algorithm

To establish the correctness of the optimised algorithm, we will show its termi-
nation, soundness, and completeness.

To analyse the memory usage of the algorithm it is very helpful to view a
c.s. as a graph: A c.s. S induces a labeled graph G(S) = (N, E, £) with

— The set of nodes N is the set of variables appearing in S.
— The edges E are defined by E := {zy | Rxy € S for some R € R}.
— L labels nodes and edges in the following way:

e Foranode z € N: L(z) :={¢ |z = ¢ € S}.

e For an edge zy € E: L(xy) := {R | Rxy € S}.

It is easy to show that the graph G(S) for a c.s. S generated by the optimised
algorithm from an initial c.s. {zg = ¢} is a tree with root ¢, and for each edge
xy € E, the label L(xy) is a singleton. Moreover, for each € N it holds that
L(z) C clos(¢) where clos(¢) is the smallest set of formulae satisfying

— € clos(g),
— if Y1 Vg or Y1 A g € clos(¢), then also ¥n, 19 € clos(d),
— if (R)ont) € clos(¢), then also ¥ € clos(¢),

— if ¥ € clos(¢), then also ~1) € clos(d).

Without further proof we will us the fact that the number of elements of clos(¢)
is bounded by 2 x |¢| where |¢| denotes the length of ¢.

Termination. First, we will show that the optimised algorithm always termi-
nates, i.e., each sequence of rule applications starting from a c.s. of the form
{zo = ¢} is finite. The next lemma will also be of use when we will consider the
complexity of the algorithm.

Lemma 1. Let ¢ be a formula in NNF and S a c.s. that is generated by the
optimised algorithm starting from {xo = ¢}.

— The length of a path in G(S) is limited by ||.
— The out-degree of G(S) is bounded by |clos(¢)| x 2!¢1.

Proof. For a variable z € N, we define ¢(x) as the maximum depth of nested
modalities in £(x). Obviously, £(z¢) < |¢| holds. Also, if xy € E then ¢(x) > {(y).
Hence each path z1,...,x; in G(S) induces a sequence ¢(x1) > --- > £(xy) of
natural numbers. G(S) is a tree with root xo, hence the longest path in G(S)
starts with zy and its length is bounded by |¢|.

Successors in G(S) are only generated by the —>-rule. For a variable = this
rule will generate at most n successors for each (R)>,% € L(z). There are at
most |clos(¢)| such formulae in £(z). Hence the out-degree of = is bounded by
|clos(¢)| x 21?1, where 2/9| is a limit for the biggest number that may appears in

¢ if binary coding is used. a
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Corollary 1 (Termination). Any sequence of rule applications starting from
ac.s. S={xg = ¢} of the optimised algorithm is finite.

Proof. The sequence of rules induces a sequence of trees. The depth and the
out-degree of these trees is bounded in |¢| by Lemma [ll For each variable x the
label £(z) is a subset of the finite set clos(¢). Each application of a rule either

— adds a constraint of the form z |= ¢ and hence adds an element to £(z), or
— adds fresh variables to S and hence adds additional nodes to the tree G(.5).

Since constraints are never deleted and variables are never identified, an infinite
sequence of rule application must either lead to an arbitrary large number of
nodes in the trees which contradicts their boundedness, or it leads to an infinite
label of one of the nodes x which contradicts £(z) C clos(¢). O

Soundness and Completeness. The following definition will be very helpful
to establish soundness and completeness of the optimised algorithm:

Definition 4. A c.s. S is called satisfiable iff there exists a Kripke structure
M= W " {R™ | R e R}, V™) and a mapping o : V — W™ such that the
following properties hold:

1. If y, z are distinct variables such that Rxy, Rxz € S, then a(y) # a(z).
2. Ifx =4 €S then M, a(x) E 9.
3. If Rzy € S then (a(x),a(y)) € R™.

In this case, M, a is called a model of S.

It easily follows from that definition, that a c.s. S that contains a clash can
not be satisfiable and that the c.s. {zg = ¢} is satisfiable if and only if ¢ is
satisfiable.

Lemma 2 (Local Correctness). Let S, S’ be c.s. generated by the optimised
algorithm from a c.s. of the form {xo = ¢}.

1. If S’ is obtained from S by application of the (deterministic) — x-rule, then
S is satisfiable if and only if S is satisfiable.

2. If S is obtained from S by application of the (non-deterministic) —- or
—>-rule, then S is satisfiable if S' is satisfiable. Moreover, if S is satisfiable,
then the rule can always be applied in such a way that it yields a c.s. S’ that
is satisfiable.

Proof. S — S’ for any rule — implies S C S’, hence each model of S’ is also a
model of S. Consequently, we must show only the other direction.

1. Let M, @ be a model of S and let x |= ¢ Ao be the constraint that triggers
the application of the —-rule. The constraint x = 11 A 2 € S implies
M, a(x) | 1 A 1. This implies M, a(x) = ¢; for i = 1,2. Hence M, « is
also a model of 8" = S U {z |= 91,z |= P2}
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2. Firstly, we consider the —-rule. Let 9, be a model of S and let x =

11 V g be the constraint that triggers the application of the —-rule. = =
P1 V 1pg € S implies M, a(x) | Y1 V ¥o. This implies M, a(z) | 1 or
M, a(z) = 2. Without loss of generality we may assume MM, a(z) = 1.
The —y-rule may choose x = 11, which implies S’ = SU {z |= ¥1} and
hence M, « is a model for S’.
Secondly, we consider the —>-rule. Again let 9, & be a model of S and let
x = (R)>n¢ be the constraint that triggers the application of the —>-rule.
Since the —>-rule is applicable, we have $R(z, ¢) < n. We claim that there
is a w € WP with

(a(x),w) € R M, wl= ¢, and w & {a(y) | Ry € S}. (%)

Before we prove this claim, we show how it can be used to finish the proof.
The world w is used to “select” a choice of the —x>-rule that preserves satis-
fiability: Let {1, ...,%,} be an enumeration of the set {¢ | z = (R)snt) €
S}. We set

S'=SU{Ray,y = o} U{y = ¢ | M w =i} U{y =~ | M, w i}

Obviously, M, afy — w] is a model for S’ (since y is a fresh variable and w
satisfies (x)), and S’ is a possible result of the application of the —>-rule to

S.

We will now come back to the claim. It is obvious that there is a w with
(a(z),w) € R™ and MM, w |= ¢ that is not contained in {a(y) | Rzy,y = ¢ € S},
because {R™(z,¢) > n > tR%(x, ¢). Yet w might appear as the image of an
element 3 such that Rxy’ € Sbut ¢y Eo¢ & S.

Now, Rzy’ € S and ¢ |= ¢ & S implies y = ~¢ € S. This is due to the
fact that the constraint Rzy must have been generated by an application of the
—>-rule because it has not been an element of the initial c.s. The application
of this rule was suspended until neither the — 5- nor the —-rule are applicable
to x. Hence, if x = (R)>n¢ is an element of S by now, then it has already been
in S when the —>-rule that generated ', was applied. The —>-rule guarantees
that either ¥/ = ¢ or ¢y = ~¢ is added to S. Hence 3/ = ~¢ € S. This is a
contradiction to a(y’) = w because under the assumption that M, « is a model
of S this would imply 9, w |= ~¢ while we initially assumed 9, w = ¢. O

From the local completeness of the algorithm we can immediately derive the
global completeness of the algorithm:

Lemma 3 (Completeness). If ¢ € SAT(Gr(Kg)) in NNF, then there is a
sequence of applications of the optimised rules starting with S = {x¢ = ¢} that
results in a complete and clash-free c.s.

Proof. The satisfiability of ¢ implies that also {x¢ | ¢} is satisfiable. By
Lemma M there is a sequence of applications of the optimised rules which pre-
serves the satisfiability of the c.s. By Lemma llany sequence of applications must
be finite. No generated c.s. (including the last one) may contain a clash because
this would make them unsatisfiable. ad
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Note that since we have made no assumption about the order in which the
rules are applied (with the exception that is stated in the conditions of the —>-
rule), the selection of the constraints to apply a rule to as well as the selection
which rule to apply is “don’t-care” non-deterministic, i.e., if a formula is sat-
isfiable, then this can be proved by an arbitrary sequence of rule applications.
Without this property, the resulting algorithm certainly would be useless for
practical applications, because any deterministic implementation would have to
use backtracking on the selection of constraints and rules.

Lemma 4 (Soundness). Let ¢ be a Gr(Kg)-formula in NNF. If there is a
sequence of applications of the optimised rules starting with the c.s. {xg E ¢}
that results in a complete and clash-free c.s., then ¢ € SAT(Gr(Kg)).

Proof. Let S be a complete and clash-free c.s. generated by applications of the
optimised rules. We will show that the canonical model Mg together with the
identity function is a model for S. Since S was generated from {zo = ¢} and
the rules do not remove constraints from the c.s., zo = ¢ € S. Thus Mg is also
a model for ¢ with Mg, xg = @.

By construction of Mg, Property 1 and 3 of Definition llare trivially satisfied.
It remains to show that « = ¢ € S implies M, z = ¥, which we will show by
induction on the norm || - || of a formula . The norm |[[¢| for formulae in NNF
is inductively defined by:

2l =|=-pll =0 forpeP
l[o1 Aol == b1 V ol := 1+ {1 || + |2l
[{B)san | =1+
This definition is chosen such that it satisfies ||¢| = ||~ for every formula 1.

— The first base case is ¢ = p for p € P. z |=p € S implies € Vs (p) and
hence Mg, x = p. The second base case is z |= —p € S. Since S is clash-free,
this implies x = p ¢ S and hence x ¢ Vs (p). This implies Ms, z = —p.

—x E Y1 ANy € S implies © = 1,z = 2 € S. By induction, we have
Mg,z = 1 and Mg,z = 12 holds and hence Mg,z = 1 A 2. The case
x = Y1 Vg € S can be handled analogously.

— 2 = (R)s>p € S implies #R%(z,1) > n because otherwise the —s-rule
would be applicable and S would not be complete. By induction, we have
Ms,y = ¢ for each y with y = ¢ € S. Hence §R™s(z,1) > n and thus
Mg,z = (R)2nt.

— 2 = (R)<ptb € S implies §R%(2,v) < n because S is clash-free. Hence it
is sufficient to show that §R™s(z,v) < #R°(z,1)) holds. On the contrary,
assume fR™S (1)) > $R5(x,4) holds. Then there is a variable y such that
Rxy € S and Mg,y = ¢ while y =1 ¢ S. For each variable y with Rxy € S
either y = v € S or y = ~¢ € S. This implies y = ~1 € S and, by the
induction hypothesis, Mg, y = ~ holds which is a contradiction. a

The following theorem is an immediate consequence of Lemma [l B and

Corollary 2. The optimised algorithm is a non-deterministic decision procedure

for SAT(Gr(Kr)).
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4.2 Complexity of the Optimised Algorithm

The optimised algorithm will enable us to prove Theorem [l We will give a proof
by sketching an implementation of this algorithm that runs in polynomial space.

Lemma 5. The optimised algorithm can be implemented in PSPACE

Proof. Let ¢ be the Gr(Kpg)-formula to be tested for satisfiability. We can as-
sume ¢ to be in NNF because the transformation of a formula to NNF can be
performed in linear time and space.

The key idea for the PSPACE implementation is the trace technique|SSSSH
i.e., it is sufficient to keep only a single path (a trace) of G(S) in memory at a
given stage if the c.s. is generated in a depth-first manner. This has already been
the key to a PSPACE upper bound for K and ALC in [EadZiSSSOIENIG].
To do this we need to store the values for fR(x, 1)) for each variable z in the
path, each R which appears in clos(¢) and each ¥ € clos(¢). By storing these
values in binary form, we are able to keep information about exponentially many
successors in memory while storing only a single path at a given stage.

Consider the algorithm in Fig.Bll, where R4 denotes the set of relation names
that appear in clos(¢). It re-uses the space needed to check the satisfiability of a
successor ¥y of x once the existence of a complete and clash-free “subtree” for the
constraints on y has been established. This is admissible since the optimised rules
will never modify change this subtree once is it completed. Neither do constraints
in this subtree have an influence on the completeness or the existence of a clash
in the rest of the tree, with the exception that constraints of the form y |= ¢ for
R-successors y of x contribute to the value of R (x, ). These numbers play a
role both in the definition of a clash and for the applicability of the —>-rule.
Hence, in order to re-use the space occupied by the subtree for y, it is necessary
and sufficient to store these numbers.

Let us examine the space usage of this algorithm. Let n = |¢|. The algorithm
is designed to keep only a single path of G(S) in memory at a given stage. For
each variable z on a path, constraints of the form = | v have to be stored
for formulae ¢ € clos(¢). The size of clos(¢) is bounded by 2n and hence the
constraints for a single variable can be stored in O(n) bits. For each variable,
there are at most |Ry| x |clos(¢)| = O(n?) counters to be stored. The numbers
to be stored in these counters do not exceed the out-degree of x, which, by
Lemma [l is bounded by |clos(¢)| x 2!¢l. Hence each counter can be stored using
O(n?) bits when binary coding is used to represent the counters, and all counters
for a single variable require O(n*) bits. Due to Lemma l the length of a path
is limited by n, which yields an overall memory consumption of O(n® +n?). 0O

Theorem B now is a simple Corollary from the PSPACE-hardness of K,
Lemma B, and Savitch’s Theorem [Raszzl].

5 Conclusion

We have shown that by employing a space efficient tableaux algorithm satisfi-
ability of Gr(Kg) can be decided in PSPACE, which is an optimal result with
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Gr(Kr) — SAT(¢) := sat(zo, {zo |= ¢})
sat(z, S):
allocate counters §R°(x,9) := 0 for all R € R4 and ¢ € clos(¢).
while (the —A- or the —y-rule can be applied) and (S is clash-free) do
apply the —A- or the —y-rule to S.
od
if S contains a clash then return “not satisfiable”.
while (the —>-rule applies to z in S) do
Snew 1= {Rl’y, Y |: ¢l7y |: X1;--0Y |: Xk}
where
y is a fresh variable,
z | (R)>n¢ triggers an application of the —x-rule,
{1, .. ¥} ={¢ | 2 |= (R)sant)p € S}, and
Xi is chosen non-deterministically from {t;, ~;}
for each y |= ¢ € Spew do increase 1R (z,v)
if 2 |= (R)<m® € S and §R®(x,9) > m then return “not satisfiable”.
if sat(y, Snew) = “not satisfiable” then return “not satisfiable”
od
remove the counters for  from memory.
return “satisfiable”

Fig. 5. A non-deterministic PSPACE decision procedure for SAT(Gr(Kr)).

respect to worst-case complexity. It is possible to obtain an analogous result for
the DL ALCQR by applying similar techniques. ALCQR, which strictly extends
the expressivity of Gr(Kg) by allowing for relation intersection Ry N ---N Ry,
in the modalities, contains the DL ALCNR for which the upper complexity
bound with binary coding had also been an open problem [CENRNGA. While
the algorithm presented certainly is only optimal from the viewpoint of worst-
case complexity, it is relatively simple and will serve as the starting-point for
a number of optimisations leading to more practical implementations. It also
serves as a tool to establish the upper complexity bound of the problem and
thus shows that tableaux based reasoning for Gr(Kg) can be done with opti-
mum worst-case complexity. This establishes a kind of “theoretical benchmark”
that all algorithmic approaches can be measured with.

Acknowledgments. I would like to thank Franz Baader and Ulrike Sattler for
valuable comments and suggestions.
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Abstract. Context unification is a natural variant of second order uni-
fication that represents a generalization of word unification at the same
time. While second order unification is wellknown to be undecidable and
word unification is decidable it is currently open if solvability of context
equations is decidable. We show that solvability of systems of context
equations with two context variables is decidable. The context variables
may have an arbitrary number of occurrences, and the equations may
contain an arbitrary number of individual variables as well. The result
holds under the assumption that the first-order background signature is
finite.

1 Introduction

Context unification studies solvability of equations that describe composition of
ground terms by means of ground subcontexts and ground subterms. A ground
context is a ground term with exactly one occurrence of a special constant that
represents a missing argument, or a lambda-bound variable. The main result of
this paper is the following

Theorem 1 (Main Theorem). Solvability of finite systems of context equa-
tions with two context variables is decidable.

Both context variables may have an arbitrary number of occurrences, and the
equations may contain an arbitrary number of individual variables as well. The
result holds under the assumption that the first-order background signature is
finite. The paper provides a partial solution to the Context Unification Problem
that has recently attracted considerable attention [EJERENEREENEHA: Is solvability
of arbitrary context equations decidable? The interest in this problem relies on
its close connection to several other well-studied decision problems.

Context unification represents a natural variant of second order unification,
which is undecidable (JEHN]). The main difference is that in second order unifica-
tion second order variables are instantiated by terms with an arbitrary number
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of lambda-bound variables (dependent on their arity) and each such variable
may have an arbitrary number n > 0 of occurrences in the substitution in-
stance. In context unification context variables are instantiated by terms with
just one lambda-bound variable that has exactly one occurrence. A recent result
[E5] shows that second order unification becomes decidable if an upper bound
on the number of occurrences of a given bound variable in the substitution term
is fixed. If context unification would turn out to be decidable, the latter result
would be a simple consequence. It has been shown that second order unification
is undecidable even for problems with one second order variable only | . Hence
our result shows that there is at least some significant difference between context
unification and second order unification.

Context unification can also be considered as a generalization of word uni-
fication [BIAEN]. Decidability of word unification had been an open problem
for many years before G. S. Makanin [§] could show that solvability of arbitrary
word equations is decidable. In i3] Makanin’s result was generalized to word
equations with so-called regular constraints. This result will be used here to
prove the Main Theorem.

Context unification is used as a formalism for semantic analysis of natural
language utterances [EI[CH. It also occurs in the context of distributive unifi-
cation [t4] and completion of rewrite systems with membership constraints [i.
J. Levy [] has shown that solvability of context unification problems where
each variable occurs at most twice is decidable. In [ there is an algorithm
and a sketch of a proof showing that solvability of so-called stratified context
unification problems is decidable; a complete proof for a restricted signature is
published in [E]. In B the authors have given an upper bound on the so-called
exponent of periodicity of a minimal solution of a context equation. J. Niehren,
M. Pinkal and P. Ruhrberg [ showed that context unification and so-called
“equality up-to constraints” are equally expressive and that one-step rewriting
constraints can be expressed by stratified context unification problems. Recently,

it was noticed [ that the converse is also true, which shows that stratified con-
text unification and one-step rewriting constraints are interreducible. It was also
noticed in [E] that the first-order theory of context unification is undecidable,

using the fact that the first-order theory of one-step rewriting is undecidable
[ZEZ18]. This result was improved by S. Vorobyov ] who showed that the
V3 equational theory of context unification is co-recursively enumerable hard.

The proof of Theorem B uses a series of four non-deterministic translation
steps, called (Transll)—(Transl4). Using (Transll) a given context equation is
non-deterministically transformed into a so-called generalized context problem
(Section H). Such a problem gives a partial description of a ground term that
represents a (hypothetical) solution of the given equation.

The intermediate steps (Transl2) and (Transl3) are strongly adapted to the
needs of the final translation (Transld), for this reason we first describe the
latter procedure in Section B Using (Transl4), generalized context problems

! The result was first presented by J. Levy and M. Veanes at CSL’98.
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of a particular form are translated into systems of word equations with regular
constraints. The translation does not depend on the number of context variables.

Translations 2 and 3 are used to bring generalized context problems into a
form acceptable for (Transl4). The first step, (Transl2), is rather simple and
works for an arbitrary number of context variables. (Transl3), to be described
in Section [ is the real source of difficulties. Here termination can only be
guaranteed for input problems with two context variables only.

In Section [l we combine the results for the single translation steps and prove
Theorem [l Here we restrict considerations to single context equations. Due
to space limitations, other proofs have to be omitted here. All proofs (as well
as some formalities that have been replaced in favour of intuitive descriptions,
following suggestions of the referees) can be found in [

2 Formal Preliminaries

Throughout this paper, X' denotes a finite signature of function symbols, having
at least one constant. A special constant 2 ¢ ¥ will be used. X := YU {02}
denotes the extended signature. V denotes an infinite set of context variables
X, Y, Z,.... We shall also use individual variables z,y, z, ..., and X denotes the
set of individual variables.

We first give syntax and semantics of context unification. To begin with,
ground terms over X and (occurrences of) subterms are defined as usual.

Definition 1. A ground context is a ground X*’-term t that has exactly one
occurrence of the constant §2. {2 is called the empty ground context.

Given a ground context s and a ground term/context ¢ we write st for the ground
term/context that is obtained from s when we replace the occurrence of 2 in s
by t. Note that this form of composition is associative.

Definition 2. Context terms over X, X and V are defined as follows:

— each individual variable x € X is a context term,

— ifty,...,t, are context terms and f € X is n-ary, then f(t1,...,t,)
is a context term (n >0),

— if t is a context term and X € V, then X (t) is a context term.

A context equation is an equation of the form s =t where s and t are context
terms.

Definition 3. A substitution is a mapping S that assigns a ground context
S(X) to each X €V, and a ground term S(z) to each x € X. The mapping S
is extended to arbitrary context terms as follows

- S(f(tlaatn) = f(S(tl)vaS(tn)) fOT n-ary f e (TL > 0)7

— S(X()) :=8(X)S(t) for X e V.

A substitution S is a solution of the context equation s =t if S(s) = S(t).
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Ezample 1. Let X :={f, g,a} where f is binary, ¢ is unary, and a is a constant.
The context equation X(X(a)) = f(Y(f(Y(a),Z(a))),x) is solved by the sub-

stitution X — f(g(£2),9(9(a))), Y = g(£2), Z — g(g(£2)),z — g(g(a)) since
under this substitution both sides are mapped to f(g(f(g(a), g(g(a)))), g(g(a))).

A solution S of the context equation s = t is positive if S maps each context
variable appearing in s =t to a non-empty ground context. Clearly, in order to
decide solvability of a given context equation s = t it suffices to have a procedure
for deciding positive solvability: we may simply guess which context variables
are instantiated by the empty ground context and instantiate these variables by
{2 in the equation s = t. In the sequel, with a solution of a context equation we
always mean a positive solution.

The ground context s is a subcontext of the ground term t if there exists a
ground term t; and a ground context r such that ¢ = rst;. Note that in this
situation the root of the given occurrence of ¢; marks the position of the (filled)
“hole” (2 of s.

Definition 4. Let t be a ground context. The main path of t is the path from
the root to {2. The side area of t is the set of all nodes that do not belong to the
main path.

We shall also talk about the main path/side area of a given occurrence of a
ground context as a subcontext of a ground term.

The following definition yields the basis for the correspondence between
ground contexts and words that is used at the final translation step.

Definition 5. A ground context C is a letter if the hole £2 of C is in depth 1.
For each ground context C with hole in depth k there exists a unique sequence of
letters C1,...,Cy such that C = Cy---Cy. The elements Cy,...,Cy are called
the letters of C.

Definition 6. A tree domain is a finite, ordered and unlabeled tree N. The
notions of nodes, descendants, ancestors, children, leaves, inner nodes are defined
as usual. A node of N is branching if it has at least two distinct children in N.
Two nodes m1 and 12 are incompatible if 91 # ny and neither ny is an ancestor
of n2 nor vice versa. A subtree domain of a tree domain N is a subset N’ of N
that is a tree domain.

Definition 7. Let N be a tree domain. A field of N is a sequence of nodes
©=Mo,---,Mk) (k>1) such that ;41 is a child of n;, for 0 <i <k — 1. Node
No (Mk) is the initial (resp. final) node of the field, the number k is the length
of the field. The side area (or set of side nodes) of (no, ..., nk) is the set of all
nodes of N that are descendants of one of the nodes ng,...,nNx—1, but neither
in {no,...,nr} nor in the set of descendants of ny. Fields of length 1 are called
atomic. Two fields of N are branching if they have a common node and if the
final nodes are incompatible. The maximal common prefix of the final nodes is
called the branching point of the two fields. Let 1 and ns be incompatible nodes.
The mazimal common prefix (i.e., the closest common ancestor) of m1 and 12 is
denoted MCPy (n1,1m2).
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Definition 8. A labeled tree domain is a pair (N, Lab) where N is a tree do-
main and Lab: N — X is a partial function such that Lab(n) = f € X implies
that n has exactly k children, where f is k-ary.

Note that each ground term in a natural way represents a labeled tree domain
with a total labeling function. In the sequel, we do not distinguish between these
two notions.

Definition 9. If o = (no,...,nk) is a field of the ground term t, then p together
with its side area defines a unique non-empty ground subcontext s of t. The root
of s is given by ng, and n; marks the position of the hole {2. The subcontext s is
called the ground subcontext of ¢ with main path ¢.

If F: Ny — N» is a mapping between two labeled tree domains (N7, Lab)
and (Nz, Labg), we say that F' respects branching points if F(MCPy, (n1,172)) =
MCPn, (F(m), F(n2)) for all incompatible nodes 01, 7n2 of Ni. We say that F'
respects children relationship for labeled nodes if each child of a labeled node
7 € Np is mapped to a child of F(n) under F. The preorder relationship on
nodes is defined as usual.

Definition 10. Let (N1, Laby) and (Na, Labs) be labeled tree domains. An in-
jective mapping F : N1 — Ny is a labeled tree embedding if F' respects root,
X -labels, preorder relationship, branching points, and children relationship for
labeled nodes.

A labeled tree embedding may map an unlabeled node to a labeled node. If
© = (no,...,nk) is a field of Ny we write F'(p) or F(no,...,n;) for the field of
Ny with initial (resp. final) node F(n9) (resp. F(nx)).

3 Generalized Context Problems

The central data structure for the intermediate translation steps is the following.

Definition 11. A generalized context problem owver the signature X is a tuple
T = (N, Lab, CB, Field, IB, Node) where

1. (N, Lab) is a labeled tree domain.

2. CB is a finite set of so-called context bases. FEach context base has a unique
type, which is a context variable. Context bases are written in the form cb,
or in the form X where X is the type and i € IN.

3. Field is a function that assigns to each context base cb € CB a field Field(cb)
of N.

4. IB is a finite set of so-called individual bases. Fach individual base has a
unique type, which is an individual variable. Individual bases are written in
the form ib, or in the form z9 where x is the type and i € IN.

5. Node: IB — N is a total function.
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The following conditions have to be satisfied:

6. each child of an unlabeled node of T is a non-initial node of the field of a
context base of T,

7. each leaf n of N is either labeled with an individual constant in X or there
exists an individual base ib € IB with Node(ib) = 1.

T is called first-order if CB and Field are empty.

See ExampleEfor a graphical representation of a generalized context problem. If
T is first-order, then there are no fields of context bases and thus, by Condition 6,
each inner node of T is labeled. In this case T" can be considered as a first-order
term where in addition nodes may be decorated with individual variables. More
general, given the notion of a solution as introduced below, Condition 6 ensures
that the values of the bases uniquely determine the solution.

Since each context base has a unique field we may also refer to the final (resp.
initial) node and similarly to the side area of a context base. Two context bases
are branching if their fields are branching. The branching point of the fields is
also called the branching point of the two context bases.

Definition 12. Let T' = (N, Lab, CB, Field, IB, Node) be a generalized context
problem. A solution of T is a pair (t,S) where t is a ground term and S is a
labeled tree embedding from N to the set of nodes of t such that the following
conditions hold:

1. for all context bases X and X9 of the same type X of T the ground sub-
contexts of t with main paths S(Field( X")) and S(Field(X“))) respectively
are identical, and

2. for all individual bases = and xU) of the same type x of T the ground
subterms of t with roots S(Node(z)) and S(Node(z9))) respectively are
identical.

If (¢, S) is a solution of T and 7 is a node of T we write S(n) for the subterm
of t with root S(n). If ¢ is a field of T we write S() for the ground subcontext
of ¢ with main path S(p). If X is a context base of T we write S(X) for
S(Field(X(™)). Since all context bases of type X are mapped to the same ground
context we also write S(X) instead of S(X®). Similary, if 2() is an individual
base of T we write S(z(?) for the ground subterm S(Node(z(®)) and we write
S(z) instead of S(z®).

Definition 13. Let T = (N, Lab, CB, Field, IB, Node) be a generalized context
problem. An atomic subfield (n,n') of the field of a base cb € CB, with labeled
node 1, is called a letter description of T' (or of ¢b) with main node n and label
Lab(n). If o is the i-th child of n, then (n,n') has direction i.

We use symbols L, L; etc. to denote letter descriptions. Note that if (¢, 5) is a
solution of T" and L is a letter description of the context base cb of T', then the
ground subcontext S(L) is a subletter of S(cb).
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Example 2. The following figure represents a generalized context problem T'
(left-hand side) and the solution term ¢ (right-hand side) of a solution (,.5).
Bold lines represent the Field-function. Grey areas on the rlght hand side rep-
resent the ground contexts S(X) = S(X1)) = = S(X@W). T has six letter
descriptions, see Example ll

4 Translation into Generalized Context Problems

We define the notion of a superposition of two generalized context problems and
use it for translating context equations into generalized context problems.

Definition 14. Let Ty = (N, Laby, CBy, Field;, 1By, Node;) and T =
(N, Lab, CB, Field, IB, Node) be generalized context problems. An embedding of
Ty in T is a labeled tree embedding F' : Ny — N such that

1. for each context base XD € CBy there exists a context base XU) € CB of
the same type such that F(Fieldy (X)) = Field(X 1)),

2. each node of an individual base of type x of T} is mapped to the node of an
individual base of the same type x of T under F', for all x € X.

Definition 15. Let n > 2. The generalized context problem T is a superposi-
tion of the generalized context problems 11, ...,T, iff for i =1,...,n there are
embeddings F; of T; in T such that the following conditions hold:

1. For each context base X" of T there exists i € gl ..,n} and a context base
() of the same type ofT such that F1eld(X( ) = Fy(Field;(X(®))),
2. For each mdwzdual base £ of T there existsi € {1,...,n} and an individ-

ual base =*) of the same type of T; such that Node(x (r )) = F;(Node;(x(%))),

3. For each node n of T either there exists i € {1,...,n} and a node ' of T;
such that n = F;(n'), or there are two distinct indices i,j €{1,...,n} and
bases cby € CB; and cby € CB; such that the images of cbi and cby in T
branch at 7.
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4. Modulo renaming of superscripts, the set of context (individual) bases of T' is
the union of the sets of context (individual) bases of the problems T, ..., T,.

Lemma 1. Fori = 1,...,n, let T; = (N;, Lab;, CB;, Field;, IB;, Node;) be a
generalized context problem. Then the set of all superpositions of T1,...,T, is
(modulo renaming of nodes/superscripts) finite. If, for some ground term t, each
T; (1 <i<mn) has a solution of the form (t,S;) where the embeddings S; assign
the same ground context (resp. term) to context (individual) bases of the same
type, then there exists a superpositionT of Ty, ..., T, with a solution of the form

(t,S).

Lemma 2 (Transll). For each context equation E it is possible to compute a
finite set T of generalized context problems such that E has a solution iff some
T € T has a solution. If E has occurrences of k context variables only, the same
holds for the problems in T .

Proof (sketch). Consider a context equation ¢; = t2. Each of the context terms
t; can be considered as a trivially solvable generalized context problem 7T;. The
set 7 of all superpositons of T} and T, has the required properties. a

Ezample 3. Superpositioning the problems associated with the context terms

X(9(X(d), X(9(X(d), f(d,c)))) and f(f(Y (f(Y(d),c)),c),c) we obtain (among
other superpositions) the generalized context problem 7" depicted in Example B

5 Translation of Generalized Context Problems into
Word Equations with Regular Constraints

We just illustrate this translation with a continuation of Example @ All formal
details of the translation and the correctness proof can be found in [&].

Ezxample 4. The generalized context problem 7' given in Examplell has six letter
descriptions, highlighted on the left-hand side of the following figure. It is simple
to see that under any solution all occurrences of letter descriptions of type a (cf.
figure) are are mapped to the same ground context, the same holds for all letter
descriptions of type b.

LoSw= oM

C

A AAA
2. S(X)zS(a)S(a)S(a)i/&
C

AN g ¢
3. S(b) =
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We introduce three auxiliary context bases: U!) will mark the overlap of X (1)
and Y V) the overlap of Y1) and X®), and W) the overlap of X3 and
Y (@), The context to be substituted for X(!) has the form aaU, the context
for X®) the form VaW, no special form is needed for X and X®. Since all
context bases X have to be mapped to the same ground context we obtain
X = aaU = VaW. In the same way we obtain the equation Y = UbV = Wha for
the occurrences of Y. Since letter descriptions of type b have a subcontext X the
context to be substituted for X cannot have a subcontext of the form b. This is
formalized by the instantiation restriction a < U <V < W < X < b <Y, which
expresses that U, V, W, X may only have occurrences of a whereas Y may have
occurrences of a and b. Treating now a and b (resp. U, V, W, X,Y) as constants
(resp. word variables), the pair

{X =aaU=VaWY = UbV = Whal,a<U <V <W <X <b<Y)

represents a word multi-equation with regular constraints. One solution is U =
V =W = a, X = aaa, Y = aba. Using induction on the linear order < we
compute the corresponding solution of T (cf. right-hand side of the above figure;
auxiliary bases are ignored). 1. Since a is a ground letter, S(a) = a; 2. From
X = aaa we obtain S(X); 3. Now S(b) is determined by the form of b and

S(X); 4. Using Y = aba we obtain S(Y). These values completely determine the
solution S, which is the solution depicted in Example [ll.

The following property of the generalized context problem 7" was implictly used
as a prerequisite for the translation:

P1 It is precisely known which letter descriptions of T" are mapped to the same
ground context. Letter descriptions that are mapped to the same ground
context have exactly the same structure, modulo renaming of superscripts.

This property is needed in the correctness proof. The first part ensures that we
know which letter descriptions to translate into the same constant. The role of
the second part can be recognized above: during the inductive definition of the
context S(L) for letter descriptions L of type a (resp. b) no conflict could arise
since all these letter descriptions are “isomorphic” and lead to the same result.
Yet another, less obvious property is needed as a prerequisite of (Transl4).

P2 Each branching node of two context bases is always labeled.

This condition entails that each unlabeled inner node of T" has exactly one child,
which is used for the soundness proof. The intermediate translations (Transl2)
and (Transl3) are used to transform an arbitrary generalized context problem
into one that satisfies conditions P1 and P2. The first, simple step addresses
property P2. Call a generalized context problem T transparent if it satisfies P2.

Definition 16 (Procedure (Transl2)). The input of this procedure is a gen-
eralized context problem T'. If there exists a branching point n of two bases of T
that is unlabeled, with children ny, ..., Nm, say, then

1. non-deterministically choose a function symbol f € X, of arity n > m, and

label n with f,
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2. for m introduce n new children in the left-to-right order n},...,n, that are
used instead of the old children. Now each old child n; is nondeterministically
either identified with some new child 7];- (which implies that the descendants
of m; are now descendants of 7];-), or it is used as the unique child of some
new node ;. In this step, distinct new children 7];- are used for distinct old
children n;, and the left-to-right ordering is respected.

3. Each new child 7];- that is not used in the previous step represents a leaf. We
introduce an individual base ib of a new type and define Node(ib) = 1;.

4. Repeat Steps 1-8 until all branching nodes are labeled. Update the field func-
tion accordingly.

The output of the procedure consists of the set T of all generalized context prob-
lems that are reached by suitable choices in the nondeterministic steps.

We remark that the “new structural information” for a context base X that
is introduced by such a labeling step is not “copied” to other bases X(). The
proof of the following Lemma is straightforward.

Lemma 3 (Transl2). For each generalized context problem T the algorithm
(Transl2) computes a finite set T of transparent generalized context problems
such that T has a solution iff some T' € T has a solution. If T has only context
bases of k types, then the same holds for the generalized context problems in T .

Definition 17. Let L = (n,1n’) be a letter description of the generalized context
problem T with label f of arity n. Each side node (cf. Def. ) of (n,n') that is
a child of n is called a top side node of (n,7'). If n1,...,nn—1 is the sequence of
all top side nodes of L in the natural left-to-right ordering, then n; is called the
i-th top side node of L. A node n is called a top side node of T if n is a top side
node of a letter description of T. If L and L’ are two letter descriptions with the
same label and direction, and if n (resp. n') is the i-th top side node of L (resp.
L'), then n and 7 are called corresponding top side nodes of L and L'.

6 Identification of Letter Descriptions

We now come to the most difficult translation step. In order to reach problems
that satisfy Property P1 above, we want to guess which letter descriptions of a
given transparent generalized context problem 7" are mapped to the same ground
letter under a given (hypothetical) solution of T, and we want to identify these
letter descriptions. We shall proceed in an indirect way and guess (roughly) which
top side nodes of T" are mapped to identical ground terms. The subtrees of these
top side nodes are replaced by a common superposition, which will guarantee
that each solution of the new problem will always map these subtrees to the
same ground term. This is indicated in the following figure where T2 represents
the superposition of the subtrees 77 and 75 defined by the top side nodes 7; and

n2:
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If, for given letter descriptions L; and Lo of the new problem, each pair of
corresponding top side nodes is identified in this sense, this also means that L
and Lo are mapped to the same ground letter under any solution.

Given this idea, there are two major complications. First, a closer look at
the technical details shows that we cannot simultaneously treat all equivalence
classes of top side nodes that we would like to identify. Basically the difficulties
arise from the fact that a letter description may be part of the side area of
another letter description. We proceed in an iterative way, identifying top side
nodes in a “top-down” manner.

Second, when superimposing the subtrees of distinct top side nodes we may
obtain new branching points of context bases in the superposition (in the above
figure, two such new branching points are indicated). As a result we obtain
(after applying, if necessary, (Transl2) to the superpositioned tree) new letter
descriptions and new top side nodes, which are again subject to identification. In
general we see no way to guarantee termination. In fact concrete examples with
three context variables can be given where (Transl3) in fact does not terminate.
For input problems with context bases of two types only, the following two
observations are used to stop the generation of new branching points.

Observation 1: In a solvable generalized context problem T, branching bases
always have distinct type. The proof of this observation is very simple and does
not depend on the number of context base types. Intuitively, branching bases of
the same type lead to an infinite path in the solution, in other words, to a kind
of occur-check inconsistency.

Observation 2: Let T be a transparent generalized context problem with two
context base types only. If two letter descriptions L1 and Lo of T' are identified
under a solution S of T, and if n1 and n2 are corresponding top side nodes of
Ly and Lo, then the two subproblems T™ and T™ can only contain (suffizes
of ) context bases of one single type. The background, again, is an occur-check
problem, the proof is more involved. B Since (suffixes of) context bases of one
single type cannot branch, a situation as described in the above figure cannot
arise.

Before we can give the algorithm, several concepts are needed.

Definition 18. For i = 1,2, let T; = (N;, Lab;, CB;, Field;, IB;, Node;) be a
generalized context problem. Ty and Tb are strictly isomorphic if there exists a

2 The proof—and formulation—of this observation in [&] (cf. Lemma 9.15) has to
cope with some additional technical ballast that arises from the introduction of
“placeholder” bases and “marker” bases in Steps 1 and 4 of Case III of (Transl3),
see below. These bases represent bases of new type.
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bijection F' : Ny — Ny such that F is an embedding (cf. Def.[@) of Ti in T
and F~1 is an embedding of T in Ty. Each pair of the form (n, F(n)) (n € N1)
is called a pair of corresponding nodes of 11 and T5.

Definition 19. Let 1 be a node of the generalized context problem T =
(N, Lab, CB, Field, IB, Node). The subproblem of T defined by n is the gen-
eralized context problem T = (N", Lab" CB", Field", IB", Node") with the fol-
lowing components: N" is the set of descendants of m, together with n. Lab"
is the restriction of Lab to N". Let cb be a context base of CB such that
|Field(cb) N N"| > 2. If Field(cb) C N", then cb is a context base of CB" with
the same field and type as in T. If Field(cb) € N we introduce a “placeholder”
base cb’ with field Field"(cb’) := Field(cb)\N" in CB" that represents the suffiz
Field(cb) NN of cb. The context base cb’ receives a new context variable as its
type. For each individual base ib of T with Node(ib) € N" the set IB" inherits
a base ib of the same type with Node"(ib) := Node(ib).

Two placeholder bases are depicted in the above figure.

Definition 20. A transparent generalized context problem T is marked if for
every atomic subfield ¢ of the field of a context base of T' there exist a context
base cb of T such that Field(cb) = .

The following lemma is the motivation for introducing marker bases in the al-
gorithm.

Lemma 4. Let n; and 12 be two nodes of the generalized context problem T
with solution (t,5). If T is marked and if the problems T™ and T™ are strictly
isomorphic, then 5'(7]’1) = S’(né) for each pair of corresponding nodes (ny,n5) of
T and T" . In particular S(n1) = S(n).

Definition 21. Let L and L' be two letter descriptions of the generalized context
problem T with the same label and direction. L and L' are strictly isomorphic
if for all corresponding top side nodes n and n' of L and L' the subproblems T"
and T are strictly isomorphic.

Proposition 1. Let Ly and Lo be strictly isomorphic letter descriptions of the
marked generalized context problem T. If (t,S) is a solution of T, then S(L1) =

S(Ls).

Definition 22. Let T be a marked generalized context problem. A solution (t,S)
of T is rigid if it satisfies the following condition for all letter descriptions L
and Lo of T: S(L1) = S(L2) iff L1 and Lo are strictly isomorphic.

Rigid solutions are introduced since in the last translation step only rigid solv-
ability of a marked generalized context problem T ensures solvability of its trans-
lation.
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Definition 23. Let T = (N, Lab, CB, Field, IB, Node) be a transparent general-
ized context problem. Given an individual variable x € X we say that n € N is
an x-node of T if T has an individual base ib of type x with Node(ib) = 1. Let
Y C X be a set of individual variables. The subset m of N is called Y-closed if,
for each y € Y the following condition holds: if m contains an y-node, then w
contains each y-node of T.

In the following procedure we use two sets IT; and 4A;. Intuitively, II; collects the
equivalence classes of nodes that have been identified already, and A; represents
the set of all nodes that are still subject to identification. In the sequel, rel(T")
denotes the set of all top side nodes and of all nodes of individual bases of T'.

Definition 24 (Procedure (Transl3)). The input is a transparent general-
ized context problem T = (Ny, Labg, CBy, Fieldy, IBy, Nodey) with context bases
of type X or'Y only. Let Xy denote the set of all individual variables x € X
such that T has an x-node. In a first step, T is transformed into the problem
To = (Ny, Laby, CBy, Fieldy, IBy, Nodey, ITy, Ag) where IIy := () represents the
empty partition and Ag := rel(Tp).

I. Assume that the problem T; = (N;, Lab;, CB;, Field;, IB;, Node;, IT;, A;) s
reached after i steps, where II; = {m,...,m} is a partition of a subset of rel(T;)
and where A; = (rel(T;) \ U IL;). If A; =0, then go to II, otherwise go to IIL.

1. If T; is yet not completely marked, then we add appropriate bases of distinct
type until a problem T' is reached that is completely marked. Now T’ represents
an output problem of (Transl3).

III. Choose a non-empty subset mir1 = {m,...,nm} of A; that satisfies the
following conditions:

— miy1 does not contain two labeled nodes with distinct label,
— Ti+1 18 a set of maximal elements of A; in the sense that m;41 does
not have any element that is a descendant of another node in A;,

— miy1 18 X-closed.
If this is not possible, then fail. Otherwise

1. nondeterministically choose a superposition TS0 of the problems . T
defined by n1,...,Nm.

2. If w11 does not have any x-node for some x € Xy, then we apply the following
Failure Condition: If T°° contains two context bases cb; and chs such that
cby has a node that falls in the side area of cbs, then fail.

3. If the superposition T contains any pair of branching bases where the
branching mnode is unlabeled, then introduce a label using the same proce-
dure as in (Transl2). If at this step we introcude new individual bases (cf.
Step 3 of (Transl2)), then it is important to use a new type z that is not in
Xy. Repeat this until the superposition represents a transparent problem TS .

4. With each atomic subfield of a context base of TS' associate a new context
base Z(), using distinct base types Z for distinct fields. Let T° denote the
resulting problem.
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5. Replace each problem Tinj (1 < j < m) by a strictly isomorphic copy TjS of
TS. If the (placeholder) base cb’ of T represents a (suffiz of a) base cb in
T, then (the suffiz of) cb and its corresponding (placeholder) base receive
the same field in TjS. For each context base of the superposition T® that is
not a placeholder base, including the new bases of the form Z(©) introduced in
Step 4, we use a new base of the same type in Tjs, context bases that represent
the same context base of T receive corresponding fields in the problems TjS.
Similarly, for each individual base of T we use a new base of the same type
mn Tjs, individual bases that represent the same individual base of T® receive
corresponding nodes in the problems TjS.

Let E+1 = <N7;+1,Lab7;+1,CBi+1,Fie]di+1,IBi+1,NOd67;+1,H7;+1,Ai+1> denote
the problem obtained in this way where ;11 := II; U {miy1} and A;41 =
1'6‘](T’7;+1) \ UHi+1' Go to L

If the input problem Ty is first-order, then the sets A; only contain Xy-nodes.
Then (Transl3) reduces to a first-order unification procedure where the failure
condition before Step 1 of Case III corresponds to the clash and occur-check.

Theorem 2. The procedure (Transl3) terminates. Let T denote the output set
of (Transl3). T is finite, each T' € T is a marked generalized context problem. If
inT" two individual bases iby and iby, with nodes 11 and 12, say, have the same
type, then the subproblems T'™ and T'™ are strictly isomorphic. Moreover, if
T has a solution, then there exists a problem T’ € T such that T' has a rigid
solution. Conversely, if some T' € T has a solution, then T is solvable.

We note that termination is just a consequence of the Failure Condition of Step 2
of Case IIT of (Transl3). This condition, justifiable using the above Observations 1
and 2, cannot be used if T' has context bases of three distinct types.

7 Summing Up

We are now able to prove the Main Theorem (Theorem H). Here we only treat the
case where we just have one input equation. Let s = t be a context equation with
two context variables. Combining the results of Lemma B, Lemma [l Theorem B
and a corresponding Lemma for (Transl4) that is omitted here it follows that
we may effectively compute a finite set M of systems of word equations with
regular constraints such that s = t has a solution if and only if a system in M
has a solution. The results in [E] show that solvability of M is decidable. O
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Complexity of the Higher Order Matching

ToMasz Wierzbicki*

University of Wroclaw

Abstract. We use the standard encoding of Boolean values in simply
typed lambda calculus to develop a method of translating SAT problems
for various logics into higher order matching. We obtain this way already
known NP-hardness bounds for the order two and three and a new result
that the fourth order matching is NEXPTIME-hard.

1 Introduction

Consider two normalized simply typed lambda terms M and N, where N is
closed (does not contain free variables). The higher order matching problem M =
N (also known as pattern matching,l range problem or instantiation problem) is
to decide whether there exists a substitution 6 for free variables in M, such that
M@ is (n-reducible to N. Matching is a special case of unification, where the
restriction that N is closed is removed (and a solution of M < N is a substitution
0 such that M6 and N6 are equal modulo n-conversion). The order of a problem
M = N is the highest functionality order of free variables occurring in M. At
the time of writing this paper the decidability of higher order matching with
unbounded order is still an open question (for 23 years since the problem has
been explicitly stated for the first time and conjectured decidable [EE]) and seems
to be very difficult. This is why it is of interest to investigate the problem with
the order bounded by a constant.

Higher order matching was first studied by Lewis D. Baxter and Gerard Huet
in the mid-seventies in their PhD theses [AJE]. Baxter ] showed that second
order matching is NP-complete by reduction to the “one-in-three” SAT problem.
At the same time this case was independently investigated by Huet [EE]. In
1975 Huet devised a semi-decision algorithm for (undecidable even in the second
order case) unification problem [Ef]. Later an analysis of behavior (termination,
running time, etc.) of this algorithm and its modifications was a source of a couple
of results about decidability and complexity of some special cases of matching.

In 1992 Gilles Dowek [[] proved decidability of third order matching and sug-
gested how to control Huet’s algorithm to obtain a doubly exponential decision
procedure. At the same time David Wolfram [ZHPH] gave a proof of NP-hardness
of third order pure (i.e., without constants) matching. Surprisingly it turned out

* Supported by KBN grant 8 T 11C 029 13.

! Since the term “pattern” has multiple meanings in the theory of higher order unifi-
cation, e.g., the one introduced by Dale Miller [&], we would rather avoid it when
speaking about unification of an arbitrary term with a closed (or ground) one.

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 82-ll 1999.
© Springer-Verlag Berlin Heidelberg 1999
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order | decidable? lower bound upper bound
1 yes [ ? NLOGSPACE [
2 yes [ NP-complete [WIEAN]
3 yes [H] NP-complete 298]
4 yes &) NEXPTIME-hard 2-NEXPTIME (?) [&]
w ? not elementary recursive [Z] ?

Table 1. Decidability and complexity of higher order matching

that it was an exact bound: Hubert Comon and Yan Jurski [ designed an NP
algorithm for that problem. In the same paper they again showed a proof of NP-
hardness of second order case with at least one binary constant by reduction to
the 3-SAT problem. They also presented an algorithm for the fourth order case
(the case shown to be decidable a year before by Padovani [ff]), and suggested
how it may probably be improved to be run in 2-NEXPTIME (however it was
not formally proved). We show this case is NEXPTIME-hard.

In the seventies higher order matching (under a name “the range problem”)
was also investigated by Richard Statman [ZJ], who reduced its decidability
to decidability of lambda definability. Moreover, the decidability of higher or-
der matching with so called delta functions is equivalent to the decidability of
lambda definability. Unfortunately Ralf Loader [E&] gave a negative answer to
the later question. Thus matching with delta functions is undecidable. Some
other extensions of matching are also known to be undecidable, e.g., matching
in Godel’s system T and Girard’s system F [A. Statman is also the author of
a theorem stating that deciding equality of simply typed lambda terms is not
elementary recursive [EBJA]. This result can be immediately used to prove the
same lower bound for higher order matching, as noted by Sergei Vorobyov [Z].

All the mentioned facts are summarized in Table ll

Statman [Z3] showed that any k-th order unification problem containing
constants of order not greater than m may be transformed to one of order
max(k,m+ 1) under an empty signature. Thus in general constants do not alter
the complexity of matching. However for the second order case the lower bound
is in [M] proved under the assumption that there is at least one binary second
order constant. Removing this constant using Statman’s construction results in
a pure problem, but of the third order. The proof may be however in an obvious
way changed to apply also to the pure language. Thus all lower bounds shown in
Table @ apply to pure languages (without constants), while upper bounds hold
for arbitrary signatures.

In this paper we show that although the second and third order matching
are both NP-complete, the third order case is somewhat harder in the following
sense: the second order matching is in PTIME if the number of unknowns is
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bounded by a constant, while the third order case is NP-hard even with only
one unknown variable.

The paper is self-contained. In the next section we recall all needed definitions
and basic facts about simply typed lambda calculus and higher order unification.
Section [l contains a detailed description of our method of coding SAT problems
for various logics in higher order matching. Section [l contains a proof of the
main result of the paper, i.e., a proof of NEXPTIME-hardness of the fourth
order matching.

2 Definitions and Basic Facts

Types are built over one base type o, that is o is a type, and if o and 7 are types,
then (o — 7) also is. Small Greek letters o, 7, ... stand for arbitrary types. To
drop parentheses we assume that — associates to the right, i.e., 0 — 7 — p
means 0 — (7 — p). The order of a type is defined as follows:

order(o) =1

order(c — 7) = max(order(c) + 1, order(r))

For every type o there is an infinite set V,, of term variables of type o. Arbi-
trary elements of V, are denoted by x7,y?,... We assume that V, are disjoint
for different types o. Besides variables one sometimes considers pairwise disjoint,
and disjoint with the sets of variables, possibly empty sets C, of constants of
type o. The union of C, for all types o is called a signature. The formation
rules for lambda terms (or terms for short) are the following: a variable 7 € V,,
is a term of type o. Similarly a constant ¢ € C, is a term of type o. If M
is a term of type 0 — 7 and N is a term of type o, then (MN) is a term
of type 7. If 27 € V, and M is a term of type 7, then (Az?.M) is a term of
type 0 — 7. We use the letters M, N,... to denote arbitrary lambda terms.
For better readability and to save space we drop a type superscript from ev-
ery bound occurrence of a term variable, and parentheses using the following
rule: Az{' ... a8 .MMy ... My, (or even shorter A&.M1 M, ...M,y,) stands for
Axf'. (... (Axgn. (... (M1 Ms) ... My,)))). Notation M*N stands for the term

M(M(...(MN)..)
k times

and o® — 7 for the type
g— >0 T
k times

We sometimes write o1, ...,0, — T instead of 607y — --- — 0, — 7 even if 7
is not a base type o, and M (N, ..., N,) instead of M Ny ...N,. This notation
is usually connected with so called n-long form. We however do not assume that
lambda terms are in 7-long form (we even do not define such a notion).

The notions of free (denoted FV(-)) and bound variables of a term, type
preserving (simultaneous) substitution (denoted [x7',...,xo"/M;,..., M,] or
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shortly [z7'/M;]}?_,), c-conversion, §- and n-reduction, Gn-equality (denoted
=gy), and the normal form of a term (denoted NF(-)) are defined as usual (see,
e.g., [1). A term is closed if it does not contain free variables.

The notion of order is extended to lambda terms: the order of a term is the
highest order of types of its subterms. In particular the order of a variable 27 is
the order of its type o.

Note that lambda terms may have types that are of exponential size com-
paring to the size of type-erased terms, and in our formulation term variables
are explicitly decorated with their types. Thus special care is needed in order
to avoid an exponential blow-up of the term size. An elegant way of doing this
is by representing types as directed acyclic graphs rather than trees, since the
dag-size of types is always polynomial in the size of type-erased lambda terms.
However if the order of types is bounded by a constant, then even the tree size
of types is polynomial.

A unification problem is a pair of terms of the same type, in normal form,
possibly containing free variables, written M < N. A solution to a problem
M = N is a substitution 0, such that M@0 =g, NO. The order of a problem
M = N is the highest order of free variables occurring in M and N. Instead
of speaking about one equation M N , one can equivalently speak about a
collection of equations {M; a8 N;}%_|. The later one is solvable exactly when a
single equation

Il 1l

is. A unification problem under an empty signature is called a pure problem. A
matching problem is a unification problem M < N in which a term N is closed.
Even second order unification in the presence of at least one binary symbol is
undecidable [H]. To the contrary, matching is known to be decidable up to the
order of four and conjectured decidable with unrestricted order [iH].

The cardinality of a type o, notation: card(c), is the number of its normal
inhabitants, i.e., the number of closed terms in normal form of that type. A type
o is inhabited if there exists a closed term of that type, i.e., if card(o) > 0.

Fact 1 (Statman [Z0P]). Consider lambda terms under an empty signature
(i.e., without constants). Given a type o.

If order(o) = 1, then card(c) = 0.

If order(c) = 2, then o = oF — o for some k > 1, and card(c) = k.

If order(o) > 3, then card(o) = 0 or card(o) = co.

Moreover, a type 0 = T — p is inhabited, if and only if T is not inhabited or
p is inhabited.

oo~

Thus cardinality of a type may be calculated in DLINTIMER
Indeed, if order(c) = 1, then o = o. In the absence of constants all closed
terms are functions, i.e., are of order greater than one, thus card(c) = 0.

2 As opposed to the Curry style (implicitly typed) lambda calculus or a calculus with
an infinite number of base types, for which this problem is PSPACE-complete.
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To see part B, note that there are exactly k different (modulo - or (-
conversion) closed terms of type of — o, and they are of the form Aug ... Aup.uj,
for j = 1,...,k (providing there are no constants in the language). Indeed, con-
sider the B-normal form of a term of type of — o. It starts with a binder
Aug ... Aug and then contains a body of type 0¥~% — o, which is not an abstrac-
tion. Consider the head of the body. It has to be one of the variables from the
binder, since there are no constants and the term is closed. Since every variable
u; is of base type o, i.e., is not a function, it cannot be applied to anything,
and has to constitute the whole body of the term. Thus the term is of the form
Auf ... Aduf.u;. Finally, since its type is o* — o, it should be i = k.

To prove part B, it is sufficient to show that every inhabited type o of
order(o) > 3 possesses a splinter (see [E]), that is a pair of terms: M of type
o — o and N of type o, such that all terms M"™N for n > 0 are not On-equal.
Indeed, as N choose any term in normal form of type o. There exists at least
one, since ¢ has been assumed to be inhabited. The type ¢ may be uniquely
written in the form o7 — --- — 0; — 0. Since order(c) > 3, there exists j < i,
such that o; # o, that is o; is a function type. Let 0 =71 — -+ — 7, — o.
A term x7(y7*,...,y7") is of base type o. By prefixing it with an appropriate
lambda binder A\Z. we may build terms of any type (although not closed, since
containing free occurrences of variables 27 and y{',...,y7"), in particular of
types 11, ..., Tk. A term

M =Xz Myit . Ayt ()\Zl.x(yl, ey Yi)y s A2 (Y1, ey yl))

together with NV forms a splinter. For example for type 9t = (0 — 0) — 0 — o the
term M is AT Afo70 \z°. f(n(f,x)). Choosing for N any term of type N, say
Afe~° A\x°.x we may generate inifitely many terms M*N =3y Moo Azl fra,
where k& > 0, of that type (incidentally they happen to be all the inhabitants
of ). Note this way we are able to list an infinite number of normal inhabitants
of a type, if we have one. With a little more care we might list this way, as in
the last example, all inhabitants of a type. Huet’s semidecision procedure for
higher order unification [[E] is in fact based on such a systematic way of listing
all normal inhabitants of types of unknown variables and checking whether some
of them are solutions to a given unification problem.

The part @l of Fact ll may easily be proved by induction on the structure of
a given type.

Fact @ implies decidability of pure second order unification. Indeed, we have
a naive NP algorithm for a second order unification problem M < N: guess
a solution 6 and check whether M0 =g, NO by reducing both sides to their
normal forms, which may be computed in polynomial time. To see this let M be
a term in S-normal form, perhaps containing a free variable x"kﬁ", and N be a
term in S-normal form of type of — o. Then the normal form of M[x"kﬁ"/N}
can be computed in polynomial time. Indeed, M may contain subterms of the
form kaHO(Ml,...,MZ-), where ¢ < k and terms M,..., M; are of type o.
Substituting N for 2°°~° leads to a redex N(M,...,M;) (providing that N
starts with an abstraction), but contracting it cannot create new redexes, since
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the arguments M, ..., M; being of type o are not functions and cannot be
applied to anything.

Note however that if the number of variables occurring in a problem is
bounded by a constant, the problem is soluble in PTIME: list all possible solu-
tions and check them deterministically. Thus:

Corollary 1. Second order pure unification (in particular matching) is in NP.
Second order pure unification (in particular matching) with bounded number of
variables is in PTIME.

In the next section we show corresponding lower bounds for these problems.

Although second order pure matching problems have always only a finite
number of different solutions (since there is only a finite number of different
terms of a second order type), their solutions may not be unique, e.g., all terms
of type oF — o except \v{ .. . Avy.v; are solutions to

ke ?
Auf A ug.x® 70 (ug, ue, .. u2) = Auf A ug ug

Since the substitutions [x"kﬁ"/)\v‘f ARl ford = 2, ... k are unrelated, there
is no here, unlike for the first order unification, the most general unifiers (however
a notion of a complete set of the most general unifiers may be defined; in higher
order cases these sets may be infinite).

Fact B suggests that third and higher order matching problems may have
even an infinite number of unrelated solutions, since any type of order greater
than two, if inhabited at all, possesses infinitely many normal inhabitants. For
example every substitution

[f(O*)O)*)O*)O/)\ZO*)O.AyO.Zky}
for k > 0, is a solution to
)\yo.f(o~>o)~>o~>o(>\xo.x’ y) = )\yo.y

Both sides of an instance of a matching problem M < N should be in normal
form, hence it may suggest, that computational complexity of the §-reduction
process cannot show off in solving that problem. However redexes may stay latent
until searching for solutions begins. Thus it turns out that matching is at least
as hard as testing equality of simply typed lambda terms, which is known to be
non-elementary:

Theorem 1 (Statman [ZEA]). Given two simply typed closed lambda terms
M and N, the second one in normal form. It is not elementary recursive to
decide whether N is a normal form of M.

This theorem immediately implies:

Corollary 2 (Vorobyov [Z4]). Higher order pure matching is not elementary
Tecursive.



88 ToMasz Wierzbicki

Since terms M and N in a matching problem M < N should be in normal form,
all we need is just to “hide” all redexes. Given two terms M and N, the second
one in normal form. Let s(°~7):9=7 be fresh variables (s like “suspend”, since
it resembles the suspension operator used in eager programming languages to
simulate lazy evaluation), where o and 7 range over all such pairs of types, that
there exists a subterm (M7 Ms) of M, such that M; : 0 — 7 and Ms : 0. Let

7

S— {Swﬂr)vw = Ax"”./\y"-x(y)}

Transform M into M* “hiding” all S-redexes as follows (7-redexes may be “hid-
den” in a similar way):

¥ =ux

M. M)* = de. M*
(M My)* = s~ 0=T(M* M3), where My :0 — 7 and My : o

The set of equations S as well as the term M* may be generated in time poly-
nomial on the size of M. Clearly S U {M* = N} is a well-formed instance of
higher order matching (of unbounded order, since the order of s("=7):=T may
be arbitrarily large), which has a solution exactly when N is a normal form of
M. Thus:

Fact 2. (k + 1)-st order matching is as hard as testing equality of simply typed
lambda terms of order at most k.

We use roughly the same technique in coding SAT problems in the next section:
we write lambda terms for which testing equality is hard and “hide” redexes in
the way described above.

It is hard to find out if all computational power inherent in matching is
essentially the S-reduction, or there is something more in it. It is easy to see that
we are able to achieve nondeterministic lower bounds by leaving some objects
to be “guessed” and substituted for free variables. From the other hand however
this trick does not seem to help much more than simply reduce the order of
unknown variables.

3 Coding SAT Problems in Higher Order Matching

In this section we develop a method of coding SAT problems for various logics
in higher order matching.

Propositional formulas are expressions built over an infinite set of proposi-
tional variables «, 3, ... using unary negation symbol — and binary connectives
V and A. When the quantification (V,3) over propositional variables is allowed,
the expressions are called quantified Boolean formulas. The satisfiability prob-
lem (SAT for short) for propositional formulas is NP-complete, and for quantified
Boolean formulas — PSPACE-complete [=].
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Usually the Boolean values and logical connectives are encoded in the lambda
calculus in the following way:

B =0,0—0
true = Au®. Av°.u
false = Au®. v
and[M, N| = Au®  w°. M (N (u,v),v)
or[M, N] = Au®. \v°. M (u, N (u, v))
not[M] = Au®. .M (v, u)

We use the abbreviations defined above to build an instance of the third order
matching problem:

B = {a%’%ﬂ% ;)\x%.)\y%.and[x,y},
rBB=B LB AP orlx, yl,

nB-® L )\x%.not[x}}

The only solution of B substitutes the corresponding right hand sides for the free
variables a2 =% BB =% and n®=% (by definition a solution to x° < M,
where M is closed, should substitute for 7 a term M’, such that M’ =g, M;
since both M and M’ should be in normal form, which is unique, M = M’, and
the only solution to 27 = M is [x7/M]).

We will use these variables to define other parts of the constructed matching
problem. Note that now we are ready to reproof the following (well known [Jl[Z3H]):

Fact 3. Third order pure matching is NP-hard.

Indeed, code the SAT problem for propositional formulas, i.e., transform any
formula in the following way: for every propositional variable o choose a fresh
term variable 2. Define a transformation -* as follows:

(asw)* a““% P*)
(¢ V) =r®27% (g% y*)
(=) =n® 72 (¢")

Clearly for any propositional formula the third order matching problem
BU{¢* = true}

can be constructed in time polynomial in the size of ¢, and has a solution exactly
when ¢ is satisfiable.

Note that variables that play the essential role in the coding presented above
are the second order variables of type 8, which encode Boolean values. Third
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order variables are auxiliary. Indeed, take a variable ®. There are only two
closed terms in normal form of type B, i.e., true and false. The only solution of

Mu® M.z (1, v) = Mu® M°.u
is true. Similarly, the solution of
M °.x® (v, u) = A’ .
is false. If we have two variables ® and y®, then the equation
Mu® Mo°.z® (Y (v, 1),y (u, v)) = M. .u

has two solutions substituting for 2% and y® two different values of type B, i.e.,
the last equation forces 2® to be the negation of y® and vice versa. In a similar
way we are able to encode other Boolean functions. Now take a propositional
formula ¢. For every propositional variable o choose a fresh term variable 2>,
and for every compound (not being a single variable) subformula 1 of ¢ choose
a fresh term variabldl] ng, and define lambda terms My in the following way:

Mynp = )\uo.)\vo.xa\p(x%;(x? (u,v),v),x
Myv, = )\uo.)\vo.x%\, (z( ,

(3 (v,u), )
P ) U’
M-y = )\uo.)\vo.x?d)(x%(v,u ,x%(u,v))

B
P
3 (W27 (v,u)))

.y (

ng u,x?(u v))

Observe that a substitution 6 is a solution of Myxy = true if and only if 240 =4,
true and x40 =g, true. Similarly for other Boolean connectives. Thus the second
order matching problem:

{M¢, < true | ¥ subformula of ¢, not a variable} U {)\u".)\v".xf(u, v) = true}

is soluble exactly when the formula ¢ is satisfiable. The last equation restricts
the set of substitutions to those making the whole formula ¢ true. Thus we have
(implicit in [H):

Fact 4. Second order pure matching is NP-hard.

Recall that second order pure matching with bounded number of variables
is in PTIME. To the contrary, third order case is NP-hard even with only one
variable. Indeed, let {z,..., 22} be the set of free variables occurring in the
previous coding. Choose one fresh third order variable z(°" ~—=% and substitute

ISt O VLIRS VLT

3 Tt is irrelevant whether two identical subformulas are assigned the same term variable
or not. It may depend on the way a formula is represented: as a tree or as a directed
acyclic graph. It is however essential to ensure that all occurrences of the same
propositional variable a are associated with the same term variable =% .
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for the variable 2 in the previous coding. The resulting third order problem
contains only one variable z(°" 79 ~% and is soluble exactly when the previous
one is. To see this, let 6 be a solution to the previous system. Then

[0 =) =B I NF(As" 70 Al M. s((2E0)uv, . . ., (2Z0)uv))]

satisfies the transformed one, where NF(NV) is the normal form of N. Conversely
if [(°"—°) =% /M is a substitution satisfying the transformed problem, then

(2P /NF(M (S ... ul.u))]r,

satisfies the original system. This is because the fg-reduction is Church-Rosser.
Thus we have:

Fact 5. Third order pure matching with only one variable is NP-hard.

It might be interesting to note, that the same trick applies to the undecid-
ability proof of the third order unification problem. Statman [Zd] recalls that
third order pure unification with nine variables of type M1 = (0 — 0) - 0 — 0 is
undecidable (by encoding of the 10th Hilbert problem with nine variables), and
that it is not known whether the problem with eight variables is decidable or not.
Although we do not know the answer to the last question, it is easy to see that
third order unification problem with only one variable of type (0 — 0) — 9 is
undecidable.

Now let us get back to the first coding -* described in this section. It can
easily be extended to quantified Boolean formulas at the price of raising the
order by one. Indeed, a formula Va.¢(«) means ¢(true) A ¢(false), and Ja.¢()
means ¢(true) V ¢(false), thus define

Qn = {f(%ﬂ%)ﬂ% = Xg® % and|g(true), g(false)],

e(B—B)—~B L )\g%ﬂ%.or[g(true),g(false)}}

The variables f(B=%)=% and e(B—=B)=%B are of the fourth order. Now extend
the translation -* as follows:

(Va.g)* = fE=BI=B (\z® 4%)
(Fa.p)* = eB=B=B (N B o)

It is evident that the fourth order matching problem BU Qm U {¢* = true} has
a solution exactly when a quantified Boolean formula ¢ is satisfiable. Finally we
have another (still not very exciting):

Fact 6. Fourth order pure matching is PSPACE-hard.

Note that this construction does not actually make use of the fact that there
may be some unknowns left to be guessed as a part of the solution in a matching
problem. Complexity of the problems constructed above is caused just by com-
plexity of finding the normal form of a lambda term. To see this take a quantified
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Boolean formula ¢. If it is not closed, write an appropriate number of existential
quantifiers at its beginning to bind all free propositional variables occurring in
it. Use the translation -* from the previous construction. The lambda term ¢* is
of the third order and contains two free variables: f(B—%)—3 (B—B)—-B
The lambda term

and e

AfETBI=BNB=B)=D o) (F, E)
where the terms F' and E are the same as in the construction above:

F = \g® 7% and|g(true), g(false)]
E = \g® 7% or[g(true), g(false)]

is of the fifth order and reduces to true or false according to the validity of the
formula ¢. Thus we have:

Fact 7. Testing equality of simply typed lambda terms of order not greater than
five is PSPACE-hard.

(This is essentially Proposition 6 from [Z3], page 81). This explains why we have
an impression that there is a kind of cheating in our PSPACE-hardness bound
for matching: instead of showing the hardness of matching itself, we focused on
complexity of f-reduction. So in the next section we refine the previous transla-
tion in order to make nontrivial use of unknown variables in a matching problem:
we are going to code Schonfinkel-Bernays formulas and test their satisfiability
over a finite domain.

4 Fourth Order Matching is NEXPTIME-Hard

Given an infinite set of individual variables p,q,... a collection of constants
¢,d, ... and predicate letters P,Q,... of fixed arity. An atomic formula is of
the form P(tq,...,tx), where t; are either constants or variables, and P is a
k-ary predicate letter. Predicate formulas are built from atomic formulas using
negation symbol — and binary connectives V and A with quantification (V,3)
over individual variables. Sometimes one also adds function symbols allowing
building more complicated atomic formulas, and equality symbol. Although the
SAT problem for the predicate calculus is undecidable in the general case, some
special cases are decidable. A formula 1) is called a Schonfinkel-Bernays formula
(sometimes denoted 3*V*), if it is of the form

that is, it is in prenex form where all existential quantifiers precede all universal
quantifiers, and the formula ¢ is built using only constants and predicate letters,
with no function symbols and equality. The problem of deciding if such a formula
has a model is decidable and NEXPTIME-complete. The key idea in showing
decidability of that case follows from the following:
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Lemma 1 (Bernays, Schonfinkel [H]). A Schonfinkel-Bernays formula is sat-
isfiable, if it has a model with exactly n elements, where n is the length of that
formula.

In fact such a formula is either unsatisfiable or has a model with cardinality
at most ¢, where 7 is the number of existential quantifiers occurring in it. We
need the size of a model to be easily calculable for a given formula. In the
absence of equality such a formula has models with any greater cardinality, in
particular with cardinality n (to increase the size of a model one can pick an
arbitrary element of this model and replace it with any number of its copies;
in the presence of equality it is impossible, as the sentence “any of my models
contains exactly k elements” becomes expressible). Another way of fixing the
size of a model is by using relativization. For details see [
Let © abbreviates 0™ — o. The type © is inhabited by n elements

no__ o o,
T =AUl AU U

assumed to represent numbers ¢ = 1,..., n. It is well known that in this encoding
any predicate B C {1,...,n}* is A-definable as a lambda term B : ®* — 9. For
example for binary predicate B(, j), choose two fresh term variables u° and v°,
let

o

w u®, when B(i,j),
“7 ] v°, otherwise,

fori,j € {1,...,n}, and define

B = )\xg.)\yg.)\u".)\v".x< y(wi 1, wi2, .., W),
Y(wa,1, w22, ... s w2 ),
y(wn,la wn,Za .o awn,n)>

The predicate B is simply tabularized. The lambda term B when applied to
two values (7}, 77) works as follows: 7' (substituted for x), as the i-th selector,
picks the i-th row, then 7' (substituted for y) picks the j-th element of that
row, which happens to be exactly w; ;. But w;; has been defined to be u or v
depending on B(i, j), thus B(7?, 77') reduces to Au®.A\v°.u = true, when B(i, j)
is true, and to Au®.\v°.v = false otherwise.

In particular the equality predicate is definable in our encoding, thus we
might enrich the Schonfinkel-Bernays formulas by equality (it is known not to
alter the complexity of the SAT problem, however Lemma ll above is no longer
valid). This coding may be extended to arbitrary k-ary predicates. Note that the
length of the encoding is O(n*).

Now we may define quantification over elements of ® in the same way we
did it for B:

Op = {f(%%)% = \g° ™% and[and]|. . . [and[g(7}), g(x)], ..., g(x™)] .. ]],

eP—B)=B L )\ggﬂ%.or[or[. Jorlg(m), g(m)], ..., g(m)] - H}
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The variables f(®~3)=3 and e(®—~%)=% are of the fourth order. Note that the
right hand sides are in normal form, and that the size of Qg is O(n).

Now choosing an n-element set ® as a possible model of a Schonfinkel-
Bernays formula ¥ of length n, we may define a translation -*: for any individual
variable p choose a fresh term variable xf, for any constant ¢ choose a fresh term
k%

variable 22, for any k-ary predicate letter P choose a fresh variable x% and

define:

pr=xp
¢ =a®
(P(ty, ... tn)* =22 7B, ... 1)
(@ AY)* =a® P72 (g%, ¢%)
(¢ V) =r®P7R (g% ¢*)
()" =02 (")
(Vp.g)* = fOTB=B (N2 %)
(Fp.¢)* = PP "2 (\2? %)

Note we may also code this way the full first order predicate calculus with
function symbols and equality. It is however irrelevant, since the main problem
is the size of a model we are able to build for checking satisfiability, not the
expressive power of the language.

Given a Schonfinkel-Bernays formula . Clearly the fourth order matching
problem B U Qg U {¢* = true} (which may be constructed in time polynomial
in the size of ¥) has a solution when v is satisfiable (i.e., by Lemma ll when
it has a model of cardinality n; thus code its model with n elements in the
lambda calculus in the way described above; the key point is that every predicate
is A-definable). From the other hand if it has a solution, then its solution is
immediately a model for ¢ (the key point in this direction is that there is no
lambda term of type ® other than #«}* for ¢ = 1,...,n). Thus, since the SAT
problem for ¢ is NEXPTIME-hard we have proved the following:

Fact 8. Fourth order pure matching is NEXPTIME-hard.

5 Final Remarks

The status of higher order matching is known for the order up to four. The fifth
order case is not even known to be decidable, however some partial results have
already been obtained [&]. Even if Huet’s conjecture stating the decidability
of matching in the general case is true [, it is of no importance for practi-
cal applications, since complexity of higher order cases grows very quickly, and
from the practical point of view problems that are NEXPTIME-hard seem to
be as difficult as undecidable ones. We do not suggest however that higher order
matching is not tractable, e.g., Huet’s semidecision procedure has been shown to
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be useful in, say, theorem provers even though unification is in general undecid-
able. It turns out that undecidability is not an obstacle in solving such problems
in practice! Our result implies only that there is no hope to find a fast, sound
and at the same time complete algorithm for higher order matching.
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Abstract. Equational problems (i.e.: first-order formulae with quanti-
fier prefix 3" V*, whose only predicate symbol is syntactic equality) are
an important tool in many areas of automated deduction, e.g.: restricting
the set of ground instances of a clause via equational constraints allows
the definition of stronger redundancy criteria and hence, in general, of
more efficient theorem provers. Moreover, also the inference rules them-
selves can be restricted via constraints. In automated model building,
equational problems play an important role both in the definition of an
appropriate model representation and in the evaluation of clauses in such
models. Also, many problems in the area of logic programming can be
reduced to equational problem solving.

The goal of this work is a complexity analysis of the satisfiability problem
of equational problems in CNF over an infinite Herbrand universe. The
main result will be a proof of the NP-completeness (and, in particular,
of the NP-membership) of this problem.

1 Introduction

Equational problems (i.e.: first-order formulae with quantifier prefix 3* v*, whose
only predicate symbol is syntactic equality) are an important tool in many areas
of automated deduction:

Restricting the set of ground instances of a clause via equational constraints
allows the definition of stronger redundancy criteria and hence, in general, of
more efficient theorem provers: In [H], the c-distautology rule allows the deletion
of those ground instances of a clause, which are tautological. To this end, the
instances of a clause L(s)V L%(t) V R are restricted via the constraint s # ¢.
Likewise, the c-dissubsumption rule allows the deletion of those ground instances
which are subsumed by another clause. Moreover, in [l], semantic c-resolution
is defined, where the inference rules themselves are restricted via equational
constraints.

In automated model building, equational problems play a crucial role, e.g.: In
[B, models are represented by unit clauses whose set of ground instances may be
restricted via equational constraints. In [, models are represented by atom sets
A={Pi(t1),...,Py(t,)} with the intended meaning that a ground atom P(s)
evaluates to true, iff it is an instance of some atom P;(t;) € A. The evaluation
of an arbitrary atom to false in such a model corresponds to the satisfiability of
the equational problem P = (3z ) A\ p, _p(Vyi)(s # ti), where the variables = in

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 97- s 1999.
© Springer-Verlag Berlin Heidelberg 1999
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P(s) and the variables y; in P;(t;) are disjoint. In [§], implicit generalizations are
studied as a formal basis of machine learning from counter-examples. For testing
the emptiness of implicit generalizations, equational problems similar to the
above mentioned evaluation of atoms arise. Likewise, in functional programming,
the problem of checking whether a function defined by case is completely defined
can be reduced to equational problems of this kind (cf. [H]).

In the area of logic programming, equational problems may be applied in
various ways. In particular, the definition of an appropriate semantics of negation
can be reduced to equational problem solving (cf. [, ], [£X]).

In most of the above mentioned applications of equational problems, testing
the satisfiability of an equational problem is more important than actually com-
puting the solutions. Hence, for the practical work with equational problems,
an efficient satisfiability test is a central issue. All previously known algorithms
require exponential time and space. The goal of this work is an investigation of
the inherent complexity of this satisfiability problem. Note that even in the spe-
cial case of a purely existential prefix, this problem is NP-hard. Our main result
will be a proof of the NP-membership (and, therefore, of the NP-completeness)
for equational problems in CNF over an infinite Herbrand universe.

This work is organized as follows: After briefly revising some basic definitions
in Section @, we shall illustrate in Section llwhat the main sources of complexity
of equational problems in CNF are. At the heart of our method for solving
equational problems is the elimination of universally quantified variables from
the equations. The transformation given in Section B for this purpose will form
the basis of the NP-membership proof (and, therefore, of the NP-completeness
proof) presented in Section [l Finally, in Section [ll we shall summarize the main
results of this work and point out some directions for future research.

2 Preliminaries

2.1 Equational Problems

Equational problems are formulae of the form JwVy P(w, z,y), s.t. P(w,x,y)
is a quantifier-free formula with equality “=" as the only predicate symbol. A
disequation s # t is a short-hand notation for a negated equation —(s = t). The
trivially true problem is denoted by T and the trivially false one by L.

In this paper, equational problems are only interpreted over the free term
algebra. Furthermore, variables of a single sort are considered, i.e.: they may only
take values from the same Herbrand universe H. A Herbrand interpretation over
H is given through an H-ground substitution o, whose domain coincides with the
free variables of the equational problem. The trivial problem T evaluates to true
in every interpretation. Likewise, | always evaluates to false. A single equation
s = t is validated by a ground substitution o, if so and to are syntactically
identical. The connectives A, V, =, 3 and V are interpreted as usual. A ground
substitution ¢ which validates a problem P is called a solution of P.
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In order to distinguish between syntactical identity and the equivalence
of two equational problems, we shall use the notation “=” and “&”, respec-
tively, i.e.: P = Q means that the two equational problems P and Q are
syntactically identical, while P =~ Q means that the two problems are equivalent
(i.e.: they have the same set of solutions). Moreover, by P < Q we denote that
all solutions of P are also solutions of Q.

As far as the satisfiability of an equational problem is concerned, there
is no difference between free variables and existentially quantified ones, i.e.:
JwVy P(w, x,y) is satisfiable, iff 3z Jw Vy P(w, x,y) is. In analogy with [H],
we shall refer to universally quantified variables as “parameters”. Furthermore,
the basic form of equational problems studied in [H] is the CNF (= conjunctive
normal form). Hence, also the complexity result obtained here will be based on
the following form:

Definition 2.1. (3*V*-CNF). An equational problem P is said to be in 3*V*-
CNF, iff it is of the form P = 3zVy P(z,y ), where P(z,y) is a quantifier-free
problem in CNF.

Unless explicitly stated otherwise, we shall only consider the case of an infinite
Herbrand universe here. Finally we shall sometimes use term tuples as a short-
hand notation for a disjunction of disequations or a conjunction of equations,

respectively, i.e.: For term tuples s = (s1,...,s,) and t = (t1,...,1), we shall
abbreviate “s; = t1 A ... Asp =1t and “sy 1 V... Vs £t to “s=1t7
and “s # t 7, respectively. Moreover, we shall use a vector = (x1,...,x%) of

variables either to denote a tuple of variables (which can be used as an argument
of an equation or disequation in the way described above) or to denote a set of
variables. No ambiguities will arise from this, since the meaning will always be
clear from the context.

2.2 The Transformation Rules of Comon/Lescanne

In [H], a rule system is provided which terminates on every equational problem
and which transforms the original problem into an equivalent one in the so-called
“definition with constraints form”, which allows to determine immediately the
satisfiability. Below, those rules from [H] are recalled, which are cited frequently
in this paper, i.e.: the replacement rules R;, R, the universality of parameter
rules Uz, Uy and the explosion rule E. Note that many more rules from [ (like
the decomposition rule, the clash rule, the occur check, etc.), which are not
mentioned explicitly here, are “hidden” in the unification steps. For any details,
the original paper has to be referred to. Analogously to [H], we use “—7, to
denote a rule which transforms an equational problem into an equivalent one,
and “—” if a combination of several instances of the same rule are required in
order to preserve the set of solutions.

(R1) z=tAP — z=tANP(z+1t)
(R2) z#tVP — z#tVP(z«1t)

(U2) (VWy)[PANy#tVR)] — (V) [PARy«—1)] ifyecy
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(Us) (Vy)[PAN(zi=w1V...Vz,=u,VR)] — (Yy)[PAR]
if the following conditions hold:
1. every z; is a variable syntactically different from wu;,
2. every equation z; = u; contains at least one parameter from vy,
3. R contains no parameter from y.

(E) (Vy)P — F(wi,...,we)VY)PAs= flwr,...,wa)]
if the following conditions hold:
1. f is a symbol from the signature of H with arity «,
2. the w;’s are fresh, pairwise distinct variables,
3. s is an argument of an equation or disequation in P and
s contains no parameter.

2.3 Unification Problems

If an equational problem is a parameter-free conjunction of equations, then we
are back to the familiar case of wunification problems. In [, the efficiency of
several unification algorithms is analysed. In particular, it is shown, that the
original unification algorithm from [[£2], where terms are represented as strings
of symbols, has exponential time and space complexity. However, by using more
sophisticated data structures like directed acyclic graphs, this kind of exponential
blow-up can be avoided. In fact, even linear time suffices (cf. [&1]).

3 Main Sources of Complexity

In this section, we have a closer look at the complexity of two special cases of
equational problems, namely: equational problems with only existentially quan-
tified variables and equational problems consisting of disequations only. In fact,
the satisfiability problem is NP-complete in both cases. The NP-hardness illus-
trates that the two main sources of complexity of equational problems in CNF
are the total number of equations and disequations, on the one hand, and the
number of conjuncts containing disequations with universally quantified vari-
ables, on the other hand. The NP-membership of these problems will give us a
hint for the NP-membership proof of equational problems in 3* V*-CNF.

The first goal of the algorithm in [H] is the elimination of all universally
quantified variables. Together with the restriction to CNF, we get the following
form:

Definition 3.1. (Parameterless CNF). An equational problem P is said to
be in parameterless CNF, iff it is in CNF and contains no universally quantified
variables, i.e. P = (Fx)[(e11V...Verx, Vd11 V.. . Vdi)A. . . AN(en1 V.. . Veng, V
dn1 V... Vdn,)], s.t. the e;;’s are equations and the d;;’s are disequations.

Testing the satisfiability of equational problems in parameterless CNF can be
easily shown to be NP-complete: For the NP-hardness proof, the problem reduc-
tion from the SAT-problem is straightforward, namely: Choose two arbitrary,
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distinct terms s and ¢ from H, s.t. “true” is encoded by s and “false” is en-
coded by t. Then, for every propositional variable z; in SAT, a clause of the
form x; = sV x; =t is required in the equational problem. Moreover, for every
positive occurrence of x; in a clause in SAT, an equation xz; = s is contained
in the corresponding clause in the equational problem. Likewise, a negative oc-
currence of x; in SAT is encoded by the equation x; = t. At the heart of the
NP-membership proof is the polynomial time test for the satisfiability of param-
eterless conjunctions of equations and disequations given in Lemma B2l below.
This test will also play an essential role in Section Il when we prove the NP-
membership of equational problems in 3* V*-CNF.

Lemma 3.1. (Parameterless Conjunctions). Let P = (3x)[e1 A ... Aeg A
di A ... AN di] be a conjunction of equations e; and disequations d;. Then the
satisfiability of P can be tested as follows:

— case 1: If ex A ... N\ ex is unsatisfiable, then P is also unsatisfiable.
— case 2: Suppose that ey A\ ... A ey is satisfiable with mgu ¥. Then P is satis-
fiable, iff di19 A ... A di9 contains no trivial disequation of the form t #t.

Proof: Case 1 is trivial. For case 2, let ¥ = {z;;, « s1,...,%;, <« So} denote
the mgu of the equations e; A ... A eg. Note that the z;; are pairwise distinct
and do not occur in the range rg(d) of 9.

By the definition of the mgu, e; A ... Aep and x;;, = 51 A ... Ax;, = Sq are
equivalent. Moreover, by multiple applications of the Ro-rule from [, ¢ may be
applied to the disequations. Thus P &~ (3¢ )[z;, = s1A...Axi, = Sa Ad1IA. . A
d;9] holds. But then, since all variables z;, , .. ., z;, occur only once, the equations
may be eliminated by the C' Rg-rule from ], i.e.: P ~ P’ = (3z )[d1IA. .. AdiD].
By Lemma 1 in [H], a conjunction of non-trivial disequations over an infinite
Herbrand universe has at least one solution. But then P’ (and, hence, also P) is
satisfiable, iff P’ contains no trivial disequation. &

We thus get the following theorem:

Theorem 3.1. (NP-Completeness of Parameterless CNF). The satisfia-
bility problem for equational problems in parameterless CNF is NP-complete.

In [E9], an efficient algorithm for solving the so-called TTC problem (= term
tuple cover problem) is presented, i.e.: Given a set M = {t1,...,t,} of k-tuples
of terms over some Herbrand universe H. Is every ground term tuple s € H*
an instance of some tuple t; € M? In [, the coNP-completeness of the term
tuple cover problem is proven. The complementary problem coTTC can be easily
translated into the satisfiability problem of equational problems whose form is
captured by Definition B below. But then Theorem B= on the complexity of
equational problems follows immediately.

Definition 3.2. (coTTC Form). An equational problem P is said to be in
coTTC form, iff it is of the form P = (& )[(Vy1)(x £ t1)A.. . AVyn)(x # t,)],
s.t. for alli € {1,...,n}, t; = (ti1, ..., tix) is a term tuple with variables in y;.
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Theorem 3.2. (NP-Completeness of coTTC Form). The satisfiability
problem for equational problems in coTTC form is NP-complete.

4 Parameter-Free Equations

In the previous section, the total number of disjuncts in the CNF and the number
of disequations containing parameters have been identified as main sources of
complexity of equational problems. On the other hand, the parameters contained
in the equations can be shown to have a much lower impact on the overall com-
plexity. In fact, we shall provide in this section a polynomial time transformation
for eliminating all parameters from the equations. Moreover, as a by-product of
this transformation, the form of the disequations will be simplified. The target
of this section is, therefore, a transformation of equational problems into the
following form (which is similar to the normal form presented in [ii]):

Definition 4.1. (PFE-Form). An equational problem P is said to be in PFE-
form (= parameter-free equations), iff it has the form

(Fx)[(e11V.. . Verr,)V(Yy1)(z1 # t1)A. . Allen1 V.. Venk, )V (Yyn)(2n # tn)],

s.t. the e;; ’s are equations, every t; is a term tuple with variables in y; and every
z; denotes a tuple of existentially quantified variables from x.

Before we can start with the elimination of the parameters from the equations,
we first have to simplify the disequations via the following lemma:

Lemma 4.1. (Simplification of Disequations). Let P = (Vy )[R V s # t]
be an equational problem with free variables in x, where R denotes an arbitrary
equational problem. Then P can be simplified via unification in the following
way:

— case 1: If the equation s =t is not unifiable, then P ~ T.

— case 2: Suppose that ¥ = {x;, «— u1,..., %, — Uk, Yj, < V1,...,Yj < Ui}
is the mgu of s = t and let the substitution n be defined as n = {y;, <
V1,...,Y; < v }. Then P is equivalent to P’ = (Vy)[RnV zi, #ur V...V
Liy, 7é uk]

Proof: In case 1, there exists no substitution ¢ on the variables xUy s.t. so = to.
Hence, s 2t ~ T and also P = T clearly hold.

In case 2, the equivalence s # t = x;, # u1V... Vi, # upVy;, #o01V.. . Vy; £ u
holds by the definition of the mgu. Note that the variables y;_, occur exactly once
in the disequations thus produced. Hence, [ applications of the Us-rule from [B to
the disequations y;, # v1,...,y; 7 v; can be contracted to a single transforma-
tion step via the substitution 7, i.e.: P & (Vy )[R0V (zi, # u1V...Vx;, # ug)n).
Finally, the substitution 7 only needs to be applied to R, since the variables y;_,
from the domain of 7 do not occur in the disequations z;, # ug. <&
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The Uy-rule from [&] allows the elimination of those parameters from the equa-
tions which do not occur in the disequations. However, the Uy-rule is very re-
strictive in that it requires the equations to be of the form z = u, where z is a
variable. In the following lemma we show how all parameters that do not occur
in the disequations can be eliminated from the equations.

Lemma 4.2. (Elimination of Parameters not Occurring in the
Disequations). Let P = (Vy )(s1 = t1 V...V S =t VR) be an equational
problem with free variables in x, s.t. every equation s; =t; contains at least one
parameter from y and R contains no parameter from y = {y1,...,yr}. Then
the parameters y can be eliminated from P by the following rules:

1. non-unifiable equations: If an equation s; = t; is not unifiable, then s; = t;
may be deleted from P.

2. parameters not occurring in the mgu: If s; = t; is unifiable with mgu ¥ and
no parameter yo occurs in ¥ (i.e.: dom(¥)Ny =0 and Var(rg(¥)) Ny =10),
then every occurrence of every parameter y, € y in s; = t; may be replaced
by an arbitrary constant symbol a € H.

3. parameters occurring in the mgu: If s; = t; is unifiable with mgu ¥ and at
least one parameter y,, occurs in 9 (i.e.: dom(9)Ny # O or Var(rg(9)) Ny #
0), then the equation s; = t; may be deleted from P.

Proof: Case 1 is obvious. Case 2 is also clear, since the mgu ¢ completely
describes all solutions of an equation and replacing variables from outside the
mgu does not change the mgu. Hence, we are only left with case 3: Let I denote
the indices of the equations to which case 3 applies. Note that by the cases 1 and
2, all parameters can be eliminated from the equations s; = ¢; for j ¢ I. Hence,
P is equivalent to P’ = (Yy ) \/,c;(si = ti) VR’ for appropriately chosen R’ s.t.
R’ contains no parameter from y. For every i € I let ¥; = {z; < u;} Un; denote
the mgu of s; = ¢; s.t. some parameter y,, € y occurs in z; or u;. Then, for
P" = (Vy) V,er(zi = ui) VR, the relation P’ < P” holds, since the omission of
parts of the variable bindings in the mgu may not decrease the set of solutions.
But then the equations z; = w; may be deleted by the Uy-rule from [B|. Thus,
P’ is equivalent to (Vy )R’'. Hence, the equivalence P ~ (Vy )R’ follows from
the relations P =~ P’ <P" =~ (Vy )R’ < P. &

The following lemma allows the elimination of the remaining parameters from
the equations. Note that again there is no appropriate transformation rule from
[B available for this purpose: Eliminating these parameters via the explosion rule
has exponential time complexity. And the Us-rule can only be used to eliminate
the parameters from the equations if all disequations x;, # t; have been broken
down to disequations between variables only. Again the necessary applications
of the explosion rule require exponential time.

Lemma 4.3. (Elimination of the Remaining Parameters from the
Equations). Let P = (Vy)(E V z # t) be an equational problem with free
variables in x, s.t. € = s = t1 V...V sy = ti is a disjunction of equa-
tions, z C x is a vector of free variables which do not occur in the term tu-
ple t and all parameters in y actually do occur in t. Then P is equivalent to

P =[(Ey)(z =t AE) V [(vy)z # t].
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Proof: By assumption, the variables in z occur only once in the disequations.
Hence, the equivalence P =~ (Vy)[(z = t A E) V z # t] basically corresponds
to multiple applications of the Ro-rule from [E]. (Note that in contrast to the
original form of the Ro-rule, we only add the equation z = ¢ to the first disjunct
rather than applying the corresponding substitutions {z1 « t1}, {22 « t2}, etc.
to the variables in €. But this is clearly equivalent to the Ro-rule itself). Re-
placing the universal quantifier for some variables by an existential one cannot
decrease the set of solutions. Hence, the relation P < P’ clearly holds. It there-
fore only remains to show that every solution of P’ is also a solution of P. Let the
ground substitution o on the free variables x be a solution of P’. If ¢ is a solution
of (Yy)z # t, then it is of course also a solution of P = (Vy )(EV z # t). So
suppose that o is a solution of (Fy )(z = t AE) and let 7 be an arbitrary ground
substitution for the variables y. We have to show that then (EVz # t)(oUT) = T
holds:

If (z # t)(cUT) ~ T holds, then (EV z # t)(c UT) ~ T clearly holds.
Hence, we only have to prove the equivalence £(c U T) & T for the case where
(z#t)(ocUT)~ L holds:

By assumption, o is a solution of (Jy)(z = t A £). Therefore, there exists a
ground substitution ¢ for the variables y s.t. (z =t AE)(c Up) = T. In par-
ticular, £(c U ) = T holds. It is, therefore, sufficient to show that 7 and ¢ are
identical: Remember that we are dealing with the case where (z # t)(cUT) ~ L
and, therefore, (z =¢)(c UT) &~ T holds, i.e.: U7 is a unifier of z = ¢. Further-
more, (z =t A E)(ocUp) ~ T holds by the definition of ¢ and, therefore, o U ¢
is also a unifier of z = t. By assumption, all parameters y; actually do occur in
t. Hence, for every unifier (o Un) of z = ¢, where o is a ground substitution on
the variables x, the extension 7 to the variables y is uniquely determined by o.
But then, ¢ and 7 are indeed identical. <&

Note that the conjunction (z =t A ) in the above lemma with £ = s; = 1V
...V s, =t can be represented as a disjunction £’ of equations (of term tuples),
namely: &' = (z, 51) = (t, tl) V...V (z, sk) = (t, tk) Hence, the only part miss-
ing in our transformation into PFE-form is the elimination of the existentially
quantified variables from the right-hand side of the disequations. But this can
be easily achieved by applying the Us-rule from [B in the opposite direction:

Lemma 4.4. (Elimination of the Existentially Quantified Variables
from the Right-Hand Side of the Disequations). Let P = (Vy)w # s
be an equational problem s.t. w is a wvector of free variables. Moreover, let
u = (ug,...,u;). denote the free variables occurring in s and suppose that
uNw =0 holds.

Then P is equivalent to P' = (VYy )(Vz )(w,u) # (sn, z), where z = (z1,...,21)
is a vector of fresh, pairwise distinct variables and the substitution n is defined
as N = {ul 21y ..U Zl}-

By combining the transformation steps from the Lemmas &l through B, we
get the following theorem on the transformation into PFE-form:
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Theorem 4.1. (PFE-Form). The transformation of equational problems from
F*V*-CNF into PFE-form can be done in polynomial time.

Proof: Let P = 3zVy Py A... AP, be an equational problem, s.t. the P;’s are
quantifier-free disjunctions of equations and disequations. Of course, the univer-
sal quantifiers may be shifted in front of the P;’s, thus yielding an equivalent
problem P’ = 3z [Vy P1] A ... A [Vy P,]. It is then possible, to apply the trans-
formation steps from the Lemmas 2l through 2 to every conjunct Vy P;]:

By Lemma =l the disequations can be simplified in such a way, that the left-
hand sides of the disequations consist of pairwise distinct, existentially quantified
variables, which do not occur on the right-hand side of any disequation. Lemma
= can be used to eliminate all parameters from the equations that do not oc-
cur in the disequations. The remaining parameters in the equations can then
be eliminated by means of Lemma 2l When the equations contain no more
parameters, the universal quantifiers can be shifted in front of the disequations.
The universally quantified disequations thus produced can be brought into the
desired form via Lemmal2l Finally, by appropriately renaming the existentially
quantified variables introduced by Lemma &3 and shifting them to the front of
the formula, the transformation into PFE-form is finished.

The correctness of these transformation steps has been proven in the Lemmas =l
throughl=2 As for the complexity, note that the only operations required for this
transformation basically are the computation of several most general unifiers, the
application of these mgu’s to the appropriate terms and checking whether certain
variables occur in the resulting terms or in the unifiers themselves, respectively.
Hence, all of these steps can be done in polynomial time, provided that unifiers
are treated as directed acyclic graphs rather than as strings. <&

The main ideas of this transformation are illustrated in the following example:
Ezample 4.1. Let P = 3(21, 22, 23, 24) V(Y1, Y2, Y3, Y4) [P1 A P2 A Ps] be an equa-

tional problem over the Herbrand universe H with signature X(H) = {a, f, g},
where the P;’s are defined as follows:

P1 = f(z1,9(22) = f(y1,23) Vg(yr) = 23V f(a,y2) = f(z2, 9(ya))V
f(9(y2), 21) # f(ys, 9(y1)) V g(23) # 22

Pa = f(y1,a) = f(g(22),a) V f(9(z4),y1) # f(22,a) V g(y1) # 9(g(y3))

Ps = f(9(22), 21) = f(9(y1), y1) V 9(y2) = ys V f(a,ys) = f(22,9(y2))V

f(f(a,y3),9(y2)) # f(21,94) V g(22) # g(f(a,23)) Vza # 1

After shifting the universal quantifiers in front of the P;’s, we can apply the
transformation steps from the Lemmas Bl through &8 to the resulting sub-
problems [V(y1, Y2, y3, y4) Pi]: Note that no unifier exists for the negated dis-
equations from Ps, while the negated disequations of the other subproblems
are unifiable with the mgu’s 91 = {z1 «— g(y1),y3 < 9(y2),22 — g(z3)} and
193 = {Zl — f(aay3)a22 — f(aa ZS)ay4 — g(yZ)ayl — Z4}a respectively. Hence,
by Lemma &l the P;’s may be transformed as follows:

P = flawn), 9(9(23))) = fyr, 23) V glyn) = 23V f(a,y2) = f(g(z3), 9(ya))
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Var # g(y1) V 22 # g(z3)
Pél) =T
Py = Fg(F(a, 2)), £(a,a)) = F(g(z0), z2) V g(y2) = yaV
fla,9(y2)) = f(z2,9(y2)) V 21 # fla,y3) V 22 # f(a,z3)
Let e;; denote the j-th equation in the problem P; and let ¥;; denote the mgu
of e;;. Then the following mgu’s exist:

V2 ={z3 < g(y1)} V31 = {2 < fla,y3), 23 < y3}

Us2 =A{ys < g(y2)} V33 ={22 < a}
By Lemma B3, the equations ej; and ej3 may be deleted, since they are not
unifiable. Likewise, the equation e3> may be deleted, since it contains the pa-
rameter yo, which does not occur in the disequations. Finally, in equation ess,
the parameter yo may be replaced by the constant symbol a. We thus get the
following problems:

PP = g(y1) = 25V 21 # g(y1) V 22 # g(23)
P = fl9(f(a, 2)), fla,ys)) = f(g(za), 20) V f(a,g(a) = f(z2, g(a))V
21 # fla,y3) V 22 # f(a, 23)

By Lemma B3 the problems [V(y1, Y2, ys, y4) Pi(z)] can be further transformed

into the following problems 771-(3) (Note that, for simplicity, we omit all variables
y; from the universal quantifier prefix that have already been eliminated from the
corresponding formula. Moreover, we use term tuples as a short-hand notation
for conjunctions of equations and disjunctions of disequations, respectively):

P = By (a1, 22, 9(0)) = (9(11), 9(23), 23) V (V) (21, 22) # (9(w1), 9(3))
P = (3ys) (21, 22, F(9(f(a, 28)), Fla,ys))) = (F(a,ys), F(a, 23), F(9(za), 24))
\/(21, 22, f(a’g(a))) = (f(a’ y3)’ f(a’ 23) f(ZZ’ (a)))
V(Yys3) (21, 22) # (f(a,y3), f(a, 23))

It is now possible to shift the universal quantifiers in front of the disequations.
We can then apply Lemma =l to get the following equational problems:

PV = (B (a1, 22 9(0)) = (90n), 9(2), 2) v
(Vy1,v) (21, 22, 23) # (9(y1), 9(v), v)

PC’()4) = (EyS)(zl’ 22, f(g(f(aa ZS))a f(aa yS))) = (f(aa y3)a f(av Z3)a f(g(z4)? 24))
\/(21, 22, f(a’ g(a))) = (f(a’ y3)’ f(a’ 23)’ f(ZZ’ g(a)))
\/(Vyi’n U) (Zla 22, 23) 7é (f(aa y3)’ f(a’ U)’ U)

After renaming the existentially quantified variables y; in P£4) and y3 in 773()4) b
the fresh variables u; and us, respectively, we can shift all existential quantifiers

to the front of the conjunction P£4) A 733(,4). The desired formula in PFE-form is
then 77’ = I(z1, 22, 23, 24, U1, 1@)[7755) A 773()5)] with

) = (21,22, g(w1)) = (9(w1), g(23), 23) V
(Vy1,0) (21, 22, 23) # (9(¥1), 9(v), v)
= (21,22, f(9(f(a,23)), f(a,u2))) = (f(a,y3), f(a, z3), f(9(24), za))
V(z1, 22, f(a, g(a))) = (f(a,u2), f(a, 23), f(22,9(a)))
V(Yys, v) (21’2%23) # (fla,y3), f(a,v),v)

)
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5 NP-Membership

The transformation from 3* V*-CNF into PFE-form from Section [l forms the
basis of our NP-membership proof for the satisfiability problem of equational
problems in 3* V*-CNF. In fact, by the polynomial time complexity of this trans-
formation, we can restrict ourselves w.l.o.g. to the case of equational problems in
PFE-form. In this section we shall extend the ideas developed in [@ for proving
the coNP-completeness of the term tuple cover problem to equational problems
in PFE-form. The key part of the coNP-membership proof in [H] is an appro-
priate representation of the complement of a tuple ¢ (w.r.t. a given Herbrand
universe H). In fact, the tuples s from the complement of t can be obtained
as follows: Consider the tree representation of ¢, “deviate” from this represen-
tation at some node and close all other branches of s as early as possible with
new, pairwise distinct variables. The result of such a deviation is denoted as
dev(p,q)(t): Intuitively, p indicates the position where one deviates from ¢ and ¢
tells us how one deviates:

— If p refers to a node labelled by some function symbol f (constants are
considered as function symbols of arity 0), then dewv, o) (t) is defined, iff ¢ is
a function symbol different from f with arity a(g). In this case, dev(, o) (t) is
constructed from ¢ by replacing the subterm [t |p] at position p by the term
q(21,- -, %a(q)) and by closing all other branches as early as possible with
new variables.

— If the node (in the tree representation of t) at position p is labelled by a
variable y which occurs somewhere else in ¢, then dewv(, 4)(t ) is defined, iff ¢
is such a position in ¢ where y also occurs. Then dev(, 4)(t) is constructed
from t by replacing y at position p with a fresh variable z and by restricting
the ground instances of the resulting term tuple through the constraint z # y.
Again, all other branches are closed as early as possible with new variables.

— If the node (in the tree representation of t) at position p is labelled by a
variable that occurs only once in ¢, then no deviation at all is possible at
position p and, therefore, dev(, q)(t) is undefined for every gq.

A formal definition of this idea and the proof that the complement of a term tuple
t is actually captured by these deviations at nodes of the tree representation of
t can be found in []. This idea is illustrated in the following example:

Ezample 5.1. Let t = (f(y1,¥2),9(y1)) be a term tuple over the Herbrand uni-
verse H with signature X = {f, g, a}.

/f<\g

Y1 Y2 Y1
Fig. 1. tree representation of (f(y1,v2),9(y1))
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Then the tree corresponding to t is depicted in figure ll Note that no deviation
is possible at position 1.2, since yo = [t |1.2] is a variable occurring only once in
t. For all other positions p in ¢, dev(, 4 (t) is defined for appropriately chosen
q. Hence, every ground term tuple s from the complement of ¢ is an instance of
one of the following (possibly constrained) tuples:

dev(1,a) = (a,v) dev(a,p) = (v, f(21, 22))
dev,g) = (9(2),v) devaaza) = [(f(2,92),9(1)) : 2 # y1]
dev(z,q) = (v,a) deviz.a1.1) = [(f(y1,9),9(2)) : 2 # 1]

This idea of representing the complement of a term tuple by a set of (possibly
constrained) tuples can be used directly for eliminating all parameters from an
equational problem in PFE-form as the following example illustrates.

Ezample 5.2. Let ¥ = {f, g,a} again denote the signature of H and let P =
(Vy )(z1, z2) # t denote an equational problem with t = (f(y1,¥2), 9(y1)). Then
the representation of the complement of ¢ from Example Bl yields the following
parameter-free problem P’, which is equivalent to P:

P’ = (Jv)(21,22) = (a,v) V (FJv)(Iz) (21, 22) = (9(2),v) V
(z1,22) = (v,a) V (Jv)(321)(F22) (21, 22) (v, f(21,22)) V
(3211)(3212)[(531,932) (f(z,92),9(1)) N z# ]V

32)(Fy1) Fy2)[(21, 22) = (f(y1,92),9(2)) A 2 # y1]

This idea of representing a universally quantified disequation by a parameter-free
disjunction can be used for proving the following NP-membership result:

Lemma 5.1. (NP-Membership of PFE-Form). The satisfiability problem
for equational problems in PFE-form according to Definition fod is in NP.

Proof (Sketch): Let P = (3 )[(e11 V... Verr,) V (Vy1)(z1 £ t1)]A...A(en1 V

. Venk, )V (Yyn)(zn # t,)] be an equational problem s.t. the e;;’s are equations,
the z;’s are tuples of existentially quantified variables from @ and the ¢;’s are
term tuples with variables in y,;. Then the following non-deterministic algorithm
checks in polynomial time that P is satisfiable.

1. For every i € {1,...,n}, either guess an equation e;,, in the i-th disjunction
with a; € {1,..., k;} or a (possibly constrained) tuple devy, 4,)(t;) from the
complement of ¢;.

2. Define the conjunction @ = (3x ) Q1 A...AQ,, of equations and disequations
in the following way: If in the first step an equation e;o, was guessed, then
Q; = eiq,. If a tuple s; without constraints from the complement of ¢; was
guessed, then Q; = (3w;)z; = s;, where w,; denotes the variables in s;.
Finally, if a constrained tuple [s; : u # v] from the complement of ¢; was
guessed, then Q;, = (Jw;)(z; = s; A u # v), where w; again denotes the
variables in s;.

3. Rename all variables in Q appropriately apart s.t. the existential quantifiers
may be shifted in front of the conjunction.
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4. Check the satisfiability of the resulting conjunction of equations and dis-
equations via the test from Lemma B2, i.e.: check that the mgu ¥ of the
equations exists and that the application of ¥ to the disequations does not
produce a trivial disequation of the form ¢ # ¢.

The non-deterministic guess of a disjunct in step 1 corresponds to the distribu-
tivity of V and A. The variable renaming and quantifier shifting in step 3 is not
problematical at all and the satisfiability test for a parameter-free conjunction of
equations and disequations in step 4 has already been discussed in Lemma E=l
Hence, the only critical part for the correctness of the above algorithm is step
2. But the correctness of the representation of the complement has been proven
in ] and the correctness of the transformation of a disequation (Vy;)(z; # t;)
into a parameter-free disjunction follows easily by the correspondence between
the term tuple cover problem and equational problems.

The crucial point for the polynomial time complexity of the algorithm is that
the size of the terms involved in the complement of a tuple ¢; depends polyno-
mially on the size of an input problem P even if the terms in P are represented
as dags (= directed acyclic graphs). This is due to the fact that dev, o) (t;) is
either defined around one path (if p is a non-variable position) or two paths (if
p is a variable position) of ¢;, i.e.: the number of positions (which corresponds
to the number of nodes in the tree representation) in the terms occurring in
dev(p,q)(t:) is linearly bounded in the term depth of ¢; (where the multiplicative
constant is basically the maximum arity of the function symbols in H). Hence,
even if the string representation of terms represented by dags may have expo-
nential size, the size of the string representation of the (possibly constrained)
tuple devy, 4,)(t:) is polynomially bounded w.r.t. the dag representation of t;.
Moreover, the satisfiability test from Lemma B2l can be done in polynomial time
independently of the chosen term representation. Therefore, the overall complex-
ity of this non-deterministic algorithm is polynomial. &

But then the following theorem follows immediately:

Theorem 5.1. (NP-Completeness of Equational Problems in
F*V*-CNF). The satisfiability problem for equational problems in 3*V*-CNF
over an infinite Herbrand universe is NP-complete.

6 Conclusions and Future Work

The main result obtained in this paper is the proof of the NP-completeness
(and, in particular, of the NP-membership) of the satisfiability problem for equa-
tional problems in 3* V*-CNF over an infinite Herbrand universe. The key idea
for this result is the polynomial time transformation of equational problems from
3* v*-CNF into PFE-form according to Definition

As far as future research in this area is concerned, extensions and further
improvements of the satisfiability test for equational problems are the most
important issue:
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Our NP-membership proof can be viewed as a possible step towards a more
efficient algorithm. Moreover, the transformation into PFE-form from Section ll
can be easily extended to a transformation into a collection of equational prob-
lems in coTTC-form according to Definition B2 It is thus possible to apply
efficient algorithms for the well-studied term tuple cover problem to equational
problems, e.g.: The algorithm from [H| as well as a deterministic version of our
NP-algorithm from Theorem B2l has exponential complexity w.r.t. the size of the
terms involved (in particular, w.r.t. the term depth). In contrast, a translation
of the term tuple cover algorithm from [ is exponential in the total number
of equations and disequations, while the size of the terms only has polynomial
influence on the overall complexity.

One important extension of our results concerns the study of many-sorted uni-
verses. It seems as though such an extension is not problematical, as long as all
sorts are infinite. In particular, the transformation in Section Hrelies on the as-
sumption that all variables are interpreted over an infinite universe (otherwise,
the Uy-rule from [H] used in Lemma E=l as well as the satisfiability test from
Lemma B would not be applicable!). However, the fact that all variables take
values from the same universe, does not appear to be essential. Of course, the
details of this claim have to be worked out yet.

In this paper, only equational formulae in CNF with quantifier prefix 3* V* have
been investigated. This restriction is somehow justified since, in many important
applications, equational formulae of this form occur in a natural way. Neverthe-
less, an extension of our algorithm to arbitrary equational formulae would be
desirable. In [H], an algorithm is presented which neither requires a CNF nor
a specific quantifier prefix as an input. Instead, distributivity rules are applied
whenever this is necessary. Moreover, a whole collection of rules dealing with
single quantifiers and combinations of quantifiers are provided. Note that equa-
tional problems in DNF can be easily shown to be Eg—hard. Equational formulae
with no restriction on quantifier occurrences are even non-elementary (cf. []).
So there is a clear limit up to which the worst case complexity can possibly be
improved. However, the ideas developed in [ may lead to significant improve-
ments in many cases. In contrast to the extension to many-sorted universes, this
kind of increased flexibility w.r.t. the form of the equational formulae seems to
be much harder to integrate into our algorithm, which essentially relies on a spe-
cific form of the equational formulae under investigation. However, one may of
course go in the opposite direction and integrate our transformation rules from
the Lemmas 20 through 2 into the rule system from [[]. The completeness of
the resulting rule system is not affected by adding new rules and the correctness
of these rules has been proven in Section [l Note that these transformations
are rather cheap since they are basically made up from unification and checking
for certain variable occurrences. In particular, they do not involve any expo-
nential blow-up. Hence, adding these rules and trying to apply them before any
expensive transformation rule (like the explosion rule) is applied, may possibly
increase the efficiency of the algorithm from [B]. But still, the benefit from these
additional rules is by no means clear and a thorough complexity analysis of the



Solving Equational Problems Efficiently 111

algorithm from [f] with and without our transformation rules has to be done
yet.

Finally, also many related questions concerning the complexity of equational for-
mulae have been left out here, e.g.: How does the NP-membership relate to the
non-elementary complexity of equational formulae with arbitrary quantifier pre-
fix (cf. [E])? What happens to the complexity, when restrictions different from
the ones imposed here are considered? In particular, restricting the number of
variables rather than restricting the quantifier prefix to 3* V*, considering DNF
rather than CNF, admitting a finite Herbrand universe, etc.
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Abstract. We present a verifiable symbolic definite integral table look-
up: a system which matches a query, comprising a definite integral with
parameters and side conditions, against an entry in a verifiable table
and uses a call to a library of facts about the reals in the theorem prover
PVS to aid in the transformation of the table entry into an answer.
Our system is able to obtain correct answers in cases where standard
techniques implemented in computer algebra systems fail. We present
the full model of such a system as well as a description of our prototype
implementation showing the efficacy of such a system: for example, the
prototype is able to obtain correct answers in cases where computer
algebra systems [CAS] do not. We extend upon Fateman’s web-based
table by including parametric limits of integration and queries with side
conditions.

1 Introduction

In this paper we present a verifiable symbolic definite integral table look-up:
a system which matches a query, comprising a definite integral with parame-
ters and side conditions, against an entry in a verifiable table, and uses a call
to a library of facts about the reals in the theorem prover PVS to aid in the
transformation of the table entry into an answer. Our system is able to obtain
correct answers in cases where standard techniques, such as those implemented
in the computer algebra systems [CAS] Maple and Mathematica, do not. The
importance of this work lies both in the novelty of verifiable table look up, and,
more generally, as an indication of how theorem proving, particularly embed-
ded verification with library support, can be a valuable tool to support users
of mathematics, such as engineers, who want trusted results with minimal user
interaction. NAG Ltd, the developers of the CAS axiom, brought this problem
to our attention and are interested in including such a system in future projects.

Tables of mathematical formulae have been used by engineers and technicians
for centuries. Inevitably such tables contained errors, sometimes slips of the pen,
sometimes deliberate changes to foil copyists. In many cases accessible high-speed
computation has allowed us to replace tables with on-the-fly calculation. For
example a navigator’s instruments and tables can now be replaced by an efficient
GPS device, or an engineer’s handbook with an “interactive book” based on a

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 112- il 1999.
© Springer-Verlag Berlin Heidelberg 1999
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computer algebra system. However they are not entirely obsolete: the notorious
Pentium bug was due to an error in a look-up table for SRT division, and this
prompted the development by Owre and others of a general framework in the
PVS prover for handling such tables [EIESSA.

Definite integration, or “finding the area under a curve” is traditionally car-
ried out using numerical techniques. However these cannot be used in the pres-
ence of parameters, and it is widely recognised in the computer algebra commu-
nity [BEESIEES that symbolic definite integration in the presence of parameters
is a tricky problem where current algorithms are not adequate and computer
algebra systems can get even very simple examples wrong. Thus table-look up
is recognised as a useful solution, particularly as the answers often contain sub-
tle side conditions. Machine look-up tables have obvious advantages over paper
ones, offering automated pattern matching and simplification, ability to handle
far more complex table entries and side conditions, and interoperability with
other software. In particular web-based tables can be routinely updated with
new results, and allow sharing and reuse of entries which may be complicated to
obtain and are likely to be useful to other practitioners, as well as providing in-
teresting opportunities for investigating user demand (which is often for nothing
more difficult than homework problems). All the published paper look-up tables
contain errors, so verifiable machine look up tables offer a greater possibility of
freedom from error through the use of machine certification of the table entries,
and their verifiable transformation to a correct answer.

In the next section we describe the problem of symbolic integration in more
detail, and indicate why look-up tables are valuable. Section 3 describes the full
concept for a VSDITLU, while Section 4 describes our prototype implementa-
tion, which is able to obtain correct answers in cases where standard techniques,
such as those implemented in Maple and Mathematica, do not. Our prototype
system extends the best available electronic table, Fateman’s web-based table
[EESH], by including parametric limits of integration and queries with side con-
ditions. Section 5 addresses some of the wider issues and places our work in
the context of other recent work on integrating theorem proving and computer
algebra.

2 Symbolic Definite Integration

Thirty years ago an engineer wishing to compute a standard indefinite or definite
integral, and preferring a trusted authority over uncertain high school math
skills, would have turned to books of tables such as Grébner and Hofreiter [EEE3]
or the CRC tables [EEESH]. For example in the four hundred or so pages of
[E523] we find Entry 7 of table 1 Volume I, which expresses an indefinite integral,
or more precisely an antiderivative., in high school math terms “a function whose

! Note that throughout this paper, for a a positive real, v/a denotes the positive square
root of a and Loga denotes the natural logarithm of a. Log denotes the principal
value of the complex logarithm function.
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derivative is (az? + 2bx + ¢)~1”

/(a:z:2 +2bz +¢)7 ! do = (1)

L b— b
og|(az + 217)/(@@”+ Ol 4D forp= VI at,ac <
p

—1
tan ((al’+b)/p)+D forp:\/a0762’ac>62
p
1
__ - 1D f =12
(ax+b)+ or ac

and Entry 2 of Table 13 Volume II, which expresses a definite integral, in high
school math terms “the area under the curve (az? + 2bx + ¢)~! for z between 0
and 17:

1

/(axZJererc)*l dz = (2)
0
L b b —
o8 |( +c+2p)/( +c—p) for p= b2 —ac,ac < b?,c#0
P
tan ! b)/p) — tan~'(b
(@ ¥ D)/p) =8 (O/p) g = oo B e > B
p
a/b(a+b) for ac = b*> > 0,and b/a > 0 or b/a < —1
To evaluate, say
1
/(I2+281n(d)33+1)71 dz for |d| < 7/2 (3)
0

the user matches @ = 1,b = sind, ¢ = 1, observes that as 1 > sin®d the second
case alone applies, simplifies under the constraint |d| < 7/2 the expression in
sin, tan—! that results and obtains the result (7 — 2d)/4 cosd. No understanding
of integration, limits, singularities of the integrand and so on is involved, just
symbol manipulation to render the answer in an acceptable form.

In each case the table entry gives an indefinite or definite integral with respect
to x of an integrand involving real parameters a, b and ¢, with limits of integration
0,1 in Entry B together with certain side conditions on each answer involving
the parameters. Entry Wl is complete: the side conditions partition all possible
values of a, b, c. Entry Blis not complete: it does not cover, for example, the case
¢ = 0, where in fact the integral is undefined. The entries above are correct:
in 1968 Klerer and Grossman [&t=bd]| showed that all current tables contained
a small number of errors, mostly typographical: for example [ZIRUH] contains
a sign error in a version of Entry Bl Notice that while the left hand sides of
equations such as (1), (2) are well-defined functions they may have a wide variety



VSDITLU: A Verifiable Symbolic Definite Integral Table Look-Up 115

of representations: there is no useful notion of canonical form here and so there
are in general many possible ways of expressing the table entries.

Attempts have been made to produce electronic versions of such tables, for
example the CRC Standard Math Interactive CD [Zand3], but this still contains
errors, and does not offer the facilities one might expect, such as automatic
matching and simplification of integrals against user input, or exporting in a
standard interchange format such as OpenMath [QGIAZGH]: not surprising when
several of the formulae seem to be stored only as images! There are at least two
web based look-up tables: Fateman’s [EH] handles symbolic definite integrals
with numeric limits of integration, includes all of the CRC entries without para-
metric limits of integration and is believed to be error free. The Mathematica
table [F2]] is limited to indefinite integrals and calls Mathematica code which
as we shall see often returns incorrect answers.

Symbolic integration algorithms inside computer algebra systems are very
powerful, but as we shall indicate are currently not adequate for symbolic definite
integration: hence the need for look-up tables. It is very easy for a naive user to
get completely wrong answers, or get no answer at all, on input where high school
techniques would find the answer fairly readily. For example even on indefinite
integration Mathematica 3 returns

/xf(‘”l)/(‘”l) dr=""————=2"1/0

where the correct answer is Logz. It returns
/(:1: — b~ dr = Log(xz — b),

without adding the side condition x > b or equivalently using the more familiar
answer Log|(z — b)|. It then evaluates the definite integral as

/(xf 1)~ dz = Log[c — 1] — Log[—1] = Log[c — 1] —ir (4)
0
which gives the correct answer for ¢ < 1 as the two imaginary numbers cancel

out, but a complex number for ¢ > 1, when the correct answer is the real number
Log|c — 1]. For simplified versions of Entry Bl Mathematica 3 returns

/ 1 s — 7tanh71(x/\/c_t).
2 —a Va

(5)

without side conditions: in fact while 1/(z? — a) is defined except where x? =

a > 0, the right hand side of (M) is only defined over the reals for 0 < 2?2 < a,
where it is equal to the expression involving Loga given in Entry ll Called upon
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to evaluate .

1
/x2 — cos(a) d

-1

Mathematica 3 uses Equation (ll) without taking account of the possible sign
change of cos(a) to get completely wrong answers. Maple V [EHecid] performs
similarly. Experts can set additional flags or write further code to avoid some of
these problems, but this is not straightforward for the naive user.

A full explanation for these unexpected results and how to avoid them is
outwith the scope of this paper: they are consequences of implementation com-
promises for what is, despite the simple presentation given in high school, com-
plex and subtle mathematics: see [EESEAISIEE]. Some would seem to be easily
handled by greater care over calls to simplification routines, use of a type system
such as in the computer algebra system axiom [ESS] or correct handling and
propagation of pre- and side-conditions. Others are a consequence of problems in
simplifying expressions in elementary functions., for which there is no canonical
form or decision procedure, or in combining and simplifying parameterised ex-
pressions under constraints: for example the simplifications involved in Equation
(@ defeated Maple and Mathematica.

A more fundamental problem involves the handling of functions over the reals
and the blurring of computer algebra and computer analysis. CAS compute in-
definite integrals by computing antiderivatives using the Risch algorithm, which
involves decomposing the integrand as a sum of partial fractions. This can be
expressed entirely algebraically through the theory of differential rings [Rrali]:
rings with an operator satisfying d(fg) = (df)g + f(dg). The Risch algorithm
computes the antiderivative of a ring element f, that is an element g such that
dg = f, generally over the complexes, where Log and tan~! and so on are defined
as the appropriate antiderivative: thus in this framework answers without side
conditions may be correct.

There is no such framework for handling definite integrals, which are defined
informally as “the area under a curve” and formally as a limitl. In high school
we learn

/f(x) dr = g(c) — g(b), where g is the antiderivative of f (6)
b

and this is the formula Mathematica 3 is using in the examples above. It returns
incorrect results because (@l is false in general: by the Fundamental Theorem of
Calculus it is true if f is defined and continuous in [b, ¢] and there are straight-
forward modifications when f is piecewise continuous in [b, ¢] or undefined at the
endpoints of the interval: of course () may happen to give the right answer if
none of these conditions is satisfied. Thus Mathematica gets ([ll) wrong because

2 Elementary functions are those built up over the reals by combinations of log and
exp, and include the usual trigonometric functions and their inverses
3 For the purposes of this paper we assume the Lebesgue definition of integral.
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1/(z — ¢) is discontinuous at © = ¢ where it has a pole (i.e. it “goes to infin-
ity”), and (@ does not hold for ¢ > 1. A correct symbolic definite integration
procedure needs to work not only algebraically, as in the Risch algorithm, but
analytically as well: treating poles, zeros and domains of definition of elementary
functions such as Log and tan™!, and here computational techniques are far less
well-developed. In particular since continuity is undecidable any algorithm must
work with more tractable stronger pre-conditions: for example using a syntactic
decomposition of the function to check for potential poles [DUDYY].

This illustrates a more general design issue: there are many examples of pro-
cesses, like definite symbolic integration via the Fundamental Theorem of Cal-
culus, where a CAS may be able to compute an answer, sometimes correct, on a
large class of inputs (any function where Risch returns an indefinite integral), be
provably sound on only a subclass of those inputs (where the function is contin-
uous) and be able to check soundness easily on a smaller subclass still (functions
with no potential poles). Thus the suppression of pre- and side-conditions is a
design decision for ease of use. Some CAS such as axiom are cautious: only
giving an answer when pre-conditions are satisfied. Others try and propagate
the side conditions to inform the user, though this can rapidly lead to volumi-
nous output. Mathematica and Maple generally attempt to return an answer
whenever they can and leave to the user the burden of checking correctness.

The general problem of implementing symbolic definite integration is hard,
calls upon many issues in the foundation of analysis and algebra, and involves
both calculation (for example the algebraic factorisation and simplification re-
quired in the Risch algorithm) and proof (to verify the precondition to (@)). A
fully verifiable implementation would involve a fully verified implementation of
the major part of a computer algebra system, as well as several graduate level
textbooks such as [EEaSE].

Davenport [3asl] has described a general plan for symbolic definite compu-
tation: roughly speaking this analyses the function for possible poles, uses these
to decompose the range of integration into components on which the integrand
is continuous, applies the Risch algorithm and the Fundamental Theorem of
Calculus on each component, then combines and simplifies the answers, all in
the presence of parameters. We are currently implementing this using a combi-
nation of symbolic computation and theorem proving and expect better results
than would be presently possible using computer algebra techniques alone. How-
ever this approach, while it is an exciting challenge for theorem proving research,
seems hard to fully automate in general, and does not really solve the problem
of our putative engineer who wishes to replace paper tables with a reliable au-
tomatic machine service, usually handling different instantiations of common
integral schema. Thus we are led to consider the problem of a verifiable sym-
bolic definite integral table look-up, which validates particular table entries and
hence bypasses the difficulty of verifying the integration algorithm or calculating
the correct definite integral.

Indefinite integration, the fundamental theorem of calculus and so forth have
been developed in several theorem provers as part of a development of theories
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of real analysis, for example AUTOMATH [EEX0], Mizar [Lrv/d], HOL-light
[E2xS] and PVS [E9d]. However such a development does not generally enable
us to calculate anything but the simplest integrals. Harrison and Théry [ECS2]
experimented with combining such a development with the use of a computer
algebra system as an oracle to compute indefinite integrals which were then
verified by the prover. However this only helps if the computer algebra system
gets the integral right!

3 The VSDITLU

We describe the principle of the VSDITLU, and our prototype implementation,
and discuss the theorem proving tasks it generates. These can be characterised
as

— validating the table entries, which is generally an expert interactive theorem
proving task

— matching a query against the table

— verifying side conditions to return a result, generally an automated theorem
proving task

We are considering expressions of the form
c
/f(x,pl, .oy Dp)dx
b

where z is a real variable, b, ¢, p1, . . ., pp are realll parameters, and f is a function
over the reals.
The VSDITLU comprises a table of validated entries of the form

/f(l’,pl,...,pn)dIIK,C (7)
b
where f(xz,p1,...,pn) is the integrand and K is a sequence of pairs of the form

(A, R). Informally such a pair denotes that, under the constraints or side condi-
tions R,

/f(xapla"'apn)dx :Aa
b

while C records information to assist in verifying the table entry. More precisely
A is a real expression, or “unknown” or “undefined”, R is a boolean combination
of equalities and pure inequalities over {b, ¢, p1,...,p,} and C is a certificate, a

4 In principle we could include additional type constraints such as integer or rational.
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set of assertions for use in validating the entry. Formally the table entry asserts
that for all values of the parameters b, ¢, p;, and for each (A, R) in K we have

C’/\(R:>/f(x,pl,...,pn)dx:A).
b

A table entry is said to be complete if it covers all possible values of the param-
eters, that is to say {R | (4, R) € K} partitions the parameter space, where R
denotes the solutions of R. As we indicated above even complete table entries
need not be unique. We discuss below the validation of table entries.

Figure 1 shows a typical table entry, omitting the certificates C.

Answer Constraints
0 (b=¢)
defined (@#0)A(b# )N
undefine P _p
- (6=-2)v(e=-D)
/P+qm "= Loglge + p| — Loglgb+p| @# 0N E#OA
' g b# -2y ne#-L)
q q
= (b#¢)A(p#0) A (g=0)
undefined b#c)ANP=0)A(¢g=0)

Fig.1. A Typical VSDITLU Entry

To use the table the user submits a query

/
c

[otathe o pl) dn Q) ®)
b/
where V', ¢, p}, ..., pl, are real valued parameters and () is a boolean combination
of equalities and pure inequalities over {V', ¢/, p, ..., pl,}. The integral is matched

automatically against the integrand of one or more table entries of the form (H) to
obtain a match, or more generally a set of matches, ©. We discuss the matching
in more detail below.

So for example, a user might enter the query:

l
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which the VSDITLU should match against the table entry in Figure 1 with
¢ = {cos(d) — p,2 — ¢, — bym — c}.
Having obtained the matchings, @ and @) are used to return an answer

/
c

g(z,py,...,p)) dz: L
b/
where L is a set of pairs of the form (A’, R’), for A’ a real expressions and R’

a set of constraints. This denotes that for all values of the parameters ¥, ¢, pl,
and for each (A’, R') in L we have

/

(R’AQ):>/g(x,p’1,...,p;L) de=A'.

To solve for L we note first that for any (A, R) € K and 6 € © we have, for
all values of the parameters b, ¢, p}, that

RO — /g(l’,p’l,---,p;) dz = A0,

and hence

/
c

ROAQ— [g(o.pl..ph) do= A9 (9)
b/

and so if K is complete we may take

L={(A6,RONQ)|(A,R) € K,0 € O}.
However if for some 6 and R the set of constraints R6 A @ has no solutions in
b, pi, that is if

=3V, p} . ROAQ, (10)
then (A6, RO A Q) contributes no extra solutions to L, and so we may assume
L={(A0,RONQ)|(A,R) e K,0 €O, ,c,p,. RONQ)}.

Thus each (A4, R) € K gives rise to a possible side condition (), and if this side
condition can be proved (A, R) does not contribute to L. If the side condition
cannot be proved even though the assertion is true, then (A6, RO A @) remains
in L but is redundant.

In our example we have five such side conditions:

-3, m,d.[b=cpAl>3Am >3,
—El,m,d.[(qyéO)A(byéc)A((b:72)\/(0:75))@/\1>3/\m>3,

(b# <b¢f—> (c ¢—§>]¢M>3Am>3,

A ¢) A
ANp#0)A(g= )}(;S/\l>3/\m>3,
Ap=0)A(g=0)]pAl>3Am>3.

-3, m,d.[(¢ #0)

=31, m,d.[(b# ¢)
=31, m,d.[(b# c)
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Of these the second, fourth and fifth are true, essentially as —1 < cos(d) < 1,
and so we obtain the answer

Answer Constraints
T 0 (l=m>3)
/ _ L -
/ cos(d) + 2z Lo |2m + cos(d)]
& 20+ cos(d)|

(l£m)ANI>3)A(m>3)

Notice that for concision we have simplified the constraints R¢p A Q) remaining
in the answer. As before there is no canonical way to do this, though there are
sometimes obvious redundancies and subsumptions to be eliminated.

We now discuss the theorem proving tasks in more detail. Rather than work
with a precise class of functions (for example linear or polynomial), when we
could develop a clear theoretical analysis of the scope and limitations of our
methods, we have deliberately put no restrictions on the real functions that can
occur in the table entries. Matters are undecidable in general, and we necessarily
can only give a rather vague account of the scope of our techniques, trusting
rather on implementing a range of methods which can cover tractably the sort
of input that is likely to occur in practice (not too deeply nested for example).

Validating the Table Entries

To add a new entry to the table it is necessary to provide K and to verify that
the entry is correct. There are two parts to this verification:

— showing that the entry (@) is correct
— showing that the entry is complete

In the previous section we described what would be involved in computing
and verifying an integral from scratch via the Risch algorithm. What we propose
here is more straightforward: we assume that the computation has already been
done, possibly by ad hoc means or by calling upon an existing table, and all
that is required is to validate the result. The certificate C' allows us to provide
auxiliary lemmas to assist in this. Thus for example the part of the certificate
covering the second line of (M) is just the assertion that (ax? + 2bx + ¢)~! is
continuous in [0, 1]. To verify this part of the entry we need first to verify the
indefinite integral of Entry (1) (which we can do by differentiating it), then
to verify the certificate, and then we may invoke the Fundamental Theorem of
Calculus (@) to verify the answer. Nonetheless it is still unlikely that except in the
very simplest of cases this verification could be carried out automatically unless
each certificate included a proof outline drawn up by a domain expert: the proof
needs to call on a rich lemma database of facts about continuity, singularities,
elementary functions and so forth.

We have not yet worked out a format for C' suitable for a production version
of the VSDITLU. It seems likely that proof planning [KKSUH] will be useful
here: the certificate might comprise a full proof plan or a standard template
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with information about poles and so forth for use with a pre-prepared proof
plan.

The second part of this verification involves showing completeness by showing
that {R| (4, R) € K} partitions the parameter space, where R denotes the set
of solutions of R. If the number of cases is small this is a straightforward task
for PVS, particularly if the constraints are linear and fall to its built in linear
arithmetic package. We may reduce the theorem proving task by requiring only
that {R | (A, R) € K} covers the parameter space, in which case we may have
redundancy in our table entry, but it will still cover all cases. We have not
yet addressed the problem of partial subsumption or overlap between different
entries in the table: this comes back again to problems of representation.

Matching. The most general form of matching here is undecidable: we are
working over the reals and so for example x 4 2 needs to match b+x+3, 2 —1/b
2+ b% and z + 1/b% but not & — b? or z — 1/b%. The best we can hope for is a
suite of methods sufficient to cover a wide range of cases: it is common also in
computer algebra systems to make the problem more tractable by pre-processing
functions to a standardised form, for example z + a? is represented as x + ¢ with
the side condition a? = ¢. In addition certain forms, such as sums, tend not to
occur in integral tables as it is assumed the user has pre-processed a query such
as [(f(z) + g(x))dz into separate queries [ f(z)dx, [ g(x)dx. Note also that,
while a query may match several entries, it is sufficient for our purposes to find
a match against one complete table entry to get the required answer.

While there is a rich literature on matching and unification, as far as we know
there is no existing implementation that is entirely adequate for our purposes. In
his look-up table Fateman [EESH] uses pre-processing and stores the integrands
in a particular kind of discrimination tree: matching is performed by a succession
of approximate matches. Dalmas [St=t1], in his work on a deductive database
of mathematical formulae uses a similar data-structure together with a condi-
tional AC-unification algorithm implemented in ML (using logic programming
techniques). Both systems appear to be correct but not complete, that is there
are matches which they fail to find.

Proving the Side Conditions. The side conditions have the form
—3db,c,p; . H

where H is a boolean combination of equalities and strict inequalities involving
real functions over {b, ¢, p1,...,Dn}-

For polynomial functions the problem may be addressed using quantifier
elimination algorithms [B¥a%8| which solve the complementary problem

db,c,p; . H.

Extending these to other functions such as exp or log is currently an active
research area, and in any case these methods are intractable for all but the
smallest examples.
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Thus we turn to theorem provers for reasoning about the reals. This can in-
volve the development of substantial theories as found in textbooks, as was done
in AUTOMATH [E&5X0] and Mizar [{rv(d]. However in practical applications
such as this what is often needed is a library of more low level lemmas unlikely
to be found explicitly in text books, such as Vz . 0 < cos?(z) < 1, together with
a tactic mechanism which allows them to be applied automatically.

Harrison [Ear93] developed a large portion of real analysis in HOL-light,
both major theorems and also setting in place the mechanisms (power-series
and so forth) to prove low-level lemmas about elementary functions. The reals
are constructed by means of Dedekind cuts. By contrast Dutertre [CHEdH] uses
an axiomatic approach, extending the built in axiomatisation of the reals, to
prove results about the reals in PVS, and again proves both major theorems
and more low-level results. Fleuriot [EEESA] has also implemented both classical
and non-standard reals in Isabelle.

4 Our Implementation

Our implementation consists of a front end comprising the table entries and
a matching algorithm: around 2000 lines of Allegro Common Lisp. At present
table entries and calls must be in a fairly strict standard form and we do not do
any additional simplifications or redundancy checks: in principle our front end
could be interfaced to a computer algebra system such as axiom for pre- and
post-processing so as to handle a wider variety of inputs. The standard form
aids the matching which is currently a basic form of AC pattern matching which
makes no attempt to account for the units (1, 0) of the AC operators (+, *). For
a full description see [EEZiEi|. Some of the table entries have been validated
though we have not yet developed the notion of certificate very precisely.

PVS is called through emacs to prove the side conditions and return an
answer. This is intended to be fully automatic: it uses a large lemma database
of elementary facts about the reals, which we have built on top of Dutertre’s
implementation [EEEH], and uses the PVS “grind” command which applies a
brute force search in an attempt to prove the required results. Initially we added
properties of elementary functions as additional axioms on an ad hoc basis, but
after experimenting with this we decided to re-implement Harrison’s work in
PVS to give a basis for proving whatever lemmas we need about elementary
functions. Grind in turn is calling built-in PVS procedures to handle Boolean
combinations and inequalities: if for example the inequalities happen to be linear
a further efficient decision procedure can be called.

Development time was very short: 3-4 person months. Our choice of PVS
was a fairly pragmatic one, based on what system had the best real library
available in August 1998: more recent work in HOL makes it also a suitable
candidate. Our table currently contains six entries and we have been able to
evaluate correctly around 60 examples from a test suite of symbolic definite
integrals that CAS running in a naive mode were unable to evaluate or got
wrong.Our implementation got no answers wrong, but it did sometimes fail to
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return an answer because our matching algorithm was not powerful enough. On
one occasion grind sent PVS into an apparently infinite loop and it was unable
to identify an obvious counter-example to the non-existence of values for the
parameters in a particular theorem.

Some of the integrals in the table are:

c

c b
p 1 -1 l
/x2+a dz (*) /x2+a dz (*) /xtan (x) dz
b b

a

The integrals marked (*) have a complete set of answers. No CAS that we tested
(Maple V, Mathematica 3, axiom and Matlab) was able to consistently produce
full correct answers to these integrals: in fact, all these CAS produce incorrect
answers to some of them.

5 Discussion

The integration of computer algebra and theorem proving has attracted much
research interest recently, in the form of verifying computer algebra algorithms
in theorem provers [ihat], adding inference mechanisms to CAS [=28d], using
proof planning techniques to aid in organising calculations [KlSUE] or arrang-
ing for provers to make calls to CAS [EELSAJECN . either as oracles for results
that are then verified or as trusted components for routine manipulations. We
have argued elsewhere [Marts] that while such endeavours are valuable as con-
tributions to theorem proving research the resulting systems are not necessarily
widely used by mathematicians as they fail to address issues of mathematical
practice: how computational mathematics is actually done.

We have used automated reasoning tools to solve a problem identified by the
computer algebra community, and which current computer algebra systems or
look-up tables did not solve satisfactorily. Our system is designed for users of
mathematics such as engineers, rather than expert mathematicians: such users
want a black box system which solves the problem at hand rather than grappling
with anything that requires user interaction with a theorem prover.

The success of this work leads us to suggest a way forward for the integration
of computer algebra systems and theorem provers: theorem proving technology
could be used to provide a variety of black box components for incorporation into
applications like VSDITLU. Of particular interest would be components that en-
hanced, rather than duplicating, the capabilities of computer algebra systems.
Theorem proving over the reals is a particularly important area as functions over
floating point systems or the reals occur in a variety of engineering and safety
critical applications: for example Dutertre’s work was originally motivated by
an avionics application. We have been using PVS as such a black box for deter-
mining if Boolean combinations of inequations and equations are solvable: other
examples might include matching or unification engines for real functions, which
would replace the somewhat ad-hoc matching algorithm that we implemented,
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engines for determining continuity of a function in a given region or engines for
simplifying expressions in elementary functions.

Acknowledgements

We acknowledge support of the UK EPRSC under grant number GR/L48256 and of
NAG Ltd, and we thank Mike Dewar from NAG for his interest and suggestions, James
Davenport and Richard Fateman for advice on computer algebra, and Bruno Dutertre

for allowing us to extend his code for the reals in PVS.

References

AGLM99. A. A. Adams, H. Gottliebsen, S. A. Linton, and U. Martin. A Verifiable

Brig7.

Bro97.

Bro98.

Bun94.

CCY4.

CL96.

CZ94.

Dav.
dBR&0.

DGH96.

DGW97.

DST93.
Dup98.
Dut96.
EF95.

FE.

Symbolic Definite Integral Table Look-Up. Technical Report CS/99/3, Uni-
versity of St Andrews, 1999.

E. Brinksma, editor. Tools and Algorithms for the Construction and Anal-
ysis of Systems (TACAS ’97). Springer-Verlag LNCS 1217, 1997.

M. Bronstein. Symbolic integration I. Springer-Verlag, Berlin, 1997. Tran-
scendental functions.

C. W. Brown. Simplification of truth-invariant cylindrical algebraic decom-
positions. In Gloor [ES8%5], pages 295-301.

A. Bundy, editor. CADE-12: 12th International Conference on Automated
Deduction: Proceedings. Springer-Verlag LNAI 814, 1994.

J. Calmet and J. A. Campbell, editors. Integrating Symbolic Mathematical
Computation and Artificial Intelligence. Springer-Verlag LNCS 958, 1994.
J. Calmet and C. Limongelli, editors. Design and Implementation of Sym-
bolic Computation Systems, International Symposium, DISCO’96. Springer-
Verlag LNCS 1128, 1996.

E. Clarke and X. Zhao. Combining symbolic computation and theorem
proving: Some problems of Ramanujan. In Bundy [BIS4], pages 758-763.
J. H. Davenport. Really Strong Integration Algorithms. In preparation.
N. G. de Bruijn. A Survey of the Project AUTOMATH. In Seldin and
Hindley [5530|, pages 579-606.

S. Dalmas, M. Gaétano, and C. Huchet. A Deductive Database for Mathe-
matical Formulas. In Calmet and Limongelli [LLSH].

S. Dalmas, M. Gaétano, and S. Watt. An OpenMath 1.0 Implementation.
In Kiichlin [S525, pages 241-248.

J. H. Davenport, Y. Siret, and E. Tournier. Computer algebra. Academic
Press Ltd, London, second edition, 1993.

B. Dupée. Using Computer Algebra to Find Singularities of Elementary
Real Functions. Available from the author, bjd@maths.bath.ac.uk, 1998.
B. Dutertre. Elements of Mathematical Analysis in PVS. In von Wright
et al. [r\/\/(;Huf].

T. Einwohner and R. J. Fateman. Searching techniques for Integral Tables.
In Levelt [EA%H, pages 133-139.

R. J. Fateman and T. Einwohner. TILU Table of Integrals Look Up. Web
Service. 1tTp://nttp.CS.berkelev.edu/ rateman/htest.html.



126 A.

FP98.
GH61.
Glo98.
Har98.
HC94.
Hec96.
HT94.
JS92.
JS94.
KG68.

KK98.

KKS96.
Kiic97.

Lev95.

Mar98.
ORS97.
SHS80.
Sto9l.
Théos.
Try78.

vWGHO96.

Wol.

ZKR96.

Zwi98.

A. Adams et al.

J. Fleuriot and L. Paulson. A combination of nonstandard analysis and ge-
ometry theorem proving with application to Newton’s Principia. In Kirchner
and Kirchner [BEESH|, pages 3-16.

W. Groébner and N. Hofreiter. Integraltafel. Springer-Verlag, Vienna, 1961.
O. Gloor, editor. Proceedings of the 1998 International Symposium on Sym-
bolic and Algebraic Computation. ACM Press, 1998.

J. Harrison. Theorem Proving with the Real Numbers. Springer-Verlag,
1998.

K. Homann and J. Calmet. Combining theorem proving and symbolic math-
ematical computing. In Calmet and Campbell L8], pages 18-29.

A. Heck. Introduction to Maple. Springer-Verlag, New York, second edition,
1996.

J. Harrison and L. Théry. Extending the HOL theorem prover with a com-
puter algebra system to reason about the reals. In Joyce and Seger [1594],
pages 174-185.

R. D. Jenks and R. S. Sutor. AXIOM. Springer-Verlag, 1992.

J. J. Joyce and C-J. H. Seger, editors. Higher order logic theorem proving
and its applications, Berlin, 1994. Springer-Verlag LNCS 780.

M. Klerer and F. Grossman. Error Rates in Tables of Indefinite Integrals.
Journal of the Industrial Mathematics Society, 18:31-62, 1968.

C. Kirchner and H. Kirchner, editors. CADE-15: 15th International Con-
ference on Automated Deduction: Proceedings. Springer-Verlag LNAI 1421,
1998.

M. Kerber, M. Kohlhase, and V. Sorge. Integrating Computer Algebra with
Proof Planning. In Calmet and Limongelli [5SH].

W. W. Kiichlin, editor. Proceedings of the 1997 International Symposium
on Symbolic and Algebraic Computation. ACM Press, 1997.

A. H. M. Levelt, editor. Proceedings of the 6th International Symposium on
Symbolic and Algebraic Computation, ISSAC ’95. Springer-Verlag LNCS
1004, 1995.

U. Martin. Computers, Reasoning and Mathematical Practice. In Compu-
tational Logic, NATO Adv. Sci. Inst. Ser. F Comput. Systems Sci., 1998.
S. Owre, J. Rushby, and N. Shankar. Integration in PVS: Tables, Types,
and Model Checking. In Brinksma [Bndi], pages 366-383.

J. P. Seldin and J. R. Hindley, editors. To H.B. Curry: essays on combina-
tory logic, lambda calculus and formalism. Academic Press, 1980.

D. Stoutemyer. Crimes and misdemeanours in the computer algebra trade.
Notices of the AMS, 38:779-785, 1991.

L. Théry. A Certified Version of Buchberger’s Algorithm. In Kirchner and
Kirchner [BESH], pages 349-364.

A. Trybulec. The Mizar-QC 6000 logic information language. ALCC Bul-
letin, 6:136-140, 1978.

J. von Wright, J. Grundy, and J. Harrison, editors. Theorem Proving in
Higher Order Logics: 9th International Conference. Springer-Verlag LNCS
1125, 1996.

Wolfram Research Inc. The integrator: the power to do integrals as the
world has never seen before, attp://www.1inteerals.cor.

D. Zwillinger, S. G. Krantz, and K. H. Rosen, editors. CRC standard math-
ematical tables and formulae. CRC Press, Boca Raton, FL, 30th edition,
1996.

D. Zwillinger. Standard Math Interactive. CD-ROM, 1998.



A Framework for the Flexible Integration of a
Class of Decision Procedures into Theorem
Provers*

Predrag Janici¢!, Alan Bundy?, and Ian Green?

! Faculty of Mathematics, University of Belgrade
Studentski trg 16, 11 000 Belgrade, Yugoslavia
janicic@matf.bg.ac.yu
2 Division of Informatics, University of Edinburgh
Edinburgh EH1 1HN, Scotland
{A.Bundy,I.Green}@ed.ac.uk

Abstract. The role of decision procedures is often essential in theorem
proving. Decision procedures can reduce the search space of heuristic
components of a prover and increase its abilities. However, in some ap-
plications only a small number of conjectures fall within the scope of
the available decision procedures. Some of these conjectures could in an
informal sense fall ‘just outside’ that scope. In these situations a problem
arises because lemmas have to be invoked or the decision procedure has
to communicate with the heuristic component of a theorem prover. This
problem is also related to the general problem of how to flexibly integrate
decision procedures into heuristic theorem provers. In this paper we ad-
dress such problems and describe a framework for the flexible integration
of decision procedures into other proof methods. The proposed frame-
work can be used in different theorem provers, for different theories and
for different decision procedures. New decision procedures can be simply
‘plugged-in’ to the system. As an illustration, we describe an instantia-
tion of this framework within the Clam proof-planning system, to which
it is well suited. We report on some results using this implementation.

1 Introduction

Decision procedures have a very important role in heuristic theorem provers —
they can reduce the search space of heuristic components of a prover and in-
crease its abilities. Decision procedure can both close a branch in a proof and
reject non-theorems. Some decision procedures are (generally) inefficient, but
even they could increase abilities of a prover. Some decision procedures, such
as a decision procedure for Presburger arithmetic [£3], can have a useful role in
proving some typical conjectures occurring in software and hardware verifica-
tion. In some applications, decision procedures themselves cannot significantly
improve the overall efficiency of a prover; for example, when only a small num-
ber of conjectures fall within the domain of the available decision procedures.
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However, some (or many) of these conjectures could be in a sense “close” to that
domain (see [d]). For instance, the formula

ViVavk (I <min(a) N 0<k — I <maz(a)+k)

is not a Presburger arithmetic formula. Besides, the formula VmaxVminvivk (I <
min A 0 < k — | < maxz + k) obtained by generalising min(a) to min
and maz(«) to maz is a Presburger arithmetic formula, but is not a theorem.
The power of decision procedures can be increased by linking them to heuristic
components of the prover so they can communicate; by using already proved
lemmas and by combining different decision procedures. For instance, in the
given example, if the lemma V¢ (min(§) < maz(£)) is available, it can be used
(with the right instantiation) and lead to VIVaVk (min(a) < maz(a) — (I <
min(a) A 0 <k — [ < max(a)+ k)). After generalisation, we get the formula
Vmaz¥minVIvk (min < max — (I <minA 0 <k — | < max+k)) which can
be proved by the decision procedure for the Presburger arithmetic. Procedures
dealing with such problems are built into most state-of-the-art theorem proving
systems. In [B] there is a description of one such system — a procedure for linear
arithmetic based on Hodes’ algorithm. However, in that paper, implementation
details are mixed up with a description of the underlying algorithm. Moreover,
the system itself depends to a high degree on certain specific data structures and
can hardly be described without these devices. All this makes the system from
[E inapplicable in theories other than linear arithmetic. Besides, even for linear
arithmetic, it is not obvious how a procedure other than that due to Hodes’
could be integrated into the prover.

In this paper we give a kind of rational reconstruction of some of the ap-
proaches presented in [H]. We present a general method that can incorporate dif-
ferent decision procedures into a heuristic theorem prover. This general method
is flexible in its structure and can be used for different decision procedures, for
different theories and in different theorem provers. Within this modular system,
the new decision procedure (with only a syntactical description of a correspond-
ing theory) can be ‘plugged-in’ into a prover without requiring any theoretical
analysis of the corresponding theory. This method is rather general and domain
specific knowledge is encapsulated in smaller subprocedures specialised for cer-
tain theories.

Overview of the Paper. In section B, we give some notation and background;
we introduce the notion of a heaviest non-T -term in section I in section W
we give a description of modules that make up the extended proof method; in
section M we define the proposed general method and in section B we consider
one example from [ in order to illustrate how the proposed method works.
Section @ discusses the termination, the soundness and some other properties of
the proposed method and in section B we give some results of the preliminary
implementation of the method. Section Bl discusses some possible refinements.
In section B we discuss related work and in section &l we draw some final
conclusions.
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2 Background and Notation

Let us define a theory 7 within first order logic with equality. Let T be some fixed
set of types {7;|i € I'}. For each type 7; let V; be a denumerable set of variables
of that type (V; N V; =0 for i # j) and let V = U;c/V;. Let X be a finite set of
function symbols, each having either a type 7, 7 € T (then we call it a constant of
type 7) or a type of the form 7, X7, X. .. X7, — 7 (Tiy,. .-, Ti,, T € T). Let I be
a finite set of predicate symbols, each having a type truth (with members true
and false) or a type of the form 7, X 7, X ...x 7, — truth (r,,...,7, €T).
We define the notion of a 7-term in the following way: function symbols and
variables of type 7 are 7-terms of type 7; if t1,t2,...,t, are 7-terms of types
Tivs Tigy - - - 5 Tij, TeSpectively and a function symbol f € X has a type 7;, X7, X. . .%
Ti, — T, then f(t1,ta,...,t,) is a T-term of type 7; all terms could be obtained
using the first two rules. For a term which is a variable z, the set of free variables
is {z}; for a term f € X the set of free variables is empty; for f(t1,ta,...,t)
the set of free variables is the union of free variables in t1, ts, ..., t,. A T-atomic
formula is either an expression p(t1, to,...,t,) (where t1,ta, ..., t, are 7-terms
of types 7i,, Ty, ..., T, respectively and p € I is a predicate symbol of type
Tiy X Tig X ... X T;, — truth) or an expression t; =, to (where ¢; and to are
T-terms of type 7) or a constant of type truth. For p(t1,ts,...,t,) the set of
free variables is the union of free variables in t1,ts,...,t,; for t; =, t2 the set
of free variables is the union of free variables in ¢; and t. If F} is a 7T-atomic
formula, then it is also a 7 -formula. If F, and Fy are 7-formulae and = € V,
then also Vx Fl, dz Fl, _|F1, (F1 A FQ), (F1 \Y FQ), (F1 — FQ) are 7-formulae.
The set of free variables in Vx F}; and Jx F} is the set of free variables in [}
minus {z}. The set of free variables in —F7 is the set of free variables in Fj.
The set of free variables in (Fy A Fy), (F1 V F3), (Fy — Fb) is the union of
sets of free variables in I} and F5. A 7T-formula with no free variables we call a
closed T -formula or a T -sentence. Further, by 7-formulae we will mean closed
T -formulae (unless stated otherwise). A formula F' is ground if it has no variables.
A formula F is in prenex normal form if it is of the form Q1x1 Q2x2 ...Qrxy F’
where @Q; € {V,3}, x; € V and there are no quantifiers in F’. A formula F is
universally closed if it is of the form V1 Vzo ...Vxg F’ where x; € V and there
are no quantifiers in F’. A formula appearing in a formula F' has a polarity that
is either positive (4) or negative (—). The top-level formula F' being proved
has positive polarity, written F'*. The complement of a polarity p is written
P, defined to be + = — and — = +. Polarity is defined recursively over the
structure of formulae: (=FP)P (if p is the polarity of =F then p is the polarity
of F), (Yo FP)P, (3x FP)P, (FP N FD)P, (FF Vv FY)P, (Ff_’ﬂ Fyyp.

A theory T (or an axiom system T ) is some fixed set of 7-formulae. If a
formula F' can be derived from that set using usual classical logic inference
system we denote that by 7 + F' and we call the formula F' a T -theorem (and
we say that F' is valid in 7). Otherwise, we write 7 I/ F' and we say that F is
inwalid in 7.

Let X¢, II¢ and V° be some finite sets of function, predicate and variable
symbols over some set of types T such that X C X¢ II C [I¢, V C V¢ and
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T C T¢. We define the notions of 7 ¢-term, 7 ¢-atomic formula, 7 ¢-formula and
a theory 7°¢ by analogy. If all formulae of the theory 7 belong to the theory 7°¢,
we say that 7¢ is an extension of the theory 7 (or the theory 7 is a subtheory
of the theory ’Te).l

A theory T is decidable if there is an algorithm (which we call a decision
procedure) such that for an input 7-formula F, it returns true if and only if
7T b F (and returns false otherwise). For a number of decidable theories there
are decision procedures that work using the idea of successive elimination of
quantifiers from formula being proved ([1]). When all quantifiers are eliminated,
the formulae is ground and can be easily reduced to true or false. In this paper,
we will be concerned with this kind of theory.

One of such theories is Presburger Natural Arithmetic (PNA). In this theory,
all variables are of type pnat (from Peano NATurals), X = {0,s,+}, (0 : pnat,
s :pnat — pnat, + : pnat X pnat — pnat), [l = {<,>, <, >} (all the predicate
symbols are of the type pnat x pnat — truth). We write 1 instead of s(0), etc.
Multiplication of a variable by a constant can also be considered as in PNA: nx
is treated as x + - - - + x, where x appears n times. The axioms of PNA are those
of Peano arithmetic without axioms concerning multiplication.

Similarly, we introduce theories Presburger Integer Arithmetic (PIA) and
Presburger Real Arithmetic (PRA)I It was Presburger who first showed that
PIA is decidable [E]. The decidability of PNA can be proved in an analogous
way. PRA is also decidable [E]. The arithmetic with multiplication only is also
decidable. The whole of arithmetic is known to be undecidable.

3 Heaviest Non-7-Term

A conjecture attempted to be proved by some specific decision procedure for
some theory 7 would often “fall just outside its domain”, i.e., a formula F' being
proved could be a 7 ¢-formula, but not a 7-formula. In that case and if IT¢\ IT is
empty, it would mean that F' involves non-7 -terms. For now on, we will assume
I7e\ II = (). Recall that all function symbols from X have either a type T or
a type of the form 7;, x 7, X -+ X 75, — 7, where 7 € T, so the formula F’
obtained in such a manner is a 7-formula.

Definition 1. For T¢-formulae and T©-atomic formulae, we define sets of non-
T -terms in the following way:

— the set of non-T -terms inVx F, 3x F', —F is equal to the set of non-T -terms
in F;

! Note that it can be determined whether a well-formed formula is a 7-formula or a
T °-formula in linear time on the size of a formula.

2 For identical and related theories a number of different terms are used. For instance,
Hodes calls Presburger rational arithmetic a theory FAR — “the elementary theory
of addition on the reals” [H]. Boyer and Moore [] describe a universally quantified
fragment of Presburger rational arithmetic as linear arithmetic (although in fact

they work over the integers); that same theory sometimes goes by the name Bledsoe
real arithmetic.
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— the set of non-T-terms in (Fy N\ Fa), (Fy V F), (F1 — F3) is equal to the
union of sets of non-7T -terms in I and Fy;

— in p(t1,ta, ..., tn), where p € II, the set of non-T -terms is the union of sets
of non-T -terms in terms t;, (j =1,2,...,n);

— in t] =, to, the set of non-T -terms is the set of non-7T -terms is the union
of sets of non-T -terms in terms t;, (j =1,2);

— in true and false the set of non-T -terms is empty.

Definition 2. For 7°-terms, we define sets of non-7-terms in the following
way:

— if t is a T -term, then its set of non-T -terms is empty;

—in f(t1,te,...,tn), where f ¢ X (and n > 0), the set of non-T -terms is
{f(tl, tg, ceey tn)},

—in f(t1,te, ..., tn), where f € X (and n > 0), the set of non-T -terms is the
union of sets of non-T -terms in termst; (7 =1,2,...,n).

In deciding whether a 7 °-formula F' is a theorem, our motivation is to use
a decision procedure for 7 (either by using the decision procedure itself, or in
a combination with some lemmas). Thus we have to somehow transform the
formula F' to some corresponding 7 -formula. We do it by generalisation: in 7 ¢-
formula F', we generalise non-7 -terms (from outside in) by new variables in the
following way: we substitute each non-7-term of a type 7 by a new variable
of the same type and then take the universal closure of the formula F'. Recall
that all function symbols from X have either a type 7 or a type of the form
Tiy X Tiy X -+ X T;, — T, where 7 € T, so the formula F’ obtained in such a man-
ner is a 7-formula (with a possible exception of some redundant quantifiers of
some types not in T'). For instance, the extended Presburger arithmetic formula
Vo (min(a) < maz(a)) (where o has type 1ist of pnats) can be transformed
to VminVmaxVa (min < max) (where min and maz are of type pnats). In
deciding whether F’ is a theorem, we use a decision procedure for 7 by first
eliminating all new variables (either by using the decision procedure itself, or in
a combination with some lemmas). It is preferable to eliminate variables obtained
from the most complicated terms. Thus we have to introduce some total ordering
on 7 ¢-terms. First, we define a function | . | that maps the set of 7°-terms into
the set of natural numbers (it will correspond to the size of a term).

Definition 3. If a T¢-termt is a function symbol of some atomic type T (1 € T')

or a variable, then |t| = 1. If a T¢-term t is of the form f(t1,t2,...,t,), then
n

t[=1+ Zi:l til.

Definition 4. A 7T¢-term ty is heavier than a T¢-term to iff
— ‘tl‘ > ‘tg‘ or

— |t1] = |t2| and a dominant symbol of t1 comes later in the lexicographic
ordering than a dominant symbol of ta or
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— |t1] = |tal, t1 = f(t),th, ... L)), ta = f(t),t5,...,t") and there is a value
kE (1 <k <mn) such that t; and t] are identical terms (for i < k) and t}, is
heavier than t}..

Definition 5. If terms t1 and to are identical or ty is heavier than ti, then
t1 < to.

Definition 6. A T¢-term t is the heaviest non-7-term in some set S of T¢-
terms, if t is a non-T -term and for every non-T -term t' from S it holds t' < t.

The relation < defines a total ordering on the set of 7°¢ terms and this
ordering fulfils the following condition: provided finitely many variables and
function symbols, for each term ¢ there are finitely many terms ¢’ such that ¢’ < ¢.
(This condition is important for the termination of the method proposed.)

4 Simplification Procedures

In this section we describe four procedures for simplification (and for reducing
the number of quantifiers) of 7 ¢-formula being proved. Each of them can be
used in any simplification context, in combination with other components of a
prover and, finally, they can together build an extended proof method for 7. All
of the procedures are applicable just to 7 ¢-formulae.

We assumed that there is a decision procedure for the theory 7 based on the
idea of successive elimination of quantifiers. Thus, let us suppose that there are
available two proceduredl] dealing with 7-formulae — DpE1limOneQuantif iers 4
and DpGround:

— let DpElimOneQuantifier; , be the procedure which transforms a given
non-quantifier free T-formuldl F to prenex normal form, eliminates the inner-
most quantifier (and the corresponding variable) and returns a formula F’ such
that it holds 7 + F iff 7 + F’ and the number of quantifiers in the formula F’
is fewer (or one less) than the number of quantifiers in the formula F.

— let DpGround, be the procedure which for a given ground 7 -formula F
returns true if 7 + F' and returns false if 7 I/ F.

For many decidable theories there are such procedures (Ji&]).

For the following procedures, we restrict our consideration only to universally
quantified conjectures and lemmas.

4.1 Decision Procedure for T

Let the procedure Dps 4 be defined in the following way: if a formula being

proved is ground, then apply DpGround; otherwise, while a formula being proved

is not ground, apply DpElimOneQuantifiers 4.

3 Often these procedures can be also implemented in a flexible way: as the exhaustive
applications of a series of rewrite rule sets (see [H])

4 In F there could be some redundant quantifiers of some types not in 7. This proce-
dure ignores them (but does not eliminate them).
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Note that Dpz , is a decision procedure for theory 7, i.e., Dps 4 reduces a
T-formula F' to true if 7 F F' and to false otherwise.

The decision procedure for the theory 7 defined in this way is more flex-
ible, but usually somewhat slower than some more compact procedures which
avoid unnecessary repetition of some algorithm steps (usually some unnecessary
normalisations). Our extended proof method can also use some other decision
procedure for the theory 7 instead of Dpz 4.

4.2 Elimination of Redundant Quantifier

The procedure ElimRedundantQuantifier for the elimination of a redundant
quantifier is very simple: if there is a redundant quantifier (no matter of what
type) in a 7 °-formula F' being proved, eliminate it.

It is good if there are some rules for theory 7 such that we can use them to
simplify the formula F' before we try to apply ElimRedundantQuantifier. For
instance, in PNA, we can reduce each atomic formula in such a way that it does
not include two occurrences of the same term (for example, k < maz(a)+ k can
be rewritten to 0 < max(a)).

4.3 Elimination of 7-Variables

Let a procedure ElimOneVary 4 be defined in the following way: if F' is a 7°¢-
formula and if there is a variable v which does not appear in non-7-terms of
F, then generalise all its non-7-terms (from outside in), then use the procedure
DpElimOneQuantifier; 4 to eliminate the variable v (and the corresponding
quantifier) and then substitute new variables by the original generalised termsl
(Note that this procedure is applicable to 7-formulae, but it is only sensible to
use this procedure for formulae which are 7 ¢-formulae and not 7-formulae.)

4.4 Elimination of Generalised Non-7-Term Using a Lemma

A procedure ElimGeneralisedTermy 4 is defined (only) for universally quanti-
fied 7 ¢-formulae. It is defined in the following way:

— if a formula F' being proved is a 7 ¢-formula and is not a 7-formula, find the
heaviest non-7 -term ¢ in it;

— find a set A of all (different) atomic formulae (with their polarities) from F
in which ¢ occurs;

® Note that we consider only universally closed formulae, so we can freely reorder
quantifiers (in a formula which is in prenex normal form) and the procedure
DpElimOneQuantifier, , can be used to eliminate any of the quantifiers. In the gen-
eral case, ElimUneVarT,;; would be defined in the following way: if F' is 7 °~-formula in
prenex normal form and if there is a variable v with corresponding quantifier in the
innermost block of the same quantifiers and which does not appear in non-7 -terms of
F, then generalise all its non-7 -terms, use the procedure DpElimOneQuantifier, ,
to eliminate the variable v and then substitute new variables by the original genér—
alised terms.
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— For (::.&Ch member f of the set A, try to find a lemm&. VaiVxs ...V, L; such
that

(i) if ¢’ is the heaviest non-7-terndl in L;, and if it occurs in an atomic for-
mula [, there exists a (most general) substitution ¢; such that dominant
predicates symbols of f and [ match, f and [ have the same polarity
(in F and L; respectively), terms ¢t and ¢’ occur in the same argument
positions (in f and [ respectively) and t = t'¢;.

(ii) all variables in L; are substituted for some 7-terms in F (with corre-
sponding types) by the substitution ¢;;

(iii) the heaviest non-7-term in L;¢; is t/¢;.

— The new current goal is the formulall F v —Ligy V-V ~L;p;; generalise
all its non-7 -terms and then use the procedure DpElimOneQuantifiers, ,
to eliminate the variable v which corresponds to the term ¢; then substitute
new variables for the original generalised terms; return the resulting formula
as a current goal.

5 Extended Proof Method

We restrict our consideration only to universally quantified conjectures and lem-
mas. The extended proof method for the theory 7 (based on its decision proce-
dure) we are proposing is defined in the following way:

(1) if possible (i.e., if there is a redundant quantifier), apply the procedure
ElimRedundantQuantifier and go to step (1); otherwise, go to step (2).
(2) if possible (i.e., if a formula being proved is a 7-formula), use the procedure
Dpy 4:
e if it returns true, then the original conjecture is valid,
e if it returns false and
x the step (4) has not been applied, then the original conjecture is
invalid,

5 We use instances of substitutivity axioms as lemmas, but we can also use them in the

following way: if f is the dominant function symbol of ¢, for each pair f(t1,t2,...,tm)
and f(u1,u2,...,un) of different terms occurring in a formula being proved we use
t1 = uaAta = ua A+ At = um — f(t1,t2,...,tm) =+ f(ui,uz,...,un) as a lemma.

This approach would have a wider scope, but would probably be less efficient.

The motivation is that such lemmas contain information sufficient for proving the
conjecture (although there are no guarantees of that kind).

It is only sensible to search for lemmas which are 7° and are not 7-formulae; any
lemma which is 7 -formulae cannot contain any information that could not be derived
by Dp 4; thus, we search just for lemma with non-7 -terms.

Note that j does not have to be equal to the number of elements of A: for some 7 ¢
conjectures to be proved no lemmas are required — for instance Va Vk (maz(a) <
k VvV maxz(a) > k) can be proved without any lemma. Therefore, even if some of the
lemmas with given properties are not found, it is still sensible to try to prove the
conjecture by means of other lemmas and the theory 7 itself.



Flexible Integration of a Class of Decision Procedures into Theorem Provers 135

x the step (4) has been applied, then return to that point and try to
apply ElimGeneralisedTerms 4 in another ways; if it is not possible,
the extended proof method stops failing to prove or disprove the
conjecture and returns the current goal.

otherwise, go to step (3).

(3) if possible (i.e., if a formula F' being proved is a 7 °-formula and if there is a
variable v which does not appear in non-7-terms of F'), apply the procedure
ElimOneVary 4 and go to step (1); otherwise, go to step (4).

(4) if possible (i.e., if a formula being proved is a 7 ¢-formula and is not a 7-
formula), apply the procedure ElimGeneralisedTerms 4 and go to step (1)
(if ElimGeneralisedTerms 4 can be applied in more than one way, then
keep this position for possible backtracks).

6 Worked Example

Here we consider an example from [B. We use (PNA) as a theory 7 and Cooper’s
algorithm [ as an algorithm A Let {i,4,k,l, ...} be aset of variables of type
prnat and {«, 8,7, ..., } be a set of variables of type 1list of pnats. We consider
the conjecture:

Vivavk (I <min(a) N 0<k — l<maz(a)+k) .

(1a) There are no redundant quantifiers in the conjecture, so go to step (2);

(2a) The conjecture is not a PNA-formula, so go to step (3);

(3a) There is a variable (k) which does not appear in not-PNA-terms (min(«)
and maz(«)); generalize min(a) to min, maz(«) to max and then use the
procedure ElimOneVarpyA,cooper t0 eliminate k from VminVmazVIVavk (I <
min A 0 <k — | <maz+k). We get YminVmazViVa (1 +min <IVI<
max), and after substituting maz by maz(a) and min by min(a) we get
ViVa (1 +min(a) <1VI< maz(a)).

(3b) There is a variable (I) which does not appear in not-PNA-terms (min(«)
and maz(«)); generalize min(a) to min, maz(«) to max and then use the
procedure ElimOneVarpya,cooper to eliminate I from YminvmazVavl (1 +
min < VI < max). We get Vmin¥maxVa (min < max), and after substi-
tuting mazx by maz(a) and min by min(a) we get Va (min(a) < maz(a)).

(4) The heaviest non-PNA-term in Vo (min(a) < max(«)) is min(a). Suppose
that there is a lemma L = V¢ (min(§) < maxz(§)) available. There is a sub-
stitution ¢ = {£ — «} such that (min(a)) = (min(§))¢. All preconditions
of the procedure ElimGeneralisedTermpnya, cooper are fulfilled, so gener-
alise all non-PNA-terms in the formula Va min(a) < maz(a) V ~(min(a) <
maz(a)) — generalise min(a) to min and maz(«) to maz and then use the

19 In the system described in [B] Hodes’ algorithm [H] is used, which is incomplete and
is sound only for universally closed P1A formulae. Experimental results show [E5] that

. . . . 271 . .
Cooper’s decision procedure for PNA, despite its 22°  worst-case complexity, is, for
practical purposes, no worse than one due to Hodes’, so we use Cooper’s procedure
here.
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procedure DpElimOneQuantifierpy 4 cooper 1O eliminate the variable min.
We get Ymax Ya(0 < 0), and after substituting maz by maz (o) we get
Va (0 <0).

(1b) We can eliminate the quantifier Vo as a does not occur in 0 < 0 (using
ElimRedundantQuantifier) and we get 0 <O0.

(2b) 0 < 0is the PNA-formula, so we can use the procedure Dppy 4 cooper Which
returns true. Thus, the conjecture is valid.

7 Properties of Extended Proof Method

Termination. Each of the simplification procedures returns either a formula
with fewer variables than the original formula or the number of variables are
the same, but the heaviest non-7-term in the original formula is heavier than
the heaviest non-7-term in the resulting formula. Since there are finitely many
variables in the formula being proved and since for each non-7-term there are
finitely many non-7 -terms over that set of variables for which it is heavier than,
the simplification procedures can be applied only finitely many times (provided
a finite set of lemmas). Therefore, the described method terminates.

Soundness. We assume that the available procedures DpElimOneQuantifier, ,
and DpGround are complete and sound. Besides, if a formula with non-7 -terms
generalised to variables is proved valid, then the initial formula is valid too.
Therefore, the procedures Dpr 4, ElimRedundantQuantifier and
ElimOneVars 4 are sound.

Let us prove that the procedure ElimGeneralisedTermy 4 is also sound. Let
(VZT')F be a formula being proved, let (V@)L be a lemma and let ¢ be a sub-
stitution that meets the conditions of the procedure ElimGeneralisedTerms 4
(we consider just the simple case with one lemma used; the general case can be
handled similarly). From 7°¢ + (V@)L it followsl 7¢ - (V@) L¢. Let us suppose
that we proved VT (F V =L¢). Thus, 7¢ F (VT )L¢p and T¢ F VT (F V - L¢)
imply 7¢ = VT (Lo A (F V —L¢)) and, further, 7¢ + VT (Lo A F). Finally, it
holds 7¢ VT F, i.e., (VT)F is valid, which is what we wanted to prove.

(For the soundness of the presented extended proof method, it is sufficient
that procedures DpElimOneQuantifier; , and DpGround; are sound. For in-
stance, Hodes’ algorithm can be used for the PNA procedure which would be
sound (and incomplete) for universally closed formulae.)

(In)completeness. We do not make any claims about the completeness of our
extended proof method: we do not see this as a severe weakness since we intend
to exploit this approach in undecidable theories — we are trying to build a
proof method that is successful outside the realm of a decision procedure. In
a certain sense, our approach is complete since it is strictly an extension of
some underlying decision procedure: those formula falling with the scope of that
procedure will be decided correctly.

' We assume that (V@)L is proved valid in 7°.



Flexible Integration of a Class of Decision Procedures into Theorem Provers 137

Efficiency. In the proposed extended proof method there are some unnecessary
repetitions due to the flexible combination of independent modules. However,
these steps (generalisation of non-7-terms, substitutions, some normalisations
etc) can usually be executed in linear time on the size of a current goal and
therefore do not significantly affect the efficiency of the system. Moreover, usually
all steps of the method can be executed in linear time on the size of the formula
being proved. Thus, the complexity of the presented method is dominated by
the complexity of the procedures DpElimOneQuantifiers 4, and DpGround;.
Besides, although the proposed method may seem a bit complicated, it is
generally intended to be used for some simpler conjectures, so the described
steps would be simple and fast. Additionally, we could restrict the use of the
method just to some conjectures for which it is likely that the method will be
successful (for this restriction we could use different heuristic scores or stochastic
scores) and we could use some other techniques (e.g. induction) in other cases.

Flexibility. There is a trade-off between generality and efficiency in building an
extended proof method. The proposed method is built by combining independent
modules which could decrease efficiency, though hopefully not significantly. On
the other hand however, the proposed method has a high degree of generality
and flexibility: in a uniform way it can be used in different theorem provers,
for different theories and for different decision procedures for these theories. It
also does not require any specific data structures (for example, a database of
polynomials). We claim that that potential losses in efficiency are dominated by
these advantages.

8 Implementation and Results

We have made a preliminary implementation of the proposed extended proof
method within the Clam system [[]. We have implemented procedures for p1A
based on Hodes’ algorith and for PIA and PNA based on Cooper’s algorithm.u
These implementations are also flexible and based on the idea of the exhaustive
applications of a series or rewrite rule sets (see [H). This, preliminary version of
the extended proof method successfully proved a number of conjectures. Some
results (obtained on examples from [H]) are given in Table ml we applied the
extended proof method with three different algorithms for Presburger arithmetic
(so, the variable [ is of type integer in la and 1b and of type pnat in 1c etc.).
The lemmas are formulae valid over natural numbers (but can be used in an
adapted form with procedures working over the integers). It can be seen from
the table that all three variants had problems with the third conjecture (the

2 Hodes’ procedure B is the decision procedure for PRA and the algorithm for pIa
based on it is incomplete and is sound only for universally closed PIA formulae.

13 Cooper’s procedure [[] is the decision procedure for P1A, but can be adapted to the
decision procedure for PNA.

14 The extended proof method is implemented in the Clam proof-planning system under
SWI Prolog. Tests are made on a PC486 16Mb, running under Linux. CPU time is
given in seconds.



138 Predrag Janicié¢, Alan Bundy, and Ian Green

[#]T ]A [lemmas | CPU time (s)]
1 [VIVaVvk (I < min(a) N0 < k — | < maz(a) + k)

la|p1A |Hodes’ [V€ (min(§) < maz(§)) 3.56
1b|p1A |Cooper’s|VE (min(§) < maz(§)) 5.32
1c |pNA|Cooper’s|VE (min(§) < maz(§)) 4.11
2 |VIpVItVivpatVe lp + It < mazint A i < It — i + delta(pat, Ip, c) < mazint

2a|pIA |Hodes’ |VaVyVz delta(z,y,z) <y 1.74
2b|p1A |Cooper’s|VaVyVz delta(z,y, z) <y 2.52
2c [PNA|Cooper’s|VaVyVz delta(z,y, z) <y 12.47
3 [VavbVems(c) + ms(a)? + ms(b)? < ms(c) + ms(b)® + 2 - ms(a)? - ms(b) + ms(a)?
3a|pIA [Hodes’ |[Vx 0 < ms(z) ,ViVj0<i—j<i-j 32.35
3b|p1A |Cooper’s|Vax 0 < ms(z) ,ViVj0<i—j<i-j 108.25
3c [PNA|Cooper’s|Ve 0 < ms(z) , ViVj0<i— j<i-j ?
4 |Vav¥bvems(c) + ms(a)® +ms(b)® < ms(c) + ms(b)® + 2 - ms(a)® - ms(b) + ms(a)?
4a|p1A |Hodes’ |ViVj j <ms(i)-j 9.77
4b|p1A |Cooper’s|ViVj j < ms(i) - j 35.49
4c [PNA|Cooper’s|ViVj j < ms(i) - j 3.41
5 VEVIO<kAO<IN2 k+1<2-1—2-k+2<2-1

5a|pIA |Hodes’ /
5b|P1A |Cooper’s 11.27
5¢ |PNA|Cooper’s 1.14

Table 1. Results of the preliminary implementation of the extended proof
method

variant with Cooper’s algorithm for PNA even ran out of the standard stack
size in our system). In this example, lemmas have to be invoked six times and
this leads to very complex intermediate formulae. However, if we change two
lemmas from the third example with one lemma that is sufficient for a proof
(the fourth example), the situation is changed and the system is more efficient.
The explanation is the following: the facts 0 < ms(a) and 0 < ms(b) could not
have been used while the terms ms(a) and ms(b) were not the heaviest non-7-
terms, so the intermediate formulae were very complex (they involved a large
number of formulae 0 < ms(a) and 0 < ms(b)). This was not a problem in the
fourth example. This problem can be avoided in some cases: if the lemma we
use is of the form VT (Hy A --- A Hr — C) then, after instantiation, we can try
to prove the atomic formulae H; (i = 1,..., k) separately and then, in the main
proof we can use just the atomic formula C' (the system [B] uses lemmas in this
way). This approach can significantly increase the performances of the system
in some cases (for instance, for the formula VavbVe ms(c) + ms(a)? + ms(b)? <
ms(c) +ms(b)? +2-ms(a)?-ms(b) +ms(a)?, a speed-up similar to that obtained
in the fourth example would be obtained).

The fourth example also illustrates the fact that Cooper’s procedure for PNA
can be much more efficient than the one for PiA or Hodes’ procedure for PIA.
Thus, it seems that it is sensible to have all these procedures available (while their
ordering could be based on some heuristic scores and adjusted dynamically).
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The fifth conjecture is invalid over reals and cannot be proved by Hodes’
algorithm (and hence by the system presented in [H]), but can be proved by
Cooper’s algorithms for PIA and PNA. Thus, this example demonstrates the util-
ity of having available different procedures for ‘Presburger arithmetic’.

9 Future Work

Some of the ways in which the proposed method could be improved by making
it more general are as follows:

— deal with predicates from I7¢\ IT; this could be done by using lemmas and
generalising to variables of type truth (in a very similar manner we use for
atomic formulae with non-7-terms);

— use substitutivity axioms not only as lemmas;

— broaded scope to non-universally closed formulae;

— use definitions or lemmas about 7°¢ functions and predicates expressed in
terms of the theory 7 (e.g., we can always rewrite double(x) to 2z by using
a lemma Vz (double(x) =pnay 2z) and we can always rewrite = # y to
x <yVy<zx by using a lemma Ve Vy (x £y oz <yVy<x));

Some of the ways in which the efficiency of the proposed method could be im-
proved are the following:

— make the condition (i) in 2l more restricted — try to match whole atomic
formulae f and [ (not just the heaviest non-7-terms); this approach would
be more efficient for come conjectures, but would have smaller scope: e.g.,
within this approach Yavk min(a) < maz(a)+ k could not be proved using
the lemma V¢(min(x) < maz(x));

— preprocess lemmas or use lemmas having some fixed structure (e.g., those of
the form VZ(Hy A -+ A Hi, — C));

In future work we will investigate different ways for improving the presented
extended proof method. We intend to make a more systematic study in order to
find an optimum between generality and efficiency. In future work we also intend
to explore possible combinations of this approach with other ones.

10 Related Work

In the last two decades a lot of effort has been invested into efficient and flex-
ible integration of decision procedures (in particular those for arithmetic) into
general-purpose theorem provers or domain specific systems. Our method is
mostly related to a procedure for linear arithmetic integrated within Boyer and
Moore’s NQTHM [M]. This system is rather efficient, but involves a lot of spe-
cial data structures and the description of the procedure is often given in terms
of these special data-structures rather than in terms of their logical meaning.
Besides, this system is adjusted for Hodes’ algorithm and cannot be used on
some other theory or some other algorithm. It is also incomplete for PNA. Our
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approach is a kind of rational reconstruction of Boyer and Moore’s linear arith-
metic procedure and is also its generalisation in some aspects. There are some
losses in efficiency, but gains are in generality and flexibility.

Several systems are based on [, including Stanford Pascal Verifier [
and STeP [E]. In this approach, decision procedures for disjoint theories are
combined by abstracting terms which fall outside a certain theory and by prop-
agating deduced equalities from one theory to another. Several other systems
are based on ], including pvs [ and EHDM [H§]. In this approach, an ef-
ficient congruence closure procedure is used to handle combinations of ground
equalities involving uninterpreted function symbols, linear arithmetic and arrays.
Congruence closure is used in combination with decision procedures (solvers) for
specific theories (for instance, with a solver for Presburger inequalities). There is
an analysis of Shostak’s algorithm and a partial analysis of an algorithm due to
Nelson and Oppen in []. These approaches focus on combinations of (disjoint)
theories in contrast to extensions of theories (which are not disjoint, but move
outside some syntactically defined class). These systems are rather efficient over
their intended domains, however, the method presented in this paper is more
syntactical in its nature and more suited to a proof-planning environment (such
as embodied in Clam [[]). There is also work on incorporating an arithmetic deci-
sion procedure into a rewrite based prover [ and work in equational reasoning
in resolution and paramodulation based provers [BH].

11 Conclusions

We have presented a method for the flexible integration certain decision proce-
dures into theorem provers. It is partly based on [H], but is more general and more
flexible. The method can be used in different theorem provers, for different the-
ories and for different decision procedures for these theories. Specific knowledge
is encapsulated in smaller submodules and decision procedures can be simply
‘plugged-in’ to the system. This framework is well-suited to the proof-planning
paradigm. We have made a preliminary implementation within the Clam system
and the results are most encouraging. In future work we propose to investigate
different refinements of the method (outlined in section H), including possible
combination with other approaches.
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Abstract. Presenting machine-generated proofs in terms adequate to the needs
of a human audience is a serious challenge. One salient property of
mathematical proofs as typically found in textbooks is that lines of reasoning
are expressed in a rather condensed form by leaving out elementary and easily
inferable, but logically necessary inference steps, while explaining involved
ones in more detail. To date, automated proof presentation techniques are not
able to deal with this issue in an adequate manner. Addressing this problem in
a principled way, we describe an approach that successively enhances a
logically self-contained proof at the assertion level through communicatively
justified modifications of the original line of reasoning. These enhancements
include expansion of involved theorem applications, omission of trivial justifi-
cations, compactification of intermediate inference steps, and broadening the
scope of justifications to support focused argumentation, as in chains of
inequations. Through incorporating these measurements, many proofs are pre-
sented in a shorter and better understandable fashion than in previous
approaches.

1 Introduction

Presenting machine-generated proofs in terms adequate to the needs of a human
audience is a serious challenge. Mathematical proofs as typically found in textbooks
fundamentally differ from machine-generated proofs: they are well-structured and
methodologically organized, they entail focused chains of inferences such as series
of inequations, and they express lines of reasoning in a condensed form by leaving
out elementary and easily inferable, but logically necessary inference steps, while
explaining involved ones in more detail. The last-mentioned property is perhaps one
of the most salient differences to machine-generated proofs. By far, current proof
presentation techniques are not able to deal with this issue in an adequate manner.

In order to produce presentations that better resemble those found in textbooks,
we take into account inferential capabilities and memory limitations of humans. We
do this by introducing communicatively justified and in parts addressee dependent
proof graph enhancements into a logically self-contained proof at the assertion level,
as introduced by Huang [13]. This technique is inspired by cognitive models of pre-
senting texts with inference-rich contents [10, 11], and it is motivated by insights
gained through empirical studies [16, 22, 23]. Proof graph enhancements include
expansion of involved theorem applications, omission of trivial justifications, com-
pactification of intermediate inference steps, and broadening the scope of justifi-
cations to support focused argumentation, as in chains of inequations. The resulting
structure is verbalized by the natural language generator PROVERB [15].

H.Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 142-156, 1999.
© Springer-Verlag Berlin Heidelberg 1999
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This paper is organized as follows: First, we review presentation techniques for
proofs and for other domains with inference-rich contents. Then we motivate our
approach empirically. We follow by outlining the intuitions behind and its basic
functionality. Then we describe the formalization of presentation rules, a central part
in our method. We illustrate the improvements obtained by presenting the solution to
the relatively complex Steamroller problem [21]. Finally, we discuss assumptions
incorporated in our method, computational efforts involved, and potential extensions.

2 Approaches to Proof Presentation in Natural Language

The first attempt to express machine-found proofs in natural language has been
undertaken by Chester [2] in his system EXPOUND. A more recent system is
THINKER [5], which can present natural deduction proofs in varying styles. Apart
from other presentation and structuring methods, ILF [4] is able to produce proofs in
natural language. Embedded in a proof development environment, CtCoq [3] gener-
ates compactified proofs in natural language, by composing text patterns associated
with proof object types. Finally, the system developed in our own research group,
PROVERB [15], expresses machine-found proofs abstracted to the assertional level
[13] and applies linguistically motivated techniques for text planning, generating
referring expressions, and aggregation of propositions with common elements.

In order to produce reasonable proof presentations, many systems describe some
complex inference steps very densely, and they leave certain classes of proof steps
implicit in their output, e.g., CtCoq abstracts from intermediate inference steps reco-
verable from inductive definitions, and PROVERB omits instantiations of axioms.
However, leaving out information on the basis of purely syntactic criteria, as this has
been done so far, easily leads to incoherent and hardly understandable text portions.
In order to get control over the inferability and comprehensibility in presenting
inference steps, an explicit model is required which incorporates semantic and prag-
matic aspects of communication; first steps towards such a model have been under-
taken in [7]. In this paper, we extend this approach significantly.

Unlike in mathematical texts, the significance of inferability is less pronounced in
other domains. Nevertheless, a few methods in the field of natural language gener-
ation try to anticipate a user’s likely inferences and to exploit them by conveying
information indirectly. Zukerman and McConachy [24] select a subset of content
specifications for presentation, thereby exploiting inferable relations expressed in a
taxonomic hierarchy. Green and Carberry [8] aim at the generation of indirect ans-
wers to accomplish complementary discourse goals by modeling potential obstacles
that prevent intended achievements. Horacek [10] attempts to capture inference rela-
tions between generic and referential pieces of knowledge through rules expressing
aspects of conversational implicature [8]. These rules put a good deal of effort in
modeling relevance-driven expectations and communicative preferences typical of
real world but not of abstract domains. The basic mechanism, however, is relevant to
proof presentation. In [11], we have proposed a much simpler version, elaborated for
everyday discourse, threreby enhancing the coverage to chains of inferences, and
supporting argumentation structure reorganization, which we adopt here for our
purposes.
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3 Issues in Presenting Proofs in a Human-Oriented Way

Issues in presenting deductive proofs, as a special case of presenting argumentative
discourse, have attracted a lot of attention in the fields of psychology, linguistics, and
computer science. Central insights relevant to deductive argumentation are:

* Logical consequences of certain kinds of information are preferably conveyed
implicitly through exploiting the discourse context and default expectations.

e Human performance in comprehending deductive syllogisms varies signifi-
cantly from one syllogism to another.

* Empirically observed successful discourse strategies reintroduce logically
redundant information to support the addressee's attention in involved cases.

The study in [22] demonstrates that humans easily uncover missing pieces of infor-
mation left implicit in discourse, provided this information conforms to their expect-
ations in the given context. Similarly to the expectations examined in that study,
which occur frequently in everyday conversations, a number of elementary and very
common inferences are typically left implicit in mathematical texts, too, including
straightforward instantiations, generalizations, and associations justified by domain
knowledge. Moreover, all sorts of texts favor the organization of the material to
convey in coherent and focused argumentation sequences without side-steps, which
is in contrast to the nested structures in automatically generated proofs.

Another presentation aspect is addressed by studies on human comprehension of
deductive syllogisms (see the summary in [16]). These studies have unveiled consi-
derable performance differences among individual syllogisms (in one experiment,
subjects made 91% correct conclusions for modus ponens, 64% for modus tollens,
48% for affirmative disjunction, and 30% for negative disjunction). This effect is
explained by the number of mental models to be maintained in each case — keeping
only one model in mind, as for modus ponens, is significantly easier than the two
models needed for the other syllogisms (or three, for inclusive disjunction).

Finally, the elaborate essay in [23] presents a number of hypotheses about the
impacts human resource limits in attentional capacity and in inferential capacity have
on dialog strategies. These hypotheses are acquired from extensive empirical
analysis of naturally occurring dialogs and, to a certain extent, statistically
confirmed. Two of them are the following: (1) an increasing number of logically
redundant assertions to make an inference explicit are made, in dependency of how
hard and important an inference is (modus tollens being an example for a hard
inference), and (2) the need to make discourse objects salient prior to referring to
them, if they are not salient yet.

In the following, we demonstrate that these crucial issues in presenting deductive
reasoning are insufficiently captured by current techniques. By some typical
examples, we discuss deficits in the automatically produced proof presentations,
necessary changes, and suitable measurements to achieve these improvements.
Consider the portions of straightforwardly presented proofs produced by an earlier
version of PROVERB, (texts (1) to (3) in Figure 1), each of which can be improved
significantly, as demonstrated by texts (1') to (3"), correspondingly. Texts (1) and (2)
should be presented more concisely, while parts of text (3) require more explanation.
In (1'), the addressees' knowledge about definitions (here, concerning equivalence
relations), and their capabilities to mentally perform some sort of simple inference
steps such as 'and'-eliminations and elementary substitutions are exploited. In (2'),
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(1) ,.Let pbe an equivalence relation. Therefore we have p is reflexive, we have pis
symmetric, and we have p is transitive. Then we have p is symmetric and we
have pis reflexive. Then Vx: x p x. Thus we have hyy, p hgyp. ...

(1" ,,Let p be an equivalence relation. Thus we have gy, p hgyy. ...

(2) ,Let 1 < a. Since lemma 1.10 holds, 0 < a'. Since 1 < a holds and '<' is
monotone, 1a"' < aa’' holds. a”' < aa™* because of the unit element of K. aa” = 1
because of the inverse element of K for a # 0. Thus al<1s

(2") ,Let1<a. Since lemma 1.10 holds, 0 < a' Theno<a'=1a" <aa’

=1.

(3) ,Let p be a transitive relation and let - (a pb). Let us assume that ¢ pb. Hence
we have - (a pc).”

(3" ,,Let p be a transitive relation and let - (a p b). Let us assume that ¢ pb. Since p
is transitive, = (a pb) implies that = (a pc) or = (¢ pb) holds. Since we have
s (apb)and c pb, - (a pc) follows.”

Fig. 1. Straightforwardly presented proof portions and suitable improvements

the compact notation format for series of inequations is used. In order for this
presentation to be understood by the intended audience, the addressees must be
acquainted with the axioms applied (here: monotony, unit and inverse elements), and
capable of mentally inferring the exact place where they apply. In (3'), the involved
application of the transitivity axiom is exposed more explicitly through separating
the descriptions of the instantiation of the theorem (in reversed direction as a modus
tollens) from the disjunction elimination inference, thereby reintroducing the facts
not mentioned in immediately preceding utterance parts. Altogether, these examples
show some crucial deficits in current proof presentation techniques:

* A large number of easily inferable inference steps is expressed explicitly.
* Fluent presentations of homogeneous reasoning lines are insufficiently used.
* Involved inferences, though hard to understand, are presented in single shots.

The first deficit suggests the omission of contextually inferable elements in the proof
graph, the second one calls for regrouping portions of the underlying argumentation
structure, and the third one demands the expansion of compound inference steps into
simpler parts. These aims are ambitious, and their pursual requires the development
of new, well-informed techniques, to which we contribute in the following sections.

4  Obtaining Concise and Informative Proof Presentations

In order to obtain presentations similar to (1'), (2'), and (3') in Figure 1, we propose
the application of an optimization process that enhances an automatically generated
proof at the assertional level. Through this process, pragmatically motivated
expansions, omissions, short-cuts, and reorderings are introduced, and the audience
is assumed to be able to mentally reconstruct the details omitted with reasonable
effort. In a nutshell, the modified proof graph is built through four subprocesses:



146 Helmut Horacek

1. Building expansions
Compound assertion level steps are expanded into elementary applications
of deductive syllogisms, while marking the original larger steps as
summaries.

2. Introducing omissions and short-cuts
Shorter lines of reasoning are introduced by skipping individual reasoning
steps, through omitting justifications (marked as inferable) and intermediate
reasoning steps (marking the ‘indirect’ justifications as short-cuts).

3. Reorganizing the argumentation structure
In order to encapsulate subproofs for building lemmata, embedded justifi-
cations are regrouped by copying them to a place in the proof graph with a
more general scope. In their original place, they are marked as co-
references.

4. Selecting the information to convey
Content selection is done by: avoiding summaries, omitting inferables,
pursuing the closest short-cuts, and excluding justifications of co-references.

The selected path in the proof graph is ultimately expressed in natural language by
PROVERSB. In the following, we explain subprocesses 1 to 3 in more detail.

The purpose underlying the expansion of assertion levels steps is to decompose
presentations of complex theorem applications or involved applications of standard
theorems into easier comprehensible pieces. This operation is motivated by perform-
ance difficulties humans typically have in comparable discourse situations. At first,
assertion level steps are completely expanded to the natural deduction (ND) level
according to the method described in [12]. Thereafter, a partial recomposition of
ND-steps into inference steps encapsulating the harder comprehensible deductive
syllogisms, modus tollens and disjunction elimination steps, is performed, in case the
sequence of ND rules in the entire assertion level step contains more than one of
these. To do this, the sequence of ND rules is broken after each but the last
occurence of a modus tollens or disjunction elimination, and the resulting subse-
quences of ND-steps are composed into a sequence of reasoning steps at some sort of
partial assertion level. This sequence is then inserted in the proof graph as a po-
tential substitute for the original assertion level step, which is marked as a summary.
An example for such an expansion and partial recomposition is shown in Figure 2
(VE, = E, E, and NR stand for the ND rules, forall-elimination, implication elimin-

ation, disjunction elimination, and natural rewrite, respectively). If b p c and = (a p¢)
hold for a transitive relation p, = (a pb) is derivable by a single assertion level step
((1) in Figure 2). Through expansion to the ND level ((2) in Figure 2) and re-
composition encompassing deductive syllogisms ((3) in Figure 2), the modus tollens
inference step "- (a p¢) implies = (a p b) or = (b pc)" is separated from the disjunction
elimination "Thus, b pc yields = (a pb)". Note that, in contrast to modus tollens,
modus ponens would be composed with disjunction elimination into a single step at
the partial assertion level. For example, an application of the rule Va: ((n €Z\{0}) =
((n>0) v (n<0))) to the premises (n € Z\{0}) and - (n < 0) is presented in one step.

Unlike expanding summaries, creating omissions, short-cuts, and reorganizations
is driven by communicatively motivated presentation rules. They express aspects of
human reasoning capabilities with regard to contextually motivated inferability of
pieces of information on the basis of explicitly mentioned facts and relevant
background knowledge [9]. These rules provide an interface to stored assumptions
about the intended audience. They describe the following sorts of situations:
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Vxyz: (X py AYP2) =X P2) agertion, - (a pc), b pe Yxyz (Xpyayp)=xp2) Vg

(1) “(apb) (apbrbpoy=apc ~g, _ (apc)
Vxyz: (xpyAypz)=xp )Moduslollens,_'(dpc) (2) 2lapbnrbpon
3) “_(QMM)vE,bpc “_(QMM)vE,bpc
“(apb) “(apb)

Fig. 2. An involved assertion level inference at several degrees of abstraction

Cut-prop-rule — omission of a proposition (premise) appearing as a justification
Cut-rule-rule — omission of a rule (axiom instance) appearing as a justification
Compactification-rule — short-cut by omitting an intermediate inference step
Restructuring-rule — giving a justification more general scope in the proof graph

The first three rules, the reduction rules, aim at omitting a justification that the audi-
ence is considered to be able to infer from the remaining justifications of the same
line of the proof, or even at omitting an entire assertion level step that is considered
inferable from the adjacent inference steps. In order for these rules to apply success-
fully, presentation preferences and conditions about the addressees' knowledge and
inferential capabilities are checked, which is explained in the following section.

The functionality of the reduction rules can be explained by a simple example. If
trivial facts, such as 0 < 1, or axioms assumed to be known to the audience, such as
transitivity, appear in the set of justifications of some inference step, they are marked
as inferable (0 < 1 through the Cut-prop-rule, and transitivity through the Cut-rule-
rule). Consequently, the derivation of 0 < a can simply be explained by 1 < a to an
informed audience. Moreover, single facts appearing as the only non-inferable
justification are candidates for being omitted through applying the Compactification-
rule. If, for instance, 0 < a is the only non-inferable justification of 0 # a, and 0 < q, in
turn, has only one non-inferable justification, 1 < a, the coherence maintaining
similarity between 0 < @ and 1 < a permits omitting 0 < « in the argumentative chain.
Altogether, 0 # a can be explained concisely by 1 < a to an informed audience.

The purpose of the Restructuring-rule is to obtain focused lines of reasoning, by
making nested justifications of some proof line self-contained. This requirement is
motivated by the applicability of special presentation modes, such as building chains
of inequations, and it is also suitable for multiple referred justifications. Applying
this rule causes a premise P, which is required to be self-contained in some proof line
L, to be inserted as an additional justification in a proof line L, justified directly or
indirectly by L;. Moreover, P is marked as co-reference in the scope of L.

The presentation rules are matched against proof lines in three processing cycles.
In each cycle, the proof graph is traversed by starting from its leaf nodes and
successively continuing to the root node, without back-tracking (that is, some sort of
inverse depth-first search is invoked): In cycle one, the Cut-prop-rule and the Cut-
rule-rule are applied, marking locally inferable justifications. In cycle two, the
Compactification-rule is invoked, adding alternative justifications through short-cuts,
on the basis of the inferables, and in cycle (3) the Restructuring-rule is applied. This
order takes into account dependencies among the rules. It is also reasonably efficient,
since only short-cuts require processing alternative lines of reasoning.
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5 Formalization of the Presentation Rules

In this section, we illustrate the formalization of the presentation rules, which consti-
tute the key part of our method. These rules are adopted from the domain-indepen-
dent formulation given in [11], where they operate on rhetorical structure theory
(RST) [17] trees. RST trees are mostly binary trees, where each junction is associ-
ated with semantics through a rhetorical relation. Despite different organization prin-
ciples, there is an easy mapping from RST trees onto proof graphs. For our purposes,
we reformulate the presentation rules for proof graphs, and we incorporate inter-
pretations of the parts expressing presentation knowledge that are specific to mathe-
matical proofs. In the following, we explain the interfaces of the presentation rules to
the proof graph and to presentation-specific knowledge. Then we give the forma-
lization of these rules in detail, thereby illustrating their effect by a typical example.
Finally, we discuss the domain-specific formalization of presentation knowledge.

For interfacing the proof graph, we assume the availability of information for
each proof line as in the £2-system [1], including the formula concluded and a set of
justifications pointing to other lines. We slightly extend this representation here:

* Individuals and sets of justifications may be associated with marks that
express one of the special states Chainable for proof lines (introduced by the
method in [6], aiming at focused argumentation), Summary for justification
sets, and Inferable, Short-cut, and Co-reference for individual justifications.

* We enhance the implicitly conjoined set of justifications to disjunctions of
such sets for alternative justifications (including summaries and short-cuts).

The presentation rules make use of several functions operating on the lines of the
proof graph by providing access to their elements (see Table 1). The MAIN-TERM in
a set of justifications can be viewed as a premise, too, but its contextual inferability
by humans differs from that of ordinary premises. In the (2-system, this term is
always put in the same prominent position by the methods creating the proof lines,
so that it can easily be accessed. In addition to these proof graph access functions,
the presentation rules contain some predicates that express mental capabilities of the
audience, namely the attentional state (AWARE-OF) and inferential skills (ABLE-
INFER and COHERENT), as well as addressee-independent presentation preferences
(NO-EXTEND). Finally, we use the non-deterministic choice-function ONE-OF in
order to select list elements, which is applied to proof lines, justifications, and pre-
mises.

CONCLUSION(L)  the formula which is derived through proof line L

EXPLAINS(L) the set of proof lines justified by line L

JUSTIFICATIONS(L) the alternative justification sets for the conclusion of line L
PREMISES(L,J) the set of ordinary premises in the justification set J of line L
MAIN-TERM(L,J) the main term among the justifications in set J in line L
GENERIC(L) the generic form of an axiom if line L is an instance of it
AXIOM(L) the name of the axiom if line L is an instance of it
STATES(L,J,P) states of premise P in the scope of justification set J in line L
STATE(L,[J]) a special state of line L or of its justification set J, respectively

Table 1. Access functions to elements of a proof graph
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Selection variables used by all presentation rules

SEL:

SEL:

CND:
ACT:

SEL:

CND:
ACT:

SEL:

CND:
ACT:

SEL:

ACT:

L < <current-line-of-proof>, C <~ CONCLUSION(L),
J <= ONE-OF({L;/(L; € JUSTIFICATIONS(L)) A (STATE(L,]) - Summary)}),

P <~ PREMISES(L,J), T <~ MAIN-TERM(L,J)

Definition of the Cut-prop-rule
P; <~ ONE-OF(P), F; <~ CONCLUSION(P)),
R < CONCLUSION(T), F < {CONCLUSION(P)IP; € (P\ P;)}
AWARE-OF(User,F;) A ABLE-INFER(User,R,F,C,F)
STATES(L,J,P;) <~ STATES(L,J,P;) U Inferable

Definition of the Cut-rule-rule
R <= CONCLUSION(T),
F < {CONCLUSION(P,)I(P; € P) A — (Inferable € STATES(L,J,P)))}
AWARE-OF(User, AXIOM(T)) A ABLE-INFER(User,R,F,C,R)
STATES(L,J,T) <~ STATES(L,J,T) U Inferable

Definition of the Compactification-rule
F < {CONCLUSION(P)I(P; € P) A - (Inferable € STATES(L.J,P))},
E < EXPLAINS(L), E; < ONE-OF(E),
Jg < {J)(J; € JUSTIFICATIONS(E;)) A (L € PREMISES(E,.I))}

- (STATE(L) = Chainable) A (Inferable € STATES(L,J,T)) A COHERENT(User,C,F)
JN < UP; € P:SUBST(L,P;,JE ), JUSTIFICATIONS(E ) - JUSTIFICATIONS(E ))U Jp,

VJ, € JUSTIFICATIONS(E,).P, € P: STATES(E,,J;,P;) <~ STATES(E,.J;,P;) U Short-cut

Definition of the Restructuring-Rule
P, < ONE-OF(P) CND: NO-EXPAND(L) v NO-EXPAND(L,J,P))
N < MIN({I| (E; = (EXPLAINS°ONE-OF)! (L)) A = (NO-EXPAND(E)) A NO- EXPAND
(E; , ONE-OF(JUSTIFICATIONS(E))),P)))}), E; <~ (EXPLAINS°ONE-OF)N (L),
Jg < {JA(J; € JUSTIFICATIONS(E))) A (L € PREMISES(E,.D))},
Vs e Jg: PREMISES(E,,J;) < PREMISES(E,.J;) U {P,},
STATES(L.J,P;) < STATES(L.J,P;) U Co-reference

Fig. 3. Formalization of the presentation rules

The presentation rules themselves are organized in three components (see Figure 3):

a selection set (SEL), which accesses elements of the current proof line and
related ones for consistent access to unique justification sets and premises,
the application conditions (CND), which are evaluated against relevant
portions of the proof graph and the presentation knowledge, and

the action (ACT) to be performed if the application conditions are fulfilled.
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Line Conclusion Main Term Premises
L1 Fol<a
Ly |— (O<1Al<a)—>0<a {{Axiom: Transitivity of <} }
L3 F 0<a—>0=a {{ Axiom: Trichotomy of <}}
Lg |— O#£a—> aa_l =1 {{Axiom: Inverse Element of K}}
Ls F o<1 {{Lemma}}
Lo F 0<a L2 fInferable)  L1L5 fInferable)})
L7 F 0#a {{L3 {Inferablej, L6},
{L3 {Inferable), LI {Short-cut}!}
L§ Chainable F a_l < aa_l <Main Term> <Premises>
L9 Chainable F aat =1 {{L4 {Inferable), L7 {Co-reference}}s
{Lyg {Inferable}, LI[Co—reference,Short—cut}} }
L1o Foal < {{Lg Lo,L7},
{Lg Lo.L {Short-cut}}}

Fig. 4. A partial proof graph representation, modified by the presentation rules

We explain the generic patterns of these rules in Figure 3, and we demonstrate their
effects on the partial proof shown in Figure 4, with modifications printed in italics.
The Cut-prop-rule applies to the attainment of a conclusion (C) from a rule (7,
main term) and some premises (P). Moreover, the addressee is aware of one of the
premises P; and is able to infer the necessity of P; in order to make that inference (F;
is the associated formula). Hence, he/she can be assumed to understand the deri-
vation of C without explicit information about P;. In Figure 4, this applies to premise
L5 (0 < 1) in Lg. If the addressee is aware of 0 < 1, and is able to conclude 0 < a given
l<aand (0< 1A 1<a)— 0<a, premise Ls in the scope of Ly is marked as Inferable.
The Cut-rule-rule applies to the attainment of a conclusion (C) from an
instantiated rule (7) and some premises (P). If the addressee is aware of that rule
(AXIOM(T)) and can infer the instantiated form 7 from the premises not considered
inferable, then he/she can be assumed to understand that inference from these
premises alone. In Figure 4, this applies to lines Lg, L; and L. If the addressee can
infer that (1) 0 < a in Lg is concluded from 1 < a through transitivity (Ls being already
marked as Inferable), (2) 0 # a is concluded from 0 < a in L, through trichotomy, and

3) aa’ = 1in Ly is concluded from 0 # a through the inverse, then L,, L3, and L, in
the scope of the lines L¢, L7, and Lo, correspondingly, are marked as Inferable.

The Compactification-rule applies to two nested and partial justifications (L and
P) of a proposition (E;). If the addressee can infer L from P alone, and the associated
formulas, C and F, are coherent, then the addressee can be assumed to understand E;
directly through P without L. In Figure 4, this applies to a sequence of two infer-
ences. 0 # a is inferable through 0 < a (in L;), which, in turn, is inferable through 1 <
a(in Lg). If 0 < a and 1 < a are considered coherent, 1 < a justifies 0 # a directly.

Finally, the Restructuring-rule applies to a proof line L whose premises (or one of
them, in case multiple reference motivates restructuring) should not be expanded in
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AWARE-OF (User,T)::= IN-GENERAL-OR-PROBLEM-SPECIFC-KNOWLEDGE(User,T)

ABLE-INFER(User,M,P,C,U)::=(((U = M) A INSTANTIATED(COMPOSE(PUC,M))) \,
((U € P) A INSTANTIATED(COMPOSE((P\ U)UC,M)))) A
MATCH(ONE-OF(ABSTRACTED(User,M)),GENERIC(M))
COHERENT(User,F,G)::= (IGI > 1) A (A G, € G:G;) = F)) v/
((IGI = 1) A (G, € G) A (SUBFORMULA(F,G) v
MATCH(ONE-OF(ABSTRACTED(User, F)),ONE-OF(ABSTRACTED(USER, G )))\,
(GENERALIZATION(F,G,;) A AWARE-OF(User, GENERALIZATION(F,G)))) v/
(INSTANCE(F,G;) A AWARE-OF(User,INSTANCE(F,G))))))

NO-EXPAND(L)::= STATE(L) = Chainable
NO-EXPAND(L,J,P)::= 0 < [IEXPLAINS(P) \ {S| § € (JUSTIFICATIONSoONE-OFe¢
PREMISESOONE-OF)*(L) U (JUSTIFICATIONSOONE-OFOMAIN-TERM)*(L)) H

Fig. 5. Interpretations of the mental capabilities and presentation preferences

describing L. These premises are marked as Co-reference and are copied to the
‘nearest’ line explained indirectly by L, in which expansion is suitable. In Figure 4,
this applies to Lo, marked as Chainable, so that each of the alternative premises L (1
< a) and Ly (0 # a) are marked as Co-reference in Lo and copied to the premises of L.

So far, we have silently assumed the predicates expressing mental capabilities of
the audience and presentation knowledge to evaluate as desired. In the third and last
part of this section, we describe domain-specific interpretations of the relevant predi-
cates AWARE-OF, ABLE-INFER, COHERENT, and NO-EXPAND. The interpretations
of the three predicates expressing mental capabilities are grounded in two predicates
MATCH and INSTANTIATED and two functions COMPOSE and ABSTRACTED, the
degree of variation of the latter being adaptable to parameters in a user model:

COMPOSE(F,G) — substitutes a set of subformulas F into the formula G from
which the elements of F were obtained, so that each variable in G not
covered by one of the subformulas is replaced by a meta-variable.

ABSTRACTED(User,F) — Formula F is abstracted from instantiations made when
generating it. Depending on addressee specific parameters, such an
abstraction is typically more complex than mere replacements of variables
by meta-variables. For example, constants are replaced by a special
placeholder, variables are combined with constant factors or certain

operators into meta-variables, e.g., 2*a or a” into v rather than 2% or v,
respectively (v being a meta-variable), or certain operators may be
generalized (e.g., '<' and '=' into 'comparison operator'). These criteria are
motivated by book proof presentations. Thus, ABSTRACTED may yield
several solutions, which are tested one after the other in conditions that
contain ABSTRACTED, starting with the simplest one, until a successful
match is obtained or all variants fail.

MATCH(F,G) — an abstracted formula F matches with constants and variables in a
formula G or is identical to another abstracted formula G but for namings.

INSTANTIATED(F) — all meta-variables in a formula are instantiated.
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For assessing the addressee’s awareness (AWARE-OF), we test whether a piece of
knowledge required is entailed in a list of theorems, definitions, and hierarchical
relations assumed to be known to the addressee, which is expressed in a user model
as simple stereotypes (see [7]). In Figure 4, this comprises the axioms of transitivity,
trichotomy, and inverse, and elementary ordering relations between constants. The
underlying simplifying assumption is that being acquainted with some piece of
generic knowledge is sufficient to be aware of it in the course of the entire proof.

The inferential capabilities (ABLE-INFER) express whether a user is able to infer
an unknown piece of knowledge U, given a valid conclusion C from a main term M
and some premises P, without the unknown part U. In logical terms, the addressee
must be able to infer (P,fI-C) = (f->M)if U=M, and (PAUM,fI-C) = (Ff>U)if U
e P. These inferences are approximated by the requirements that (1) composing the
information given is sufficient to fully instantiate the entire inference step, and (2)
matching the instantiated and ABSTRACTED rule M with its generic form is within
the complexity limitations that the addressee is assumed to be able to handle. =

Coherence manifests itself in leaving implicit direct’ causes in the sense of [22]
rather than ’indirect’ ones, which require significantly more reasoning effort. In the
model of expert system explanations [10], this aspect is assessed by the purposes of
arguments. For mathematical proofs, we assess this coherence aspect by comparing
the structure of the terms considered, F and G. If the set of terms G consists of more
than one element, then a conjunction of its elements must yield F. Otherwise, the
single element of G, once ABSTRACTED, must be either equal to F, or it must be a
SUBFORMULA, an INSTANTIATION, or a GENERALIZATION of it. In Figure 4, the
coherence between 0 # a, 0 < a and 1 < a holds due to abstraction.

Finally, NO-EXPAND expresses the superiority of presenting an assertion without
justifications of its premises in the local proof context. This preference is present for
all premises if the proof line L is marked as Chainable, that is, it needs to be self-
contained or if, for a specific premise, this assertion appears as a justification in at
least one proof line which is neither a direct nor an indirect justification of line L.

6 Improvements Obtained in a More Complex Example

In order to illustrate the functionality of our presentation rules in a larger context, we
demonstrate how the Steamroller problem [21] is treated by our methods. The
problem definition consists of several pieces of ’simplified’ real world knowledge,
from which the theorem below is to be proven (see the upper part of Figure 6).

In a nutshell, the proof runs along the following lines: Through applying the
axiom about the eating habits of animals three times, it is first derived that birds eat
plants, then that foxes do not eat grains and, finally, that foxes eat the smaller grain-
eating birds, the last being the example needed to prove the theorem in this problem.

The proof graph obtained by applying the theorem prover OTTER [19] and trans-
forming the result to the assertion level consists of 51 nodes. Without the new
presentation techniques, PROVERB produces a full page of text from this proof
graph, which we believe is pretty much comparable in length to what other systems
would do. This text contains many trivially inferable reasoning steps, mostly cate-
gorial ones, generalizations, and instantiations. In addition, the assertion level, which
supports generating concise and more natural texts, leads to a particular problem
here, since it only provides condensed descriptions of the three key inference steps.
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Problem definition:

(1) Wolves, foxes, birds, caterpillars, and snails are animals, and there are some of
each of them. Also there are some grains, and grains are plants.

(2) Every animal either likes to eat all plants (2a) or
all animals smaller than itself that like to eat some plants (2b).

(3) Caterpillars and snails are smaller than birds, which are smaller than foxes,
which are smaller than wolves. Wolves do not like to eat foxes or grains, while
birds like to eat caterpillars, but not snails. Caterpillars and snails like to eat
plants.

(4) Therefore there is an animal that likes to eat a grain-eating animal. (Theorem)

EATS(w.g) ¥ (EATS(f.9) A (f < w)) = EATS(W.) agsertion, -EATS(w,g), -EATS(W.f), f < w
-EATS(f,g) (Assertion level)

EATS(w.g) V(EATS(f.8) A (< w)) = EATS(w)) v, EATS(w.g)
(EATS(fR) A (f< W)) = EATS(W f) Modus tollens, —\EATS(WJ)

“EATS(f.g) Y= (F<w) Ve, f<w (Partial assertion level)
~EATS(f.2)
Line Conclusion Main Term Premises
L; b Vxy: (SNAIL(x) A PLANT(y)) = EATS(x,y)) {{Lemma}}
L, |} SNAIL(s) {{Hypothesis} }
L; | GRAIN(g) { {Hypothesis} }
L, | Vx (GRAIN(x) = PLANT(x)) {{Lemma /1,erapie)} )
Ls | GRAIN(g) = PLANT(g) UL finferavie) )
Le | PLANT(g) {{Ls jinferavte) L3}}
L; | (SNAIL(s) A PLANT(g)) = EATS(s.g) {{L1 tinferavie;}}
Ly | SNAIL(s) A PLANT(g) {{L, Le},
/LZ L3 {Short-cut}}}
Ly | EATS(s.¢) HL, Lg},
{L; Ly (Short-cut)sL6 (Short-cutphs
{L; Ly (Short-cut)sL3 (Short-cutphs
(L] finferable,Short-cut) Lg},
(L1 {inferable,Short-cut) Ly (Short-cut)sL6 (Short-cutphs
(L} finferable,Short-cut} Ly tshort-cutprL3 (short-curjt }
Proof:

(5) Let s be a snail, b a bird, fa fox, g a grain, and w a wolf. Since s is smaller than b,
s eats g, and b does not eat s, (2b) does not hold for 4. Hence, b eats g. Since w
does not eat g, (2b) holds for w. Since w does not eat f, either f does not eat g or f
is not smaller than w. Since f is smaller than w, f does not eat g. Hence, (2b)
holds for f. Since b is smaller than fand b eats g, f eats b. Hence (4).

Fig. 6. The Steamroller problem — specification, proof details, and presentation
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This presentation can be improved significantly by our methods, provided the audi-
ence is credited with knowing the categories of the relevant animals and plants.

The involved applications of the key lemma (labeled (2) in Figure 6) are expanded
to the partial assertion level, and justifications inferable on the basis of knowledge
attributed to the audience as well as short-cuts are incorporated into the proof graph
by adding the appropriate marks. Restructuring applies only to assumptions about
instantiated animals or plants, which are put in front due to domain conventions.

Expanding the involved assertion level step proving that f, a fox, does not eat g, a
plant, is shown in Figure 6, second section from the top. The other two involved
assertion level steps are also applications of the key axiom, and they are expanded in
a similar way. The section below shows a partial trace justifying EATS(s,g), which
contributes to these partial assertion level inferences. This trace demonstrates that
EATS(s,g) is considered inferable from the assumptions SNAIL(s) and GRAIN(g), on
the basis of the assumed background knowledge. Similarly, all premises of partial
assertion level steps are either inferable from background knowledge or from single
proof assumptions introduced explicitly in the first part of the presentation.

The text at the bottom of Figure 6 illustrates the improvements obtained. It is,
however, polished in a crucial aspect, the textual reference to partial axioms through
labels ((2a) and (2b)), and their partial instantiations (e.g., (2a) for /), which only
works for complete formulas in the current version of PROVERB. The text is still
stereotypical and lacks structure signalling hints, compared to good human presen-
tations. Nevertheless, it is more concise than previous versions, though involved
steps are explained in more detail, which also makes the text better comprehensible.

7 Discussion

In this section, we discuss the choice of the assertion level as basic representation for
our model, the assumptions incorporated, the computational effort involved in some
parts, and extensions in functionality and for overcoming simplifying assumptions.

It is our firm belief that the assertion level is the most suitable basic representation
level for presenting proofs, because lemma application, its level of granularity, is the
best approximation to the flexible, knowledge-intensive human reasoning on the
level of a uniform logical calculus. It is sometimes too coarse-grained, in case of
involved lemma applications, and it is too detailed in situations where extra
knowledge in human reasoning compensates for nested applications of axioms. The
expansion to the partial assertion level and the application of the presentation rules
address these two issues. In purely logical terms, the role of a presentation rule is to
replace parts of the justifications, by enhancing the strictly logical calculus through
contextually motivated background knowledge.

Not unexpectedly, transforming proofs to the assertion level requires
considerable computational effort for larger proofs, but it is still bearable, as the
procedure that transforms a refutation graph into a proof at the assertional level
shows [18]. It typically requires slightly more than one minute for large proofs, such
as that of the Robins problem [20] and, unlike the original procedure developed by
Huang [14], it is not restricted to unit resolution. A similar computational effort is
required for expansion to the ND-level for proofs of comparable size. This expansion
and partial recomposition can hardly be avoided, because the uniform refutation
graph representation does not enable the identification of syllogistic reasoning
patterns. Overall, applying the presentation rules is computationally less costly, since
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the effort roughly correlates to the proof tree size by a constant factor, which may be
increased by multiple used justifications and alternative paths through short-cuts.
The only potentially expensive operation is the function ABSTRACTED, depending
on the complexity of axioms considered and the variability of the operations
permitted in the abstraction step. Altogether, these considerations make it clear that a
good presentation always requires a certain computational effort, but fully elaborate
presentations in a single shot do only make sense for proofs up to a certain
complexity.

The current formalization of the presentation rules contains some simplifying
assumptions which may turn out to be problematic in larger or less standardized
proofs. Awareness of an axiom at any phase of a proof merely requires knowing that
axiom, which seems to be sufficient for commonly used axioms only (e.g., transi-
tivity). Moreover, the relevance of a rule for the predicate ABLE-INFER merely
requires its full instantiation on the basis of the information given, but neglects
eventual ambiguities with other candidate axioms and alternative ways of instan-
tiation. Though some of them may be resolved through communicative prominence
of one interpretation over another, several cases may easily turn out to be confusing.
Finally, the predicate AWARE-OF relies on a fully elaborate set of assumptions about
the audience’s mental capabilities that are relevant to a proof considered, which must
be declared as parts of the problem specification, similar to new lexical knowledge.

In the future, we intend to extend our model in several ways. We intend to incor-
porate finer-grained distinctions for awareness and abstraction capabilities, based on
classifications of theorems and the proof structure, as well as preferences to handle
ambiguities, along the lines of the presentation rules developed for expert system
explanations [10], which guide the selection among potentially applicable candidate
rules and alternative sets of individuals to which they apply. Moreover, a connection
of assumptions about the audience to the database of mathematical theorems in (2
exploits generalizations across problems, thereby greatly reducing the specification
problem. Finally, keeping track of assumptions made in applying presentation rules
can be exploited for other communicative purposes, such as summaries, presen-
tations for users with divergent knowledge, and interactive presentations.

8 Conclusion

In this paper, we have described a new method for presenting machine-found proofs
in a human-oriented way. The method relies on a proof represented at the assertion
level as introduced by Huang. This representation is modified through expanding
involved theorem applications and omitting intermediate reasoning steps, motivated
by assumed knowledge and inferential capabilities of the audience. A key part of that
model are presentation rules, which express communicatively motivated inferences
humans typically make, with special interpretations of the concepts awareness, infer-
ential ability, and coherence, reflecting particularities of mathematical proofs.
Though some of the assumptions and heuristics involved are simplified to a certain
extent, our method works significantly better than previous ones for non-trivial
proofs, and presentations resemble closer those found in text books. In addition, our
approach has the potential for a variety of extended functionalities, including alter-
native presentation purposes, such as summaries, participating in interactive proof
presentations, and giving alternative presentations to divergent kinds of addressees.
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Abstract. In this paper we establish a link between satisfiability of
universal sentences with respect to varieties of distributive lattices with
operators and satisfiability with respect to certain classes of relational
structures. We use these results for giving a method for translation to
clause form of universal sentences in such varieties, and then use results
from automated theorem proving to obtain decidability and complexity
results for the universal theory of some such varieties.

1 Introduction

In this paper we give a method for automated theorem proving in the universal
theory of certain varieties of distributive lattices with well-behaved operators.
For this purpose, we use extensions of Priestley’s representation theorem for
distributive lattices. The advantage of our method is that we avoid the explicit
use of the full algebraic structure of such lattices, instead using sets endowed with
a reflexive and transitive relation and with additional functions and relations
that correspond to the operators in the lattices in a standard way. Our interest
in such algebras is motivated by the fact that many existing non-classical logics
are sound and complete with respect to varieties of distributive lattices with
additional well-behaved operators. Moreover, uniform word problems in lattices
also occur in more general contexts such as database dependency theory [H.
The main contributions of this paper are the following:

— We establish a link between satisfiability of universal sentences with respect
to varieties of distributive lattices with operators and satisfiability with re-
spect to classes of relational structures. This extends the results from [i&].

— We use these results for giving a method for translation to clause form of
universal sentences in such varieties.

— We use existing results from automated theorem proving to obtain decid-
ability and complexity results.

We first studied this type of relationships in the context of finitely-valued logics
in [B4], and then extended the ideas to certain classes of non-classical logics in
[Z0]. This paper shows that the idea is much more general, and can be used

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 157 1999.
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for the whole universal theory of certain varieties of distributive lattices with
operators. In particular, the method presented here subsumes in a natural way
both existing methods for translating modal logics to classical logic and methods
for automated theorem proving in finitely-valued logics based on distributive
lattices with operators. The approach has the following advantages:

— It avoids the problems that occur when ACI-operators have to be considered
(as is the case in algebraic automated reasoning for lattices).

— Known saturation-based techniques for theories of reflexive and transitive
relations, such as ordered chaining with selection, can be used successfully.

— Decidability and complexity results follow in many cases as consequences of
existing decision procedures based on ordered resolution or ordered chaining.

— We obtain decidability and complexity results for uniform word problems in
certain non locally finite varieties of distributive algebras with operators (as
far as we know, no such results were known).

— Considerations concerning the structure of the sets of clauses generated with
our method make certain algebraic properties of these varieties visible.

The applicability of our method depends on the possibility of finding the ap-
propriate relational structures that can replace the algebras in the variety in
the automated theorem proving process. It is known from modal logic that such
structures may not always exist. Another limitation is given by the fact that,
in general, resolution is a semi-decision procedure, and it may be hard or im-
possible to obtain resolution-based decision procedures for the classes of clauses
generated by the method we describe. However, we show that in many cases the
method is applicable and leads to decision procedures.

The idea of using representation theorems for establishing a link between the
algebraic and relational semantics of non-classical logics goes back to Jonsson
and Tarski ], who for this purpose used an extension of Stone’s representation
theorem for Boolean algebras with operators. Our work is influenced by the
results of Goldblatt [H], who showed that the “modal case” is an illustration
of more general results from universal algebra. He gives an extension of the
Priestley duality to join and meet hemimorphisms, which we extended in [ to
lattices endowed with certain classes of anti(hemi)morphisms. In this paper we
use the results in [H] and B and show that the use of representation theorems
has applications which range far beyond the area of applications in modal logics.

The paper is structured as follows. In Section B the main notions and results
needed in the paper are presented. Section [ contains the main results. Section ll
contains some run examples and a comparison to a more standard approach.
Section B contains some conclusions and plans for future work.

2 Preliminaries

This section contains the main notions and results needed in this paper.

Partially Ordered Sets and Lattices. We assume known standard notions,
such as partially-ordered set, order-filter and order-ideal in a partially-ordered
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set, cf. [4]. Given a partially-ordered set (X, <), by O(X) we denote the set of
order-filters of X. A lattice is a partially-ordered set (L, <) with the property
that every two elements z,y € L have a supremum and an infimum (denoted
xVyresp. zAy) in L. Alternatively, a non-empty set L together with two binary
operations V and A on L is called lattice if V and A are associative, commutative
and idempotent and satisfy the absorption laws. A distributive lattice is a lattice
that satisfies either of the distributive laws. A lattice L has a first element if
there is an element 0 € L such that 0 < x for every = € L; it has a last element
if there is an element 1 € L such that z < 1 for every = € L. A lattice having
both a first and a last element is called bounded. The pseudocomplement of an
element a € L (denoted by —a) is the largest element of {¢c € L | a A ¢ = 0}
(if any). Given a,b € L, the pseudocomplement of a relative to b (denoted by
a = b) is the largest element of {c € L | a A ¢ < b} (if any). A filter in a lattice
L is a non-empty order-filter closed under meets. A filter F' is said to be prime
if F' £ L and for every z,y € L, if x Vy € F then z € F or y € F. Ideals and
prime ideals are defined dually.

Priestley Representation for Bounded Distributive Lattices. The Priest-
ley representation theorem [H] states that every bounded distributive lattice
A is isomorphic to the lattice of clopen (i.e. closed and open) order filters of
the ordered topological space having as points the prime filters of A, ordered
by inclusion, and the topology generated by the sets of the form X, = {F |
F prime filter, a € F'} and their complements as a subbasis. The partially or-
dered set of all prime filters of A, ordered by inclusion, and endowed with the
topology mentioned above will be denoted D(A) (we will refer to it as the dual
of A). If we denote the lattice of clopen order filters of an ordered topological
space X by ClopenOF(X), the Priestley representation theorem states that there
exists an isomorphism of bounded lattices, 74 : A — ClopenOF(D(A)).

Universal Algebra. For the necessary notions of universal algebra we refer e.g.
to [H]. For every signature X and every arity function a : ¥ — N, a Y-algebra
is a structure (A, {oa}scx), where for every o € X, o4 : A% — A.If the
signature X' is known we may use the notation A for the Y-algebra (A, {oa}sex).
A XY-algebra A has a bounded distributive lattice reduct if there exist operations
V,A,0,1in X such that (A,0,1,V4,A4) is a bounded distributive lattice. A
distributive p-lattice (resp. Heyting algebra) is an algebra (A,0,1,V, A, =) (resp.
(A,0,1,V,A,=,—)) with a bounded distributive lattice reduct such that for
every a,b € A, —a is the pseudocomplement of a, and a = b is the relative
pseudocomplement of a with respect to b.

Given a set X, the term algebra over X in the variables X will be de-

noted Termx(X). An equation is an expression of the form ¢; = t3 where
t1,te € Termy(X); an implication is an expression of the form B1 A-+-A B, — «;
where (1, ..., Om, @ are equations. A conditional equation (or quasi-equation) is

an expression which is either an equation or an implication. A Y-algebra A sat-
isfies a quasi-equation v (notation: A |= ) if the quasi-equation is true for every
substitution of elements in A for the variables. A class K of algebras satisfies
(notation: K |= ) iff all algebras in K satisfy . Truth of conditional equations
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is preserved under isomorphic images, subalgebras, and products. Truth of equa-
tions is additionally preserved under homomorphic images. A variety is the class
of all algebras that satisfy a set of identities, or, alternatively, a class of algebras
which is closed under homomorphic images, subalgebras and direct products.

Logic. Let K be a class of algebras. The elementary theory of K is the collection
of all closed formulae in first-order predicate logic with equality that are valid in
K. The universal theory of K is the collection of those closed formulae valid in 1
which are of the form Vzy ... Vo, (A~ (7))t = si1 V-V (=)tin, = Sin,)). The
universal Horn theory of I is the collection of those closed formulae valid in IC
which are of the form V:z:l . .VI’k(tll = tlg VANRERIVAN tnl = tng — 81 = 52). The
equational theory of K is the set of all closed formulae valid in X which are of
the form Vzq ...z, (t = s). Given a recursively enumerable set E of conditional
Y-equations we say that the word problem for E is decidable if we can decide
for every t,s € Termx(X) whether s =g ¢, where =g denotes the congruence
on Termyx(X) generated by E. We say that the uniform word problem for E is
decidable if the universal Horn theory of the class of all models of F is decidable.
McKinsey [i5] showed that for every class K of X-algebras which is closed under
direct products, if a sentence of the form

VIl...VI’k(Sll:SlgA"'/\Snl:Sngﬂtllitlg\/"'\/tml :tmg)

is true in K, then there exists j € {1,...,m} such that
V:z:l .. .ka(su = 512 VARERAN Spnl = Sp2 — tjl == tjg)

is true in K. In particular it follows that for every class I of algebras which is
closed under direct products, if its universal Horn theory is decidable, then its
universal theory is decidable.

Decidability Results for Distributive Lattices. Decidability of the theories
related to various classes of algebras has been studied extensively. In what follows
we will present existing decidability and complexity results for the variety of
distributive lattices. It is known (cf. e.g. [f], p.16) that the elementary theory of
every non-trivial variety of lattices is undecidable. Thus, the elementary theory
of the variety DLat of distributive lattices is undecidable. The uniform word
problem for distributive lattices is decidable (since DLat = ISP(2), where 2 is
the 2-element lattice), and has been proved to be co-NP-hard by Bloniarz et al.
[E9). By the result of McKinsey ] mentioned above it follows that the universal
theory of the variety of distributive lattices is decidable. (In 1920, Skolem [&]
gave a polynomial time decision procedure for the uniform word problem for
general lattices, which cannot be used for the variety of distributive lattices.)

Struth B gives a calculus based on non-symmetric rewriting (modulo ACT)
for the elementary theory of finite distributive lattices. Besides the possibil-
ity of extending this calculus to families of well-behaved operators on lattices,
and the complexity results established for (boolean) Tarskian set constraints by
McAllester et al. i, and Mielniczuk and Pacholski [E2], we are not aware of any
systematic study on automated theorem proving or decidability and complexity
results for varieties of distributive lattices with additional operators.
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Resolution as a Decision Procedure. We assume known the usual notions
and notations in first-order logic and resolution. For details we refer to any
text on automated theorem proving. Unrefined resolution is only a semi-decision
procedure for first-order logic. However, for some classes of formulae known to
be decidable, the resolution principle can be adapted in order to obtain decision
procedures. The main idea is to find a complete resolution refinement (usually
an ordering refinement, possibly combined with the use of a selection function)
which is terminating on the specified class of clauses. Termination may be proved
for instance by finding a depth and a length limit for the resolvents.

In this paper reflexive and transitive relations will play an important role.
In the presence of this kind of relations, superposition and ordered chaining
have successfully been used for obtaining decidability results. The superposition
calculus is a refutationally complete inference system for arbitrary first-order
clauses with equality. Its inference rules are restricted versions of paramodula-
tion, resolution, and factoring, parametrized by a total reduction ordering > on
ground expressions and a selection function S. The ordered chaining calculus is
an extension of the superposition calculus to more general reflexive and transi-
tive relations. Its inference rules are restricted versions of (positive and negative)
chaining, resolution, and factoring, parametrized by a total reduction ordering
> on ground expressions and a selection function S. In both cases, S assigns to
each clause a (possibly empty) multiset of negative literals. For details cf. [iH].
Superposition with selection and simplification has been proved to be a deci-
sion procedure for the monadic class with equality [E]. Ordered chaining with
selection was used to obtain decision procedures for the relational translation of
propositional modal logics with modal operators satisfying the axiom 4 [].

3 On the Universal Theory of Subvarieties of DLOx

We start by presenting some results on a Priestley representation for distribu-
tive lattices with operators. We show that this helps to establish a link between
satisfiability of universal sentences with respect to varieties of distributive lat-
tices with operators and satisfiability with respect to certain classes of relational
structures. These results are used for giving a method for translation to clause
form of universal sentences in such varieties.

Definition 1. Let A be an algebra with a bounded lattice reduct. A lattice an-
timorphism on A is a function k : A — A which maps 0 to 1, 1 to 0, joins to
meets and meets to joins. A join hemimorphism on A is a function f: A" — A
that preserves 0 and all finite joins in every argument. A meet hemimorphism
on A is a function g : A™ — A that preserves 1 and all finite meets in every
argument. A join hemiantimorphism on A is a function f’ : A — A that maps
1 to 0 and meets to joins in every argument. A meet hemiantimorphism on A is
a function g’ : A™ — A that maps 0 to 1 and joins to meets in every argument.

Let X' be a signature containing function symbols in several classes; in order
to distinguish these classes, we will write X' = LhULaUJRUMhUJaUM a, where



162 Viorica Sofronie-Stokkermans

Lh, La, Jh, M h, Ja,and Ma may be empty. Let DLO 5 be the class of all bounded
distributive lattices with operators in X, (A, V,A,0,1,{ca}scx), such that if o
is an operation symbol in Lh, La, Jh, Mh, Ja, or Ma, then o4 is, respectively,
a lattice homomorphism, lattice antimorphism, join or meet hemimorphism, or
join or meet hemiantimorphism. DLOx is a variety.

3.1 Priestley Representation for DLOx and ¥-Relational Structures

In [£9] we showed that, given an algebra A € DLOyx, the operators in X' induce in
a canonical way functions and relations on its Priestley dual D(A) which, in their
turn, induce operators on ClopenOF(D(A)). Taking into account these correspon-
dences, we showed that the canonical isomorphism 74 : A — ClopenOF(D(A))
from the Priestley duality is an isomorphism of algebras in DLOy. For details,
including a categorical duality theorem, we refer to [AEAY]. The Priestley du-
ality has been extended to distributive p-lattices and Heyting algebras (cf. e.g.
[, H)). The dual spaces (X, <, 7) satisfy in this case the additional condition
that for every clopen order-filter U, X\ | U is clopen.

Definition 2. Let (X, <) be such that < is a reflexive and transitive relation
on X, and let R C X", R is called increasing if for every T € X™ and every
y,z € X, if R(T,y) and y < z then R(T,z); R is called decreasing if for every
T e X" and everyy,z € X, if R(T,y) and z <y then R(T, z).

For every set X endowed with a reflexive and transitive relation <, its set
H(X) of hereditary (i.e. upwards-closed with respect to <) subsets can be en-
dowed with a bounded lattice structure (where join is union, meet is intersection,
0=0and 1 = X). We can canonically define additional operators on H(X) as
showed below.

Theorem 1. Let (X, <) be a set endowed with a reflexive and transitive relation.

(1) Every <-preserving map Hx : X — X induces a lattice morphism hy :
H(X) — H(X), defined for every U € H(X) by hu(U) = Hy'(U).

(2) Every <-reversing map Kx : X — X induces a lattice antimorphism ki :
H(X) — H(X), defined for every U € H(X) by kx(U) = X\Kx"(U).

(3) Every increasing relation Rx C X" induces a join hemimorphism fr :
H(X)" — H(X), and a join hemiantimorphism fr, : H(X)" — H(X),
defined for every Uy, ..., U, € H(X) by:
frR(U,...,Upn)={x € X | 3x1,...,xn(x; € U; for all i, and Rx(x1,...,Zn,z))},
frU,...,U) ={z € X | Jx1,...,2n(x; € U; for all i, and Rx(x1,...,Zn,x))}.

(4) Every decreasing relation Qx C X"V induces a meet hemimorphism g¢ :
H(X)" — H(X), and a meet hemiantimorphism gg + H(X)" — H(X),
defined for every Uy, ..., U, € H(X) by:
goUi,...,Un) ={z € X |Vz1,...,20 (Qx (z1,...,2n,z) — I, z; € Us)},
g'Q(Ul,...,Un) ={ze X |Vz1,...,2n (Qx(x1,...,Tn,x) — T, x; € U;)}.

(5) Moreover, a pseudocomplementation — and a relative pseudocomplementa-
tion = can be defined on H(X) by ~U = {z | Vy(x <y — y € V)} and
U=V={z|Vy((z <yAyelU)—-yeV)}
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Proof: (Sketch) The proof closely follows the proof of the similar results estab-
lished in i8] for relational structures endowed with partial orders. It can be
seen that the antisymmetry of < is not needed anywhere in the proof. O

Let ¥ = LhU La U JhUMhU JaU Ma be a signature as discussed above.

Definition 3. An RT X-relational structure is a set endowed with a reflexive
and transitive relation < and with additional maps and relations indexed by
Y, (X, <,{ox}oex), where if o € Lh, ox : X — X is a <-preserving map,
if o € La, ox : X — X is a <-reversing map, if o € Jh U Ja with arity
n, ox C X" s an increasing relation, and if o € Mh U Ma with arity n,
ox C X" s a decreasing relation.

The class of RT X-relational structures will be denoted by RT'Sx. For every
X € RTSx and every o € X let oy (x) be the operation on H(X) associated
with ox as explained in Theorem ll The corresponding algebra is again denoted
by H(X). By Theorem B, H(X) € DLOy. Conversely, for every A € DLOy,
the ordered space U(D(A)), obtained from D(A) by ignoring the topology, is in
RTSs. ClopenOF(D(A)) is a subalgebra (in DLOyx) of H(D(A)) = O(D(A)).

Notation. As a convention, if not explicitly specified otherwise, in what follows
h (resp. k) will denote an operation symbol in Lk (resp. La), f one in Jh U Ja,
and g one in Mh U Ma. Sometimes, in order to distinguish between elements
in Jh and Ja, resp. Mh and Ma, the operation symbols in Ja and Ma will
be denoted by f’ resp. ¢’. The symbols in Jh U ---U Ma are interpreted as
maps for elements in DLOy, and as relations in RT'Sy. For the sake of clarity
we will always overline the operation symbol in the latter case. In particular,
in Section B (Theorem M) and Section Bl the function resp. relation symbols
h,k, f, g are in the classes corresponding to the labeling in (Ren).

Let ¢ = V:z:l, . 'axk(/\?:l Si1 = Sij2 — \/;n:1 tjl = tjg) (Where Sil,tjp S
Termys/ ({z1,...,2}), and 2’ is XU {V, A, 0,1} to which possibly — and = are
adjoined). ST'(¢) denotes the set of all subterms of s; and tj,, 1 <i < n,1 <
j<m,l,pe{l,2}, ns =|ST(¢)|, nf =|Lh U La|, np=|JhU JaUMhU Ma|,
and mp is the maximal arity of an operation in JhU Ja U MhU Ma.

3.2 A Link between Algebraic and Relational Models

We study the link between satisfiability of universal sentences with respect to
algebraic and relational models. As algebraic models we consider subvarieties V
of DLOy (possibly with an additional p-lattice or Heyting algebra structure),
satisfying the condition (K) below:

(K) There exists a class K of RT X-relational structures such that:
(i) for every A € V, the RT X-relational structure U(D(A)) is in K;
(i) for every X € K, the algebra H(X) is in V.

Theorem 2. Let ¢ = Vaq,...,26(\j; i1 = Si2 — \/;n:1 tj1 = tjo). Assume
that V satisfies condition (K). Then V |= ¢ iff for every X € K, H(X) [ ¢.
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Proof: (Sketch) The direct implication follows from the fact that, by (K)(ii), for
every X € K, H(X) € V; the inverse implication follows from the fact that, by
(K)(i), for every A € V, the RT X-relational structure corresponding to D(A)
is in KC, and that, by the Priestley representation theorem, A is isomorphic to
ClopenOF(D(A)) which is a subalgebra of O(D(A)). a

3.3 Structure-Preserving Translation to Clause Form

If the class K is first-order definable, Theorem B justifies a structure-preserving
translation of universal formulae to sets of clauses, inspired by the method of
Tseitin ] for transforming quantifier-free formulae to clausal normal form.

Theorem 3. Assume that V satisfies (K), where the class K is definable by
a finite set C of first-order sentencell. Let ¢ = Var,...,x(Niey i1 = Si2 —
\/;.n:1 tj1 =t;2). Then V |= ¢ iff the following conjunction is unsatisfiable:

(Dom) C,

(Her) Vaz,y(z <y A Pe(z) — Pe(y)),

(Ren)

(1,0) VaPi(x), resp. Ve Po(x),

(A) V&(Peynes () < Pey () A Pey (),

(V) Vz(Peyvey (x) < Pey () V Pey (),

(Lh) Vz(Pu(e)(x) < Pe(h(x))),

(La) Va(Pye)(x) < =Pe(k(x))), B

(Jh’) VQZ( fle1,.., ep)(m)(—)aml7 7xp(/\f:1Pei(x’i)Af(xlv"'vmpvm)))v
(MR) Y2 (Py(ey,...ep) (@) < Va1, .., 2p(G(21, . 2p, @) = (V2 Pe,(20)))),
(Ja) Va(Ppies,....ep) (@) < Fx1, .. ap( AT, P, (i) A f(zs . l"m z))),
(MCL) V:r( g(er,..., ep)(m) <—>V£IZ1, "'7xp(g($17 » Tp, T ) (Vp (:L' ))))7
(=) V&(Peyze, (x) < Vy(z <y A Pe, (y) HPez(y))L

(7)) Vz(P-e(z) < Vy(z <y — =Pe(y))),

(P) vm(/\z:l Ps,i () & Psjp(2)),

(N1) 31 Py, (21) ¥ Pryy(21),

(Nm)  Fzm Pty (Tm) 4 Pro (Tm),

where the unary predicates P, are indexed by elements in ST ().

Proof: (Sketch) By Theorem B, V = ¢ iff for every X € K and every m :
{z1,..., 21} — H(X), H(X) Em ¢. The conclusion now follows from the fact
the set of formulae (Dom) U (Her) U (Ren) U (P)U (N1) U ---U (Ny,) is satisfiable
iff there exists X € K and m : {z1,..., 2} — H(X) such that H(X) &, ¢. O

The problem of deciding whether a universal formula is true in a variety
V can be reduced to deciding whether a set of clauses corresponding to the
conjunction in Theorem B is unsatisfiable. In what follows we show that ordered
chaining with selection gives a decision procedure in the case when V is the
variety DLOy, the variety of distributive p-lattices or that of Heyting algebras.

! The set C contains formulae expressing the properties of < (such as reflexivity and
transitivity), monotonicity properties of the functions and relations in X, as well as
the possible interdependence between the functions and relations in X' U {<}



On the Universal Theory of Varieties of DLO 165

3.4 DLO3x: Decidability and Complexity Results

Let now V = DLOyx. From the results on Priestley duality for DLOyx and by
Theorem M it follows that DLO 5 satisfies condition (K) where K = RT'S 5. This
class is defined by a set RT of formulae expressing the reflexivity and transitivity
of <, together with the set C's of formulae, corresponding to the fact that in
every structure in RT'Sy the functions in LA preserve <, those in La reverse <,
the relations in Jh U Ja are increasing and those in M h U Ma are decreasing:
Crn Vo, y(z <y — h(z) < h(y)) h € Lh,
Cra  Vz,y(z <y — k(y) < k(z)) k€ La,
Cinga Vz1,...,2p,z,y@ <yA f(21,...,2p,2) = flz1,...,2,9)) f € JhU Ja,
Cmh,Ma VT1,. . Zp, ,y(y <z AG(21,. .., Zp,x) — G(T1, ..., Zp,y)) g € Mh U Ma.
The set Cx(¢) of clauses generated by translating the conjunction in Theo-
rem @ to clause form is indicated below. (Note that [Cx(¢)| = O(length(¢)).)

(Dom)  clause form of the formulae in C's,

(RT) clause form of the reflexivity and transitivity axioms,
(Her)  {-z <y,~Pe(x), Pe(y)},

(Ren)

1L,0) {Pu(=z)} {~Po(z)},
{_‘Pel/\ez( ;7P6 Ex)}v{_‘ 61/\62(x)

) 2( )} {_‘Pel( )7_‘P62(m)7P61/\62($)}7
) {_‘Pel\/ez( :JZ), ez(x)}v {_‘Pel (:JZ),
h

e1 _Pel\/ez( z)} {7 Pey (@), Peyve, (2) 1},

) {_‘Ph(e)( ) PE_(h’(m) }7{Ph(e)(x)7_‘P (h’(‘r))}

) APie) (@), Pe(k(2)) }, {2 Prcey (2), 2 Pe(K(2)) },
( .

Mh2) {Py(ey ooy (@), 5(c 0 (), . 07 (1), 2)},
Mhs )( )7P€1(y1) . P (yp) _‘g(ylv"'vypvx)}v

) {~Pser... ep><x>~Pel-<c£‘<“ """ “Da@N}i=1...p,
a2) {=Py(ey.. e (@), F (] (@), (@), 2)),

) {Pf(61 ----- ep)(x)v el(y1)7"'7Pep( P)v_‘f(ylv'“vypvm)}v
Mar) {Pyier....epy (@), Pe, (0P (@)} i =1, p,
Maz) {Py(ey ooy (@), (e (@), 07 (1), 2) ),
MCL3) {_‘P (€15 ep) m)v_‘Pel(yl) '7_‘Pp( )7_‘§(y17'~~7yp7$)}7
% [=Pu, (2), Payy (2)}, {Peyy (), ~ P (@)} i = 1,...,n

C

H

R

(

(

(

(

(

(

(

( ( ,
(Mh1) {Py(ey...ep) (@), 2 Pe, (c1107 <x>>}zf1 L,
( (
(

(

(

(

(

(

(

P 2
N {Ptjl(cj)7pt]2(

)b APy (e), ~Pya (ei) g =1, m,

where the predicate symbols P, are indexed by subterms in ST'(¢), c;
Skolem functions obtained from the existential quantifiers in the transformation
of terms of the form f(eq,...,ep), where p = a(f); c1, ..., cm are Skolem con-
stants introduced by the existential quantifiers in (N1),. .., (Ny) in Theorem &
and f,g for f € JhU Ja,g € MhU Ma are also considered predicate symbols.

The following result is a direct consequence of Theorem H.

Corollary 1. DLOyx = ¢ iff Cx(¢) is unsatisfiable.
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We now show that ordered chaining with selection is a decision procedure for
Cx(¢). We assume given a reduction ordering > which is total on ground terms.
Based on >, an ordering on literals (also denoted by >) will be defined. Let ¢ be
the complexity measure defined for every ground literal L by ¢, = (maxy, pr, 1)
where maxy, is the maximal term occurring in L, pr, is 1 if L is negative and 0 if
L is positive, and sy, is 1 if L is of the form (—)s < ¢ with s > ¢, and 0 otherwise.
(The choice of ¢, was inspired by [H.) ¢ induces a well-founded ordering >, on
ground literals, defined by L . L’ iff ¢;, > ¢/ (in the lexicographic combination
of = and >, where 1 > 0). Let > be a total and well-founded extension of ..
(Such an ordering is left-to-right admissible in the sense used in [H].) Let S be the
selection function that selects (i) all negative occurrences of literals containing
<, and (ii) all occurrences of negative literals containing a predicate symbol in
JhU---U Ma in clauses which do not contain <. The chaining calculus based
on the literal ordering > and the selection function S will be denoted C3.

Theorem 4. C7 decides the unsatisfiability of Cx(¢) in exponential time.

Proof: (Sketch) It can be shown that, due to ordering constraints and the choice
of S, no C% inferences between clauses in (RT)U(Her) and clauses in (Ren)U(P)U
(N) are possible, and all clauses obtained by C% inferences from (RT) U (Her)
are redundant. Using the definition of > on literals, it can be shown that all
clauses obtained by ordered resolution with selection from (Ren) U (P)U (N) have
term depth 1 and either (i) are ground (and contain only one constant), or (ii)
contain only one variable (occurring in every literal) and no constant or, (iii) are
factors of (Jhs), (Jas), (Mhs) or (Mas). Moreover, all negative occurrences of a
predicate symbol in JhUJaUM hUMa must occur in clauses of type (iii). Due to
the definition of -, neither the term depth of clauses nor the number of variables
in the clause increase by ordered resolution. For every constant ¢; (resp. every
variable ) the number of all possible atoms for the clauses containing ¢; (resp.
x) and of term depth at most 1 is ns-(mp-ns+nf+1)+np-(mp-ns+nf+1)mP+
(ns resp. np is the number of all unary, resp. at most mp-ary predicate symbols;
among the function symbols one also has to count the (unary) Skolem functions
associated to the subterms in ST'(¢), of which there are at most mp - ns). This
shows that, assuming np, nf, and mp are constant, the number clauses that can
be generated by ordered resolution with selection from (Ren) U (P) U (N) is of
the order 30", o

Remark. The above proof shows that the clauses containing the predicate sym-
bol < are not needed in order to prove unsatisfiability of Cx(¢). The reason is
that every algebra in DLOy is a sublattice of a lattice whose Priestley dual has
the discrete ordering, i.e. DLOx = IS({L € DLOyx | D(L) discretely ordered}),
and, hence, a universal formulae is valid in DLOy iff it is valid in every algebra in
DLOyx whose dual is discretely ordered. All varieties in this subsection have this
property; in Section B2l we discuss two varieties which do not have this property,
i.e. for which < has to be explicitly taken into account.

Example 1: The Variety Dg; of Bounded Distributive Lattices. Let
> = (). In this case DLOx = Dg;. The considerations above show that Dgy
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fulfills condition (K), K being the class RT'S of all sets endowed with a reflexive
and transitive relation. In the translation to clause form only the set C(¢) =
(RT) U (Her) U (Ren)(0,1) U (Ren)(A) U (Ren)(V) U (P) U (N) of clauses needs to
be taken into account. (In this case (Ren) = (Ren)(0,1) U (Ren)(A) U (Ren)(V).)

The results in Theorem [l can be sharpened in this case. Due to the special
form of the clauses in C(¢), all possible resolvents are either ground and all
literals contain the same constant, or all their literals contain the same variable
(and no constant), and, additionally, the term depth of all clauses is 0. Thus,
only at most (m 4+ 1) - 3™ clauses can be generated in this case.

From the special form of the clauses in (Ren)U(P)U(N) it follows that if C(¢)
is satisfiable, then it is satisfied by a model with m points, namely {c1, ..., ¢m}.
Moreover, C(¢) is satisfiable iff there exists a j < m such that C(¢;) (obtained
from C(¢) by only keeping the clauses containing ¢; in (N)) is satisfied by the one
point model {¢;}. This is explained by the fact that Dg1 = ISP(2) (the quasi-
variety generated by the 2-element lattice), hence, every conditional equation is
true in Dg; iff it is true in the 2-element lattice whose Priestley dual has one
element. Since Doy is closed under direct products, it follows ] that Doy = ¢ iff
there exists a j such that Doy =V, .. Vo (A, si1 = si2 — tj1 = t;2) iff there
exists a j such that 2 = Vry,.. Vo (Al si1 = si2 — tj1 = tj2) iff 2™ | ¢.
Thus, a universal formula ¢ is true in Dy iff it is true in 2™, a distributive lattice
whose Priestley dual has m elements and is discretely ordered.

Example 2: Bounded Distributive Lattices with Lattice
(Anti)morphisms. The arguments in Theorem B can be adapted to bounded
distributive lattices endowed with (anti)morphisms. All clauses in (Ren)(0,1) U
(Ren)(A) U (Ren)(V) U (Ren)(Lh) U (Ren)(La) and all possible resolvents have
depth at most 1 and are either ground (and all literals contain the same con-
stant) or have exactly one variable (occurring in all literals). The number of all
function symbols is in this case nf (no Skolem functions occur). Therefore, at
most (m + 1) - 35 (f+1) different clauses can be generated.

The fact that a universal formulae is valid in DLOx iff it is valid in every algebra
in DLOyx whose dual is discretely ordered, opens the way for further results.
Proposition 1. The satisfiability problem for ¢ =Va1,...,2x(\iy 8i1 = Si2 —
\/;.n:1 tj1 = t;2) can be reduced to the satisfiability problem for the monadic class
with equality in polynomial time w.r.t. the length of ¢.

Proof: (Sketch) The clauses in (Ren) U (P) U (N) can be brought to the form of
flat clauses considered in [H]. This can be done in the following steps:

1. Replace every occurrence of a literal of the form f(t1,...,t,) or =f(t1,...,tp)
with f(t1,...,tp) = T, resp. f(t1,...,tp,) =L, f€ JhU---UMa.
Thus, the relation symbols in JAU JaU MhU M a are interpreted as function
symbols of a different sort (sorts can be represented by unary predicates).
2. Use variable abstraction for the clauses in J = (Jhg) U (Jaz) and M =
(Mh2) U (Mas), to bring them in the following form:
() A Prer,epy (@) n AL @),y (@), Ty, ) =T}
(M) {Pyer e @) n AL @),y £ @), T, -, 0) =T}
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The set of clauses obtained this way can be regarded as the result of skolemizing a
formula ¢ (in prenex form) in the monadic class with equality. The translation to

clause form, the procedure above, and length(¢) are polynomial w.r.t. length(¢).

O
Superposition with simplification is a decision procedure for the monadic
class with equality [B. The reduction to the monadic class with equality also of-

fers decidability and complexity results for those subvarieties of DLO 5 in which
(i) the conditions in (Dom) are either (a) in Cs or (b) expressible in the monadic
class with equality, and (ii) in case (b), only = and the predicate symbols cor-
responding to relations in Jh U ---U Ma may occur. An upper bound for the
decision problem for the monadic class with equality is NEXPTIME (cf. e.g. [H]).
This gives an upper bound for the complexity of the universal Horn theory of
such varieties.

3.5 Distributive p-Lattices and Heyting Algebras

Let B, be the variety of distributive p-lattices, and let H be the variety of Hey-
ting algebras. From the Priestley duality for distributive p-lattices and Heyting
algebras and from Theorem Wit follows that both B, and H fulfill condition (K),
with IC = RTS, i.e. (i) for every A € B, or H, D(A) € RTS (if the topology
is ignored); and (ii) for every (X, <) € RTS, (H(X),U,n,—,0,X) € B, and
(H(X),U,N,=,—,0,X) € H, where - and = are as defined in Theorem I5).

Let ¢ = V:rl,...,xk(/\?zl Si1 = Si2 — \/;n:1 tjl = tjg). We reduce the
problem of deciding whether V |= ¢ to a problem solved in [§]. By the re-
sult of McKinsey mentioned before, V |= ¢ iff V |= ¢, for some j, where
¢j = VI’l . 'xk(/\?:l Si1 = Si2 — tjl = tjg). So the problem of deciding )% ‘: ¢
reduces to deciding V |= ¢; for j = 1,...,m. By Theorem B V |= ¢; iff the
set of clauses C(¢;) is unsatisfiable, where C(¢;) is obtained by adjoining to
(RT) U (Her) U (Ren)(A) U (Ren)(V) U (P) U (N); the clauses corresponding to
(Ren)(—) if V = B, respectively to (Ren)(—) and (Ren)(=) if V = H (where
(Ren)(—) and (Ren)(=) are as in Theorem [l and (N); is (N) for ¢; only).

Let CZ be the chaining calculus where - is a total, well-founded ordering on
ground literals compatible with the complexity measure ¢y, defined in Section B
(hence left-to-right admissible [M]), and, if a clause C contains a literal of the
form —s <t with s > t, the selection function S selects one such literal.

Theorem 5. For every j =1,...,m, C5 (with eager condensation) decides the
unsatisfiability of C(¢;).

Proof: (Sketch) The set C(¢;) is in the class of clauses considered in [§]. There
it is proved that Cg with eager condensation is a decision procedure for this
kind of clauses. (We use the fact that C(¢;) has one constant; if m > 1, the
existence of m constants may cause problems in adapting Lemma 2 in [H].)
The complexity of the method is doubly exponential; a single-exponential space
complexity can be obtained by splitting the clauses into their variable-disjoint
regions and connecting them with the help of auxiliary monadic predicates as
pointed out in [§]. a
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4 Experiments

We present some concrete, relatively simple examples which illustrate the type of
problems that can be solved with the method described in this paper (RTS), and
the way this method compares to a more standard approach, (DLat), that proves
that the conjunction of the negation of the formulae above and the axioms for
bounded distributive lattices with operators is unsatisfiable (in first-order logic
with equality). We considered the following formulae:

— ¢1 =VaWVbVe(a<b—aV(cAb)=(aVc)ADb),

— ¢2 =VaVbVe((aAb=cAb&aVb=cVb) —a=c),

— ¢3 = Va¥bVe ((K*(a) < aV k(a)&E3(b) = a V k(a)&k*(a) < k(a) V k(D) V
k(c) &Kk*(b) < k(a) V k(b) V k(c)) — k*(a V k(b)) < (a Ak(bAc))V k(a)), k € La,

— ¢a =VaVb f(k(aV b)) = f(k(a)) V f(k(b)), where f € Ja and k € La,

— ¢5 =VYaVbVeVd ((f(aVb,d) = flcVb,d)& fla,d) A f(b,d) = f(c,d) A f(b,d)) —
f(a,d) = f(c,d)), where f € Jh.

The translation to clause form in RTS used the results in Theorem B and
Theorem B According to the proof of Theorem M, all clauses containing < were
ignored. In addition, to reduce the number of clauses generated, an inequality
a < b was directly replaced by Va(P,(z) — Py(z)). In DLat we experimented
with various axioms for distributivity, namely (j) joins over meets, (m) meets
over joins, and (b) both. The unsatisfiability of the resulting sets of clauses was
checked by SPASS [Z]. In both cases we indicate the number of input and derived
clauses, memory and time needed by SPASS V0.92 (on a 200 MHz Pentium Pro).

RTS DLat

Formula|Variety |# Cl|# Cl|{Mem|Time| |# Cl|# Cl|Mem|Time
in) |(der)|(KB)| (ms) (in) [(der)|(KB)| (ms)

jl 13 1 [382] 20

h1 Do1 15 | 19 | 436 | 30 |m| 13 | 354 | 590 | 180
b| 14 |465 | 633 | 230

jl 13 2 1383 30

b2 Do1 18 | 31 | 421 | 20 |m| 14 |3347|2388|4770
b| 15 (5533|3609 11990
j| 20 |4042|3532|10860

®3 DLOr, 43 | 28 | 448 | 30 |m| 20 00
b| 21 00

j| 18 1 [38 | 20

P4 DLOLa,ja| 23 | 44 | 450 | 80 |m| 18 1 [38 | 20
b| 19 0 |38 | 10
j| 18 |5703]|4922|16150
o5 DLO 38 | 72 [ 470 | 90 |m| 18 |5341[4541 (15100
b| 19 00

#Cl (in) resp. (der) represents the number of input, resp. derived clauses, and
oo indicates the fact that execution did not terminate after more than 3 min.

The results above suggest that, except for very regular and simple formulae,
or for purely equational formulae, the first method, based on results presented
in this paper, behaves better than the second. In the future we plan to analyze
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more complex examples. We would be also interested to compare the theoretical
complexity of our method with that of other methods.

5 Conclusions and Plans for Future Work

In this paper we presented a resolution-based method for automated theorem
proving in the universal theory of certain varieties of distributive lattices with
operators. The method is based on extensions of the Priestley representation
theorem to distributive lattices with operators. Based on it, we obtained decid-
ability and complexity results (upper bounds) for the universal word problem
of Dg1, DLOyx, and for the variety of distributive p-algebras and that of Hey-
ting algebras. The complexity results agree with those established for (boolean)
Tarskian set constraints without functions in [, but the methods we use are
different. The fact that the same type of structures are used as relational models
for distributive lattices, distributive p-lattices and Heyting algebras (the only
difference is the signature) shows that the restriction of the universal theory of
Heyting algebras (or distributive p-lattices) to the signature {0, 1, vV, A} coincides
with the universal theory of distributive lattices. This remark is consistent with
the remarks in [ZH on the similarity of the cut rules necessary for the calculus
for distributive lattices developed there and the cut rules in intuitionistic logic.
By analyzing the possible inferences in a suitably chosen ordered chaining
calculus, we obtained a better understanding of the structure of such varieties.
These results seem to open a promising field of research that we would like
to explore in future work. We expect to be able to use similar ideas for other
varieties of distributive lattices or Heyting algebras with operators. One problem
to be solved is to find conditions for such varieties that would give decidability
results. It would also be important to find conditions which, given a variety V of
distributive lattices with operators, ensure that a class K of (first-order definable)
relational structures can be found, such that condition (K) is satisfied.
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drawing my attention to the link with existing results on Tarskian set constraints.
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Abstract. This paper gives a new treatment of Maslov’s class K in the
framework of resolution. More specifically, we show that K and the class
DK consisting of disjunction of formulae in K can be decided by a resolu-
tion refinement based on liftable orderings. We also discuss relationships
to other solvable and unsolvable classes.

1 Introduction

Maslov’s class K [EF] is one of the most important solvable fragments of first-
order logic. It contains a variety of classical solvable fragments including the
Monadic class, the initially extended Skolem class, the Godel class, and the two-
variable fragment of first-order logic FO? [W]. It also encompasses a range of
non-classical logics, like a number of extended modal logics, many description
logics used in the field of knowledge representation [, chap. 7], and some
reducts of representable relational algebras.

For this reason practical decision procedures for the class K are of general
interest. According to Maslov [ the inverse method provides a means to decide
the validity of disjunctions of formulae in the class K. Although Kuehner [i&]
noted in 1971 that there is a one-to-one correspondence between derivations
in the inverse method and resolution, only in 1993 a decision procedure for a
subclass of the dual of K based on a refinement of resolution is described by
Zamov [, chap. 6]. His techniques are based on non-liftable orderings which
have limitations regarding the application of some standard simplification rules
and the completeness proof relies on a m-ordering. An uncertainty regarding
completeness (see []) is clarified by the work of de Nivelle [H].

In this paper we are concerned with the problem of deciding satisfiability
for the dual class of K, which we call K, and also the class DK consisting of
conjunctions of formulae in K. In the context of resolution-based decision pro-
cedures these classes are of particular interest, since even ordering refinements
of resolution do not prevent the growth of term and variable height. Most of
the results in the literature on decision procedures based on ordered resolution
consider classes where (i) every non-ground term contains all the variables of
a clause and either (ii) all literals share the same variables, or (iii) it is possi-
ble to identify a literal either by polarity or maximal height that contains all
the variables of a clause. Even unrestricted resolution, and factoring, preserve
properties (i) and (ii). Then an atom ordering can be utilised to ensure that for
all clauses in a derivation the maximal height of variable occurrences does not

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 172- G588 1999.
© Springer-Verlag Berlin Heidelberg 1999
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increase and the height of literals is bounded [EH, chap. 4]. Consequently, any
derivation terminates. In the case (i) and (iii), a selection function and an atom
ordering guarantees termination and, in particular, terms do not grow [{]. A de-
cision procedure for a subclass of DK which allows term height growth, but not
variable height growth, by means of a selection function is described in [i]. K
and DK are classes where the mentioned approaches will not prevent the growth
of the variable height.

This paper describes a resolution decision procedure based on liftable or-
derings (A-orderings) for the classes K and DK, thereby extending the result
of Zamov. Our proof is situated in the resolution framework of Bachmair and
Ganzinger [l]. An additional renaming transformation of certain problematic
clauses allows for the embedding of the classes under consideration into a class
for which standard liftable orderings ensure closure under resolution and factor-
ing as well as termination. This technique is described in Section l The results
of Section H are similar to those of Zamov [, chap. 6]. For this reason we omit
the proofs. It should be noted however that our definitions of similarity and k-
regularity in Section B are different to Zamov’s, in particular, our notions allow
for the presence of constants.

2 The Class K and Quasi-regular Clauses

The language is assumed to be that of first-order logic without equality and
without function symbols. Let ¢ be a closed formula in negation normal form
and ¥ a subformula of ¢. The ¢-prefix of the formula 1) is the sequence of
quantifiers of ¢ which bind the free variables of . If a ¢-prefix is of the form
Fy1 .. Ty Vo1 Q121+ . . Quzn, where m>0, n>0, Q; € {3,V} foralli, 1 <i <mn,
then Va1 Q121 ...Qnz, is the terminal ¢-prefix. For a ¢-prefix Jy; ...y, the
terminal ¢-prefix is the empty sequence of quantifiers.

By definition, a closed formula ¢ in negation normal form belongs to the
class K if there are k quantifiers Yy, ..., Var, >0, in ¢ not interspersed with
existential quantifiers such that for every atomic subformula ) of ¢ the terminal
¢-prefix of

1. is either of length less than or equal to 1, or
2. ends with an existential quantifier, or
3. is of the form Vz, Vxs ...V .

We say the variables x1, ..., xg, k>0, are the fized universally quantified vari-
ables of ¢ and ¢ is of grade k, indicating the number of fixed universally quan-
tified variables. For example, the following formulae

$1 = a1 Yoy Voo Iy Va1 Iy plar) Aplar, yi) A (q(z1, a1, 22) V r(zy, ye, 21))
¢2 = Jaj Jaz Va1 Vo plar, 1, 2) V p(x2, az, x2),

are elements of the class K of grade 2: The variables x1 and x5 are the fixed uni-
versally quantified variables of ¢1 and ¢2. Every atomic subformula v satisfies
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the restrictions on the quantifier prefix binding the variables in ¥. The normal
forms of Mortimer [i2] for formulae in FO? are in K. Important properties of bi-
nary relations which belong to K are reflexivity, irreflexivity, symmetry, seriality,
and density. The following formulae

¢3 = Vo Voo Vag —p(z1, 2, x3) A q(a, 22)
¢4 = V1 Jxo Va3 —p(z1, 2, 23) V p(T1, T2, T3)

do not belong to K. Important properties of binary relations which cannot be
expressed in K are transitivity, Euclideanness, and confluence.

Since our intention is a resolution-based decision procedure for the class(es)
K (and DK) we are interested in the clause sets corresponding to formulae in K.
Without loss of generality we can restrict ourselves to formulae in prenex form
whose matrix is in conjunctive normal form, that is, formulae in K have the form

\V L (1)
=1,...,m;

Jy1 .. Fym Ve . Ve Qrzr ... Q2 /\
=1 n j

where m>0, k>0, [>0, n>0, m;>0, and L; ; are literals. We assume that outer
Skolemisation is used in the process of transforming (lll) to clausal form, that
is, if Vz1 ...Vz, is the subsequence of all universal quantifiers of the ¢-prefix of
subformula 3z ¢ of ¢, then ¢[z/f(21,...,2p)] is the outer Skolemisation of 3z ¢.
The class of clause sets thus obtained is denoted by KC.

The remainder of this section is devoted to the definition of a syntactic char-
acterisation of the clauses in KC.

A term t is said to dominate a term s, denoted by t Zz s, if at least one of
the following conditions is satisfied:

1. t = s, s is a variable,
2. t = f(t1,... ,tn), s is a variable and s = t; for some i, 1 <14 < n,
3ot=f(t1,...tn), s=g(t1,... ,tm), n >m >0,

The relation 7z is a quasi-ordering on terms and stable with respect to substitu-
tions on compound terms. By compound terms we mean terms which are neither
constants nor variables. The relation =~z is extended to sets of terms and literals
as follows. The set T7 of terms dominates the set To of terms if for every term
to from T5 there exists a term ¢; from 77 such that ¢; dominates t5. A literal L,
dominates a literal Lo, denoted by L; 7~z Lo, if the set of non-constant argu-
ments of L; dominates the set of non-constant arguments of Lo. Note that =~z
is also a quasi-ordering on literals. We let ~z =2z N igl and =z =7z \ ~z.
If s ~z t for terms s and ¢, then s and t are similar. Analogously, for literals.
For example, the literal p(z, y) dominates ¢(a, z,y), but not ¢(f(a), x,y). The
literals p(x, y), q(a, x,y), and ¢(y, x) are similar. So are p(f(a), z) and ¢(g(a), ).
Note that p(f(a), x) is not similar to g(g(b), ), nor does one dominate the other.
Based on the quasi-ordering 2~z we are able to characterise a subset of the
set of all terms in the following way: A term is called regular if it dominates
all its arguments. We extend this notion to sets of terms and literals as follows.
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A set of terms is called regular if it contains no compound terms or it contains
some regular compound term which dominates all terms of this set. A literal is
called regular if the set of its arguments is regular.

The extension of regularity to clauses, which we regard as multisets of literals,
is less straightforward. We need two more definitions: A literal L is singular if
it contains no compound term and V(L) is a singletonl otherwise it is non-
singular. A literal containing a compound term is deep, otherwise it is shallow.
A clause C' is k-regular if the following conditions hold:

1. C contains regular literals only.

2. k is a non-negative integer not greater than the minimal arity of function
symbols occurring in C. If C' does not contain compound terms, then k is
arbitrary.

3. C contains some literal which dominates every literal in C.

If L1 and Ly are non-singular, shallow literals in C', then L; ~z L.

5. If L is a non-singular, shallow literal in C', then for every compound term ¢
occurring in C'

e~

arg,e; (L) \ Fo ~z argyi*(t) \ Fo

holds, where arg,,,(L) is the set of arguments of L, argl:;*(t) is the set of
the first k arguments of ¢, and Fy is the set of all constants.

A clause is regular if it is k-regular for some k>0. A clause is called quasi-regular
if all of its indecomposable components are regular.

For example, the clause {p(a,v, 2), ¢(f(a,y, 2))} is 3-regular. Note that the
clause {p(x1,x2,23)} can be considered to be a 2-regular clause, although the
corresponding first-order formula Vi Vag Vas p(x1, 22, 3) is of grade 3.

3 Resolution and Factoring on Quasi-regular Clauses

Next we study closure of quasi-regular clauses under resolution and factoring.
Recall that the components in the variable partition of a clause are called
split components, that is, split components do not share variables. A clause
which is identical to its split component is indecomposable. The condensation
Cond(C) of a clause C' is a minimal subclause of C' which is a factor of C'.

Theorem 1. FEvery indecomposable component of a clause in the clausal form

of a formula ¢ of the form @) is k-regular.

Lemma 2 (Properties of regular expressions [d, pages 136—144]).

1. If a regular term t dominates the term s and o is a substitution such that to
is reqular, then to dominates so.

2. Let Ly = p(s1,...,8n) and Ly = p(t1, ... ,t,) be unifiable deep literals. If s;
is a dominating term of Ly, then also t; is a dominating term of L.

3. Let Ly and Lo be regular literals and o a most general unifier of L1 and Lo.
Then Lio is regular.

L V(E) denotes the set of variables of an expression E.
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Theorem 3. Let {A1}UC) and {—A3}UC, be indecomposable, k-regular clauses
such that Ay and As are unifiable with most general unifier o, and A1 and —As
are dominating literals in {A1} U C1 and {—As} U Cy, respectively. Then every
split component of (C1 U Ca)o is a k-regular clause.

It is crucial that in Theorem B we require both clauses to be k-regular, for the
same k, where Zamov’s version only requires regularity. The resolvent of the two

regular clauses {-p(g(z,y, 2), 2), q(z,y),7(9(z, y, 2))} and {p(g(z’, ', '), f(2')) }
is a counterexample for Zamov’s result.

Theorem 4. Let {L1, L2} UC be an indecomposable, k-regqular clause such that
L1 and Lo are unifiable with most general unifier o and Ly is a dominating
literal in {L1, Lo} UC. Then ({L1} U C)o is a k-regular clause.

Lemma 5. Let N be a set of k-regular clauses. Let n,q, be the mazimal number
of distinct variables in any clause in N. Then for any clause C derivable by
resolution on = z-mazximal literals or factoring, the number of distinct variables
in C is less or equal t0 Nygyr.

The number of distinct regular terms over a given vocabulary is considerably
smaller than the number of distinct terms based on this vocabulary.

Theorem 6. Let N be a set of k-regular clauses. Let arfun, Nyar, and npu, be
the maximal arity of function symbols, the maximal number of variables in a
clause in N, and the number of function symbols in N, respectively. The number
of different terms in N does not exceed

Nterms = (nfun + nvar)arfuyb+1-

Furthermore, the number of condensed clauses in N does not exceed

arpred
Nelauses = 2(2><npmd><nterms )a
where Npreq s the number of predicate symbols in N and arpreq the mazimal

arity of a predicate symbol.

4 An Atom Ordering for Quasi-regular Clauses

An atom ordering > is an ordering on atoms which is stable under substitution,
and total (and well-founded) on ground atoms. It is extended to literals by taking
the multiset extension of > and by identifying A and —B with the multisets {A}
and {B, B}, respectively.

Since >z is not stable under substitution, we cannot construct an atom
ordering based on >z. The first problem with >z occurs on the term-level.
Consider the terms f(x,y) and y. Obviously, f(z,y) =z vy holds. However, for
the substitution o = {y/g(z)}, we have f(x,y)o #z yo. Note that f(x,y)o is
no longer regular. According to Lemma E(WM) ¢ >z s implies to =z so for any
substitution o such that ¢t and to are regular. This problem is mainly caused
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by the dual use of >=z: On the one hand it is used to define the structure of
regular terms, literals and clauses and on the other hand it is used to determine
the literals of a clause to resolve upon. The problem can be solved by using
an ordering which is compatible with >z on regular terms and is stable under
substitution.

The second problem with >z occurs on the atom-level. As a simple example
consider the atoms p(z,y, ) and p(x, x, a). We have that p(x, y, z) =z p(x, z, a).
But since the atoms have a common instance p(a,a,a), there exists no atom
ordering > such that p(z,y, x) > p(x, z, a) holds.

It is important to remember that we have to restrict resolution inference
steps in a clause {p(z,y, x), p(x, x,a)} to the first literal. For otherwise, we can
no longer guarantee that resolvents of k-regular clauses are still k-regular. For
example, resolution with {p(z,z, z), —p(x,z,a)} (on the second literal in each
clause) results in {p(z, z, 2), p(z,y, x)} which is not k-regular.

As far as the selection of suitable literals to resolve upon is concerned, clauses
meeting the following two conditions cause problems.

1. The clause C' contains a singular literal which has constant arguments or
duplicate variable arguments.
Suppose the opposite. Then all singular literals are monadic. All predicate
symbols of shallow, non-singular literals have arity greater than one. Thus,
there are no common instances of singular literals and non-singular literals.
It is straightforward to define an atom ordering > such that the singular
literals are not >-maximal in C.

2. The clause C' contains a shallow, non-singular literal or there is a compound
term ¢ in C such that [V(argl:;%(¢))| > 2
If C' contains no shallow, non-singular literals and for all compound term ¢
in C we have that |V(argl;;*(¢))| < 1, then all shallow literals in C' contain
exactly one variable.

At first glance the second condition may seem too general. In a 2-regular clause
like {q(f(z,y, 2)),p(x,a)} the literals ¢(f(x,y, z)) and p(x,a) have no common
instances and it is straightforward to define an atom ordering > such that
q(f(z,y,2)) is strictly >-maximal. However, a resolution inference step with
{—q(f(z,y,2)),p(x,y)} results in {p(z,a), p(x,y)} which is the prototypical ex-
ample of a problematic clause.

This analysis motivates the following definitions.

A literal L is called CDV (containing constants or duplicate variables) if L
is singular, and there is an argument which is a constant or there are duplicate
(variable) arguments. Otherwise a literal is CDV-free. A clause C' is CDV if it
contains a CDV literal and a shallow, non-singular literal, but no deep literal.
Otherwise C'is CDV-free.

The intuition of CDV-free clauses is that >=-maximal literals are immediate
for suitable atom orderings . It should be noted that there are CDV-free clauses
which contain CDV literals. Any CDV clause contains at least two literals.

2 |N| denotes the cardinality of N.
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An indecomposable, k-regular clause C' is strongly CDV-free if satisfies at
least one of the following conditions.

1. C contains no CDV literal, or
2. C contains no shallow, non-singular literal and for every compound term ¢
occurring in any literal in C, [V(argl,;*(¢))| = 1.

A set of clauses N is (strongly) CDV-free if every clause in N is (strongly)
CDV-free.

The sample clause {p(f(z,v)), q(z,y),r(x,a)} is CDV-free, but not strongly
CDV-free. It contains the literal r(z, @) which is CDV and a shallow, non-singular
literal g(z, y). Also the 2-regular clause {p(f(z,y)), r(x, a)} is not strongly CDV-
free: Apart from the CDV literal r(x, a) it contains a deep, non-singular literal
p(f(z,y)) such that the term f(x,y) contains more than one variable. There is
a subtle point to note. If we consider {p(f(x,y),r(x,a))} as a l-regular clause,
then it is strongly CDV-free. However, in a set of 1-regular clauses, no shallow,
non-singular literals occur.

The clause {p(z,x,a),q(x,b),p(c,z,c)} is strongly CDV-free, since it con-
tains no non-singular literal. The clause {p(z,y, ¢), q(x, y), p(x, a,y)} is strongly
CDV-free, since it contains no singular literal. In general, CDV-freeness does
not remain invariant under resolution. A simple counterexample is a resolution
inference step between C1 = {p(f(z,y)),r(x,y),q(z,a)} and Cy = {-p(z)} with
conclusion {r(z,y), ¢(x,a)}. This is due to the fact that the CDV literal in C is
shielded by the term f(z,y). Since this term is no longer present in the conclu-
sion, the CDV literal becomes unshielded. However, C'; is not strongly CDV-free.

We will now show that ordered factoring and ordered resolution preserve
strong CDV-freeness.

Lemma 7. Let L be a singular, CDV-free literal and o be a substitution. Then
Lo is CDV-free.

Proof. Let V(L) = {2}. If 2 ¢ D(c)M then Lo = L is still CDV-free. Now,
assume = € D(o). If zo is a variable, then L and Lo are identical up to the
renaming of variables. So, Lo is CDV-free. If xo is a constant or a compound
term, then Lo is no longer singular and therefore CDV-free. a

Theorem 8. Let {L1, L2} U C be an indecomposable, strongly CDV-free, k-
reqular clause such that Ly and Lo are unifiable with most general unifier o
and Ly is a dominating literal in {L1, Lo} U C. Then ({L1} U C)o is strongly
CDV-free.

Proof. If ({L1} UC)o is a ground clause, then it is strongly CDV-free, since it
contains no CDV literals.

Suppose that ({L1}UC)o is non-ground. For every literal Lo in ({L1}UC)o
the set V(Lo) is a subset of V(L) and the height of Lo is equal to the height of
L. Thus, no singular literal L in {L;, Lo} U C will become a non-singular literal

3 D(0) denotes the domain of ¢, and C(o) the codomain.
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Lo in ({L;} UC)o, nor will any deep literal L satisfying the second condition of
strong CDV-freeness turn into a deep literal Lo violating this condition.

If {L1, Lo} UC is strongly CDV-free, since it contains no non-singular literal,
the factoring inference step will not produce a non-singular literal and ({L1} U
C')o remains strongly CDV-free.

If {L1,L>} U C is strongly CDV-free, since it contains no CDV literal, we
can argue as follows. Suppose ({L;} U C)o contains a non-ground literal Lo
which is CDV. Then L is not singular, since by Lemma B any singular, CDV-
free literal remains CDV-free after instantiation. Also, L is not deep, since deep
literals remain deep after instantiation. So, L is a shallow, non-singular literal.
However, all shallow, non-singular literals in a k-regular clause contain the same
set of variables and for any shallow, non-singular literal L and for all compound
terms t occurring in the clause, the set of non-constant arguments of L are
similar to the subset of non-constant arguments of the first k£ arguments of ¢. If
instantiation with o turns L into a singular literal with variable x, then it does
so with every shallow, non-singular literal in the clause. Furthermore, the subset
of non-constant terms of the first k£ arguments of any term ¢ will contain only
one variable, namely x. Thus, ({L1} U C)o is strongly CDV-free. O

Theorem 9. Let {41} UC) and {—A2} UCy be indecomposable, strongly CDV-
free, k-regular clauses such that A1 and As are unifiable with most general unifier
o and Ay and — Ay are dominating literals in { A1} UCy and {—A2} U Cs, respec-
tively. Then every split component of (C1 U Ca)o is strongly CDV-free.

Proof. The general observation that no singular or deep literal L in one of the
premises will become a shallow, non-singular literal Lo in the conclusion (C7 U
C3)o remains true.

We distinguish the following cases:

1. Both A; and —A, are singular literals. Then neither {A;} U Cq, {=A2} Uy,
nor (C7 U Cy)o contain a non-singular or deep literal. So, the conclusion of the
resolution inference step is strongly CDV-free.

2. Aj is a singular literal and —As is a shallow, non-singular literal. C; and
C1o contain no non-singular or deep literal and Cs contains no deep literal. The
literal = Aso is singular. Since all shallow, non-singular literals in Cs are similar
to = Ay, Cyo contains no non-singular or deep literal.

3. A; and —As are shallow, non-singular literals. Neither C7 nor Cy contains a
deep literal. If Ajo(= Az0) is singular, then (C; UC3)o contains no non-singular
literals. Suppose A;o is again a shallow, non-singular literal. Let L be a CDV-
free, singular literal in either C; or Cs. Since C(o) contains only variables and
constants, Lo is either ground or CDV-free, by Lemma B

4. A; is a deep literal and —Ay is singular. {—As} U Cy contains only singular
literals and that V({-Az2} U Cs) is a singleton set. So, Ay is not necessarily
CDV-free. W.l.o.g. we can assume that ¢ maps the only variable occurring in
=45 to some compound term ¢. This means, —Aso, and likewise any literal in
Co0, is deep. The elements of C(op,(4,)) are either variables or constants. So, if
L is a CDV-free literal in C1, then Lo is still CDV-free or ground.

Suppose C; contains a CDV literal. Then C; satisfies the second condition
of strong CDV-freeness. Instantiation with o will not introduce additional vari-
ables into compound terms and ¢ also satisfies the requirements of the second
condition. So, (Cy U Cy)o is strongly CDV-free.
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Suppose C; contains a shallow, non-singular literal L. Note that C; does not
contain a CDV literal. If Lo is still CDV-free, then Cy0 contains no CDV literal
and (Cy UCy)o is strongly CDV-free. If Lo is a CDV literal, then we argue as in
the proof of Theorem B that (Cy U Cy)o satisfies the second condition of strong
CDV-freeness.

5. Aj is a deep literal and —As is a shallow, non-singular literal. Since Cso
contains only deep literals and, possibly, CDV-free literals, the proof is similar
to the previous case.

6. Both A; and —Ay are deep literals. The important point to note in this
case is the following. Let s and ¢ be compound terms and in ({4;} U C1)o or
({=A2}UC3)o. Let L be a shallow, non-singular literal in { A1 }UC] or {= A }UCS.
Then

argy;*(s) = argy*(t) and arg,.,(L) \ Fo ~z argy;i*(s) \ Fo.

Consequently, if A; is a shallow, non-singular literal in C; and As is a shallow,
non-singular literal in Cy, either both A;0 and Aso are singular literals and
V(argl:;¥(t)) is a singleton set for any compound term ¢ in (C; UC3)o, or neither
Ajo nor Aso are shallow, non-singular literals. It follows that (Cy; U Ca)o is
strongly CDV-free. ad

We have shown that the property of strong CDV-freeness is preserved under
inferences by factoring and resolution on dominating literals. Since clause sets
in KC are not necessarily strongly CDV-free, we define a satisfiability equiva-
lence preserving transformation which transform any clause set N in KC into a
strongly CDV-free clause set N’. The transformation is given by the rule

N =, N' UDef?,

where (i) L is an occurrence of a CDV literal in a clause C € N which is
not strongly CDV-free, (ii) A is an atom of the form pf(x) where p/ is a new
predicate symbol with respect to N and z is the variable occurring in L, (iii)
Def? is a definitional clause of the form {—A, L}, and (iv) N’ is obtained from
N by replacing any occurrence of L by A.

Note that A is CDV-free and that the clause {—A, L} is strongly CDV-free.
As each transformation step removes at least one CDV literal in one of the
clauses which are not strongly CDV-free, by a sequence of transformation steps
we eventually obtain a strongly CDV-free set of clauses . We denote the resulting
clause set by N | ..

Theorem 10. Let N be a set of clauses. Then N |, can be constructed in poly-
nomial time, and N | ., is satisfiable if and only if N is satisfiable.

An atom ordering > suitable for our purpose has to satisfy this condition:

If a literal L is >=-maximal in a clause C' of a given class C, 2)
then there is no literal L’ in C with L' =z L.

We have seen that no atom ordering satisfying this condition can exist if C is
the class of all (indecomposable) k-regular clauses. We will now show that if C
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is the class of all (indecomposable) strongly CDV-free, k-regular clauses, we are
able to define such an atom ordering.

Note that it is not relevant whether > is applied a priori, like =z, or a
posteriori: Since > is stable under substitution, if Lo is >=-maximal in C'o then
L is >=-maximal in C.

Let > be a total precedence on predicate and functions symbols (function
symbols are denoted by f and g, predicate symbols by p and ¢) such that

— [ =5 g if the arity of f is strictly greater than the arity of g,

— f =5 pif f is not a constant symbol,

— p >y q if ¢ is monadic and the arity of p is greater than or equal to 2, and
— p >y cif ¢ is a constant symbol.

Every predicate symbol and function symbol has multiset status. Let =g be the
recursive path ordering based on the precedence > 5.

Lemma 11. Let Ly and Ly be literals in an indecomposable, strongly CDV-free,
k-reqular clause C. Then Ly =z Lo implies L1 =g Lo.

Proof. We distinguish the following cases according to the type of L;:

1. L; is non-singular and shallow. Then Ly is singular. Therefore, Lo contains
exactly one variable x and x is an argument of Ly and L. If x is the only
argument of Lo, then the multiset of arguments of L is obviously greater than
the multiset of arguments of L, and the predicate symbol of L; has precedence
over the predicate symbol of L1 by >=5. So, L1 >=g Lo holds. If Ly contains more
than one argument, then Lo is not CDV-free, contradicting our assumption that
C is strongly CDV-free.

2. Lj is deep. Ly contains a compound term ¢; dominating all the arguments of
Ly. Since Ly >z Lo and >z is transitive, for every argument of t5 of Lo, t1 >z to
holds. The term t5 is either a variable or a compound term. In the first case,
according to the definition of -z, t5 is an argument of ¢;. In the second case, t;

has the form f(u1,...,u) and t2 has the form g(uq, ... ,u,) with m>n. Then,
by definition, f > g. Therefore, it is enough to show that f(u1,...,um) =5 u;
holds, for all j with 1<j<n, which is straightforward. a

5 A Decision Procedure for KC

We are now ready to present a decision procedure for the class KC. We adopt the
resolution framework of [l]. The calculus is parameterised by an atom ordering
> and consists of three basic rules.

N

N U{Cond(C)}
if C is either a resolvent or a factor of clauses in N.

NuU{C}
N
if C is a tautology or N contains a clause which is a variant of C.
NuU{CUD}
NU{C}|NuU{D}

if C' and D are variable-disjoint.

Deduce:

Delete:

Split:
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Resolvents and factors are derived by the following rules.
CU{A;} DuU{-A4s}

(CUD)o
where (i) o is the most general unifier of A; and As, (ii) no literal is selected
in C' and Ajo is strictly >-maximal with respect to Co, and (iii) —As is either
selected, or = Aso is maximal in Do and no literal is selected in D.
CU{A, Ao}
(O U {Al })CT
where (i) o is the most general unifier of A; and As; and (ii) no literal is selected
in C' and A;0 is »-maximal with respect to Co.

Ordered Resolution:

Ordered Factoring:

Let R be any calculus in which (i) derivations are generated by strategies applying
“Delete”, “Split”, and “Deduce” in this order, (ii) no application of “Deduce”
with identical premises and identical consequence may occur twice on the same
path in derivations, and (iii) the ordering is based on =g while the selection
function is arbitrary.

Theorem 12. Let N be a set of clauses in KC. Then,

1. N is unsatisfiable if and only if the R-saturation of N | . contains the empty
clause, and
2. any derivation from N |, in R terminates.

Proof. Part 1 is a direct consequence of Theorem I and the soundness and
completeness of R [HH].

By Theorems H Bl B and Bthe class of strongly CDV-free, k-regular clauses is
closed under inference in R. Theorem Bl shows that the class of k-regular clauses
is finite, provided condensation is applied eagerly. This proves part 2. a

Corollary 13. The classes K and K are decidable.

Let us consider an example. None of the clauses in NV defined below is strongly
CDV-free. The transformed clause set is N | ..

N (1) {p(a,a,z),r(a, 2, y)} Nlw: (5) {pf (2),7(a,z,y)}
(2) {-r(a,a,z),p(a,z,y)} (6) {ry (z),p(a,z,y)}
(3) {T(av a, I), _'p(a’ I’y)} (7) {Ti (I)’ _'p(a’ L, y)}
(4) {_'p(a’ a, 1‘), _'r(a’ I’y)} (8) {p; (I)’ _'T(aa €L, y)}
9) {-p1 (2),p(a,a,2)}
(10) {-ry (z), ~r(a,a, z)}
(11) {-r{ (2),r(a, a,2)}
(12) {-p; (2), 7r(a, a, )}

The following presents one branch of the theorem proving derivation from N | ,.

[ (5)2, R, (8)2] (13) {p{ (x),py (2)} [(17)1, R, (8)2] (18) {p; (a)}
[(13)1L, R, (9] (14) {p(a,a,2),py (x)}  [(18)L, R, (12)2] (19) {-p(a; a,a)}
(1)1, R, (7)2] (15) {r{ (a),p1 ()} [(19)1, R, (6)2] (20) {ry (a)}
[(15)1, Spt] (16) {r{ (a)} [(20)1, R, (10)2] (21) {ﬂ"(a ;a)}
[(16)1, R, (11)1] (17) {r(a,a,a)} [(21)1, R, (17)1] (22) L
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It is straightforward to check that we are able to derive the empty clause in all
remaining branches by similar sequences of inference steps. Hence, the initial set
N is unsatisfiable.

A particularly interesting variant of our decision procedure can by obtained
by the utilisation of a selection function. The selection function S, selects the
monadic literal —A in a clause DeffL4 introduced by the transformation = ,,.
Note that positive occurrences of A in N | ,, are not > g-maximal in their clauses.
Thus, inferences with clauses in DeffL4 are prohibited. Only when a clause C' with
a »g-maximal literal A and with selected counterpart —A in Def,, is produced
by ordered resolution, will an inference step with Def ’L4 be performed. Effectively,
such an inference step reintroduces (an instance of) the original literal occur-
rence L into C. Now, leaving these inference steps aside, resolution inference
steps based on the non-liftable ordering >, correspond one-to-one to resolution
inference step based on the liftable ordering >g. Some factoring steps possible
with respect to >z are prevented in N|,,, since one of the literals has been
renamed by the transformation.

The picture changes if we take the different notions of redundancy underlying
these calculi into account. The inference step leading to the clause {p; (), py (z)}
corresponds to the inference step

[ (1)2, R, (4)2] (13') {p(a,a,z), ~p(a,a,z)}

on the original clause set N which results in a tautologous clause. In a decision
procedure based on the non-liftable ordering >z such tautologous clauses are not
redundant and, in general, cannot be eliminated without loosing completeness
of the procedure. This is already evident in our example, since the only alter-
native inference step possible on N is the derivation of the tautologous clause
{r(a,a,x),—r(a,a,z)} from clauses (2) and (3). Thus, the only clauses derivable
from the unsatisfiable clause set N based on the = z-refinement of resolution are
tautologous.

In contrast, we can make use of the notion of redundancy described in [H.
For example, given the clauses {p(a, z,y), (b, z,y)} and {—p(a,a, 2), -1 (b, a, )}
which are strongly CDV-free, the tautologous conclusion {p(a, a, z), =p(a, a, x)}
is redundant and can be eliminated.

6 An Extension of KC: The Class DKC

In this section we consider the class DK containing all possible (finite) conjunc-
tions of formulae of class K. The grade of the formulae in such a conjunction
can vary. The class of clause sets obtained from formulae of class DK is denoted
by DKC.

We will prove that DKC is decidable with respect to satisfiability using the
procedure of the previous section.

Let ¢ be a formula of class K of grade k. Let N be the corresponding set
of clauses. Then we call a non-constant Skolem function f occurring in some
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clause in N k-originated. Let C' be a k-regular clause such that all non-constant
Skolem functions occurring in C' are k-originated. Then C' is strongly k-regular.
There is a rather subtle point to note about the definition of k-regular and
strongly k-regular clauses. The value of k can be chosen almost arbitrarily if
the clause does not contain compound terms. For example, if we talk about 3-
regular clauses in the following, this will include clauses like {p(z1, x2), p(z2, 1)}
and {q(zs, ¢, x2,x1,24)}. To distinguish clauses like these from clauses actually
containing k-originated function symbols, we introduce the notion of inhabited
clauses, that is, clauses containing at least one non-constant function symbol.

Lemma 14. Let ¢ be a formula of class K and let ¢ be of grade k. Let N be the
corresponding set of clauses. Then every clause in N is strongly k-regqular.

Proof. Immediate. a

Corollary 15. Let ¢ be a formula of class DK. Let N be the corresponding set
of clauses. Then every clause in N is strongly k-reqular for some positive k.

Lemma 16. Let {A;}UC and {—A2}UC, be indecomposable, strongly k-regular
clauses such that Ay and As are unifiable with most general unifier o and Ay
and Ay are dominating literals in { A1} UCy and {—A2} U Cy, respectively. Then
the split components of the resolvent (C1 U Cy)o are strongly k-regular.

Proof. By Lemma B the split components of (C; U C3)o are k-regular. Since all
the Skolem functions of (C7 U C3)o already occur in one of the parent clauses,
the Skolem functions are k-originated. Thus the split components of (C1 U Cs)o
‘are strongly k-regular. ad

Lemma 17. Let Cy be an indecomposable, strongly k-regular clause. Let Co be
a factor of C1. Then the split components of Co are strongly k-regular.

Proof. By a similar argument to the previous lemma. a

Lemma 18. Let C1 = {A1} U D be a ki-regular clause and Cy = {—A2} U Dy
a ko-regular clauses such that Ay and As are unifiable with most general unifier
o and Ay and —As are dominating literals in Cy and Cy, respectively. Let all the
non-constant Skolem functions in C1 and Cs be ki -originated and k-originated,
respectively. Then ki = kb and all the non-constant Skolem functions in (Dy U
Ds)o are kf-originated.

Proof. If neither C; nor C contain function symbols, the lemma is trivially true.
W.l.o.g. we assume that at least one function symbol occurs in Cy. So, the clause
C1 contains a deep literal and A; is deep. Therefore, there exists a compound
term t; in A; such that ¢; dominates every argument of every literal in Cfj.
According to the possible types of = As, we distinguish the following cases.

1. —A, is a singular literal with variable . Then o = {z/t1}. The resolvent
(D1UD3)o will contain only Skolem functions of { A; }. Since all Skolem functions
in {41} U Dy are kj-originated, this will be the case for (D; U D3)o as well.
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2. Ay is a literal of non-singular and shallow. Similar to the previous case.

3. = A3 is a deep literal. Then there is a term t5 in =A, dominating every ar-
gument of every literal in {-A2} U Ds. According to Lemma E@l) the terms t;
and to occur at the same argument position in A; and —As, respectively. Since
Ay and A, are unifiable, t; and ¢9 are unifiable, too. Hence, the top function
symbols of #; and ts are equal. This function symbol is both kj-originated and
kj-originated according to our assumptions. Thus, k] = k). Consequently, all
non-constant function symbols in (D U Dy)o are kf-originated. O

Corollary 19. Let Cy be an inhabited, strongly ki-regular clause and Cy be an
inhabited, strongly ke-regular clause such that ki # ko. Then Cy and Cy have no
= g-resolvent.

Thus by Lemma I and Corollary IER

Lemma 20. Let Cy be an indecomposable, strongly ki-reqular clause and Cy
an indecomposable, strongly ko-regular clause such that C1 and Csy are variable-
disjoint. Let C be a »g-resolvent of C1 and Cy. FEvery split component of C' is
strongly k-reqular for some k.

Theorem 21. The procedure described in Section B is a decision procedure for

DKC and DK.

7 Conclusion

The results presented in this paper together with the result in [4] concerning
fragments of first-order logic including transitivity based on the ordered chaining
calculus, and the result in [[] concerning the guarded fragment, show that for a
wide range of first-order fragments resolution-based decision procedures can be
provided in a uniform framework.

We may ask whether the limits of decidability can be pushed further than
DK. It follows from a recent result in [] that allowing transitive relations leads
to undecidability. Even though there are a number of weaker classes which,
extended with equality are decidable, the enrichment of K with equality gives
an undecidable class [f]. We could imagine that decidable extensions of K or
DK with restricted forms of equality can be obtained by following . However,
it should be kept in mind that even equalities between constants are non-trivial
in our context, since their application may destroy the regularity of a literal.

The class DK covers the relational translation of modal formulae of basic
modal logic as well as the correspondence properties of many modal axiom

schemata. Therefore, it is interesting to investigate the relation of DK to the
guarded fragment. From the perspective of first-order logic, the two fragments
are incomparable. The formula ¢2 of Section H belongs to DK, but not to the
guarded fragment, while it is the opposite for the formula ¢4,. However, from a
modal perspective, the class DK may be regarded as a generalisation of Boolean
modal logic, the multi-modal logic defined over families of binary relations closed
under the Boolean operations [H]
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Abstract. We provide a resolution-based proof procedure for modal
and description logics that improves on previous proposals in a number
of important ways. First, it avoids translations into large undecidable log-
ics, and works directly on modal or description logic formulas instead.
Second, by using labeled formulas it avoids the complexities of earlier
propositional resolution-based methods for modal logic. Third, it pro-
vides a method for manipulating so-called assertional information in the
description logic setting. And fourth, we believe that it combines ideas
from the method of prefixes used in tableaux and resolution in such a
way that some of the heuristics and optimizations devised in either field
are applicable.

1 Introduction

In this paper we develop a novel direct resolution method for modal logics and
description logics. Designing resolution methods that can directly (that is, with-
out having to perform translations) be applied to modal logics, received quite a
bit of attention in the late 1980s and early 1990s, cf. [EAEIE]. In contrast, recent
years have witnessed an increase of attention for translation-based resolution cal-
culi for modal (and modal-like) logics; here, one translates modal languages into
a large background language (typically first-order logic), and devises strategies
that guarantee termination for the fragment corresponding to the original modal
language; see [E2CEE].

In parallel with these developments, the description logic community has
been very active in devising tableaux-based methods. There is some work on
devising translation-based resolution methods for description logics [ZlEH], but
we are not aware of any work on direct resolution-based methods for description
logics. This is surprising for at least two reasons. First, description logics are
closely related to modal logics (see [ESE]), and, hence, tools in one field can
easily be used in the other. Secondly, and more importantly, in contrast with
modal logic, the field of description logic has a very strong focus on decision
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methods and computational tools, and, surely, resolution-based methods rather
than tableaux-based methods provide the basis for most of today’s powerful
computational logic tools, and so it seems natural to try and apply the former
in the setting of description logics.

Now, translation-based approaches to resolution for modal and description
logics suffer from the drawback that termination becomes a highly non-trivial
task as we are now working within full first-order logic. Existing direct resolution
methods for modal logics, on the other hand, lack the elegance and efficiency of
the original resolution method because they need to perform ‘cuts’ inside modal
operators to achieve completeness.

In this paper we develop a direct resolution method for modal and descrip-
tion logics that retains as much as possible of the lean ‘one-rule’ character of
traditional resolution methods. The key idea introduced here is to use labels to
decorate formulas with additional information. These labels encode accessibility
relations (or, in description logic terms, roles) as well as worlds (or, objects). The
use of labels allows us to avoid the complexities involved in previous proposals
for direct resolution methods for modal logics. The intuition is that labels make
information explicit as we need it, so that the basic resolution rule only needs
to be used ‘at the top level.’

The main achievements of this paper can be summarized as follows:

— it proposes a resolution method that does not involve skolemization beyond
the use of constants;

— it presents an elegant and direct propositional resolution calculus for classical
modal and description logic;

— description logics split information in two kinds: A-boxes which contain as-
sertional information (facts about a particular domain), and T-boxes with
terminological knowledge (definitions of derived notions). As far as we know,
our proposal is the first one to account for assertional information with a
propositional resolution approach;

— our method is hybrid and conservative in more than one sense: it allows one
to adopt ideas from different fields and amalgamate them together.

The rest of the paper is organized as follows. Because of space limitations we
will restrict our attention to the description logic ALC and its extension ALCR;
but the similarities between ALC and the basic multi-modal logic K,,, are well-
known [E5], and they should allow anyone to transfer our results to the modal
setting without problems. In Section Bl we provide some basics on description
logic, and in Section l we present a resolution method for the description logic
ALCR. Then, in Section Bl we discuss various extensions of our results, covering
both modal and description logics, and in Section B we point out links with
related work. We conclude with a summary and further questions in Section [l

2 Basic Issues in Description Logic

In this section we provide some background information on description logics,
as well as some basic definitions.
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Description logics are a family of specialized languages for the representa-
tion and structuring of knowledge, together with efficient methods to perform
different ‘reasoning tasks.” They are specialized languages related to the KL-
ONE system of Brachman and Schmolze [§]. Nowadays, description logics are
generally considered to be “variations” of first-order logic—either restrictions or
restrictions plus some added operators. On the one hand these variations are
motivated by the undecidability of the inference problem for first-order logic,
and on the other by a desire to preserve the structure of the knowledge being
represented. The main tools used for providing decision methods and studying
complexity-theoretic aspects in the area of description logic are based on labeled
tableaux.

Let us make things more precise now.

Definition 1 (Signature). Let £ = {C;} U{R;} U {a;} be a denumerable set
of symbols. We will call C; atomic concepts, R; atomic roles and a; constants. L
is called a signature.

Definition 2 (Interpretation). Given a signature £ = {C;} U{R;} U{a;}, an
interpretation I for L is a tuple Z = (A, -T), where

— A is a non empty set.
— T is a function assigning an element a? € A to each constant a;; a subset
C%¥ C A to each atomic concept C;; and a relation RT C A x A to each

atomic role R;.

Definition 3 (Concepts and Roles). Given a signature £, each description
logic will define a set of defined concepts and a set of defined roles (usually
just called concepts and roles). Table Ml below defines the standard connectives
together with their usual names and semantics.

Constructor Syntax | Semantics
concept name C c*

top T AT
bottom 1 1]
conjunction cincy|cEnct

disjunction (U) |C1 UC2|CT UCY
negation (C) -C AT\ 7

univ. quant. VR.C |{d1|Vd2€ A((d1,d2) € R — d» € CT)}
exist. quant. (£) |3IR.C | {d1 | 3de € A((d1,d2) € R* Nds € CT)}
role name R RZ

role conj. (R) RiMNR2| RENRE

Table 1. Common operators of description logics
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The above semantic definition of VR.C' and 3R.C' matches the semantic def-
inition of the modal operators O and <; the connection was made explicit in
[ ] >~J .

Historically, a number of description logics received a special name; it is
customary to define systems by postfixing the names of these original systems
with the added operators. The logic FL£~ [ is defined as the description logic
allowing universal quantification, conjunction and unqualified existential quan-
tifications of the form IR.T. The logic AL [H] extends FL~ with negation of
atomic concept names. The names in parentheses in Table [ll are the usual ones
for defining extensions. Hence, ALC is AL extended with full negation. In the
system ALCR all the other operators in Table ll can be defined.

In description logics we are interested in performing inferences given certain
background knowledge.

Definition 4 (Knowledge Bases). A knowledge base X' is a pair X = (T, A)
such that

— T is the T(erminological)-Box, a (possibly empty) set of expressions of the
forms C; E Cy or Ry C Ry (C4, Cy € Concepts, R, R2 € Roles)

— Ais the A(ssertional)-Box, a (possibly empty) set of expressions of the forms
a:C or (a,b): R (C € Concepts, R € Roles, a,b € Constants).

Definition 5 (Models). Let Z be an interpretation and ¢ an expression of the
kind specified below. Then Z models ¢ (notation: Z = ) if

— @=C1CCyand CT C CoF, or
—po=R1C Ry andR%QRQI,or
— ¢p=a:Cand af € C7, or

— ¢ = (a,b): R and (a%,b?) € RZ.

Let X = (T, A) be a knowledge base and Z an interpretation, then Z models X
(notation: Z = X)) if forall p e TU A, T |= .

Definition 6 (Reasoning Tasks). The following are some of the standard
reasoning tasks considered for description logic. Let X' be a knowledge base:

— Subsumption (¥ = C; C C3): check whether for all interpretations Z such
that Z |= X we have C¥ C C%.

— Instance Checking (X = a : C): check whether for all interpretations Z such
that Z = X we have aZ € CZ.

— Concept Consistency (X = C = 1): check whether for some interpretation
T such that Z |= X we have CT # {}.

— Knowledge Base Consistency (X [~ L): check whether there exists Z such
that 7 = X.

Similar tasks can obviously also be defined for roles whenever role definitions
have a richer structure than we have considered here.

In this paper we will be concerned with knowledge base consistency, which, in
sufficiently strong description logics like ALC and its extensions, can decide all
the other reasoning tasks.
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3 Decision Methods for Description Logics

Weak logics like FL£~ have very effective decision methods. For some of the
standard reasoning tasks mentioned in Definitionllthese methods are polynomial
and only need to perform a structural analysis of the concepts involved (i.e., no
“real deduction” is performed). It is interesting to note that at this (low) level
of expressive power the different reasoning tasks cannot be mapped into each
other. But, of course, once we have full boolean expressive power as in ALC,
reasoning tasks like subsumption can be translated into satisfaction queries.

However, even at the level of ALC there is another dimension which matters:
the difference between dealing with assertional information and terminological
information. More precisely, assertions increase the expressive power of descrip-
tion logics. The standard connection between description logics and K, is es-
tablished at the terminological level. To account for the assertional information
the notion of nominal or name for a world is needed. See [H] for a recent study
of this topic and Section M for further comments.

Below we give a resolution proof procedure for the description logic ALCR
that is able to cope with assertional information.

Definition 7 (Weak Negation Form). Define the following rewriting proce-
dure WNF on concepts:

WNF
WNF

. 3R.C " ~(YR.-C)
S(CLu-uCy) B (=0 M- M aCy)

4. T ~ =(Cn=0C), for C arbitrary
5. L% AT

For any concept C, WNF converges to a unique normal form which we denote as
WNF(C). WNF(C) is logically equivalent to C'. WNF can trivially be extended
to expressions a : C; by setting WNF(a : C1) = a: WNF(C4). If we interpret
U, 3R.C', T and L as defined operators, then WNF is slightly more than an
expansion of definitions.

Definition 8 (Clause). Given an infinite set of labels L disjoint from Con-
stants, a clause is a set Cl such that each element of C1 is either

— a concept assertion of the form ¢: C where ¢ is either a constant or a label
in L.

— a role assertion of the form (¢1,¢2): R, where t1,ts are either constants or
labels in L.

We will use the notation t: C' (with possible subindices) for concept assertions
and (t1,t2): R (with subindices) for role assertions, and ¢: N for both of them.

A formula in a clause is a [literal if it is either a role assertion, a concept
or negated concept assertion on an atomic concept, or a universal or negated
universal concept assertion.
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Definition 9 (Model for a Clause and a Set of Clauses). Notice that
formulas in a clause are simply assertions over an expanded set of constants.
Let Cl be a clause, and Z = (A, %) a model in the expanded signature; we put
I E=ClifT =\ Cl. A set of clauses S has a model if there is model Z such that
forall Cle S, T = CI.

Definition 10 (Set of Clauses of a Knowledge Base). Let ¥ = (T, A)
be a knowledge base (with non-cyclic definitions). It is known that X can be
transformed into an “unfolded” equivalent knowledge base 3’ = (f}, A’) where
all concept and role assertions use only atomic concept and role symbols [i].
The set Sy of clauses corresponding to X' is the smallest set such that
—ifa:CiM---NC, =WNF(a:C) (n>1) for a:C € A’ then {a:C;} € Sx,
for1 <i<n.
— if (a,b): Ry M ---M Ry, € A’ then {(a,b):R;} € Sy, for 1 <i <n.

Notice that the “unfolded” assertions of A’ are used in this translation. Fur-
thermore, in Sy we can identify a (possibly empty) subset of clauses RA of the
form {(a,b): R} which we call role assertions, and for each constant a a (pos-
sibly empty) subset CA, of clauses of the form {a:C} which we call concept
assertions.

Because of the format of a knowledge base it is impossible to find in Sx; mized
clauses containing both (in disjunction) concept and role assertions. Furthermore
there are no disjunctive concept assertions on different constants, i.e., there is
no clause Cl in Sy such that Cl = Cl' U{a:C1} U {b: Cs} for a # b. These
properties will be relevant in the first steps of the completeness proof.

Proposition 1. Let X be a knowledge base and Sx its corresponding set of
clauses. Then X is satisfiable iff Sx is satisfiable.

CZU{t_ZNlﬂNQ} CZU{tZ"(OlﬂC’Q)}
Ol U {t_Nl} (_‘ ) Ol U {tWNF(—'C’l),tWNF(—'C’Q)}
Ol U {t_NQ}

(M)

Oll U {t_N} OZQ @] {t_ _|N}

E
(RES) Cly UCly

Cly U {tl VRC} Cly U {(t1, tz):R}

(V) Oll U Olz U {tz : O}

ClU{t:=VR.C}
Clu{(t,n): R}
ClU{n:WNF(-C)}

, where n is new.

(notice that (M) also covers role conjunction and that (=) is a mild kind of
skolemnization which only involves the introduction of constants).

Table 2: The Resolution Rules

Table 2 shows the resolution rules we will consider.



Prefixed Resolution 193

Definition 11 (Deduction). A deduction of a clause C1 from a set of clauses
S is a finite sequence Si,...,S, of sets of clauses such that S = 51, Cl € S,
and each S; (for ¢ > 1) is obtained from S;_; by adding the consequent clauses
of the application of one of the resolution rules in Table 2 to clauses in S;_;. Cl
is a consequence of S if there is a deduction of CI from S. A deduction of {}
from S is a refutation of S.

Before proving soundness, completeness and termination we present a simple
example of resolution in our system.

Example 1. Consider the following description. Ignoring some fundamental ge-
netic laws, suppose that children of tall people are blond (1). Furthermore, all
Tom’s daughters are tall (2), but he has a non-blond grandchild (3). Can we
infer that Tom has a son (4)7

(0) female = —male

(1)  tall C VCHILD.blond
(2) t:VCHILD.(—female LI tall)
(3) t: ICHILD.3CHILD.—blond
4) t:3CHILD.male

As is standard, we use a new proposition letter rest-tall to complete the partial
definition in (1) and we resolve with the negation of the formula we want to
infer. After unfolding and applying WNF we obtain the following three clauses

1. {t:VCHILD.=(—male 1 —=((VCHILD.blond) M rest-tall))}

2. {t: =VCHILD.VCHILD.blond}

3. {t:VCHILD.—-male}

Now we start resolving,

4. {t': =VCHILD.blond} by (=) in 2
5. {(t,t"): CHILD} by (=V) in 2
6. {t': —male} by (V) in 3
7. {t': = (—male N = ((VCHILD.blond) M rest-tall) } by (V) in 1
8. {t':male,t’: ((YCHILD.blond) M rest-tall) } by (=) in 7.
9. {t": ((VCHILD.blond) M rest-tall) } by (RES) in 6 and 8.
10. {t’: VCHILD.blond} by (M) in 9.
11 {t’: rest-tall}. by (M) in 9.
12. {} by (RES) in 4 and 10.

Theorem 1 (Soundness). The resolution rules described in Table 2 are sound.

That is, if X is a knowledge base, then Sx has a refutation only if X is unsat-
isfiable.

Proof. We will prove that the resolution rules we introduced preserve satisfi-
ability. That is, given a rule, if the premises are satisfiable, then so are the
conclusions. We only discuss (—V).

Let Z be a model of the antecedent. If 7 is a model of Cl we are done. If 7 is a
model of t: =V R.C, then there exists d in the domain, such that (¢, d) € R? and
d € ~CT. Let T’ be identical to Z except perhaps in the interpretation of n where
n?' = d. As n is a new label, also Z' |= t: =VR.C. But now I’ |= ClU{(t,n): R}
and 7' = ClU{n:WNF(=C)}. a
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Our next aim is to prove completeness. We follow the approach used in [&:
given a set of clauses S we aim to define a structure Ts such that

(f) if S is satisfiable, a model can be effectively constructed from Ts; and
(1) if S is unsatisfiable, a refutation can be effectively constructed from Ts.

But in our case this proves to be more difficult than in [E2] because we have
to deal with A-Box information, that is, with named objects or worlds (concept
assertions) and fixed constraints on relations (role assertions). We will proceed
in stages. To begin, we will obtain a first structure to account for named worlds
and their fixed relation constraints. After that we can use a simple generalization
of results in [&]. We base our construction on trees which will help in guiding
the construction of the corresponding refutation proof.

Let X be a knowledge base and Sy its corresponding set of clauses. Let a
be a constant and CA, the subset of CA of concept assertions concerning the
constant a. Define the following operation to be performed on CA,.

We construct for each CA, a binary tree T, inductively. Let the original
tree u consist of the single node CA, and repeat the following operations in an
alternating fashion.

Operation A1. Repeat the following steps as long as possible:

— choose a leaf w. Replace any clause of the form {a : =(Cy M C2)} by {a:
WNF(=C1), a : WNF(=Cb)}; and any clause of the form {a: Ci M C2} by
{a:C1} and {a:C>}.

Operation A2. Repeat the following steps as long as possible:

— choose a leaf w of u and a clause Cl in w of the form Cl = {a:C1,a:C2}U cr;

— add two children w; and w2 to w, where w1 = w\{CIl} U {{a : C1}} and
wa = w\{Cl} U{{a:C2} UCI'}.

The leaves of T;, give us the possibilities for “named worlds” in our model
(remember that concept prefixes act as names for worlds/objects). We can view
each leaf as a set S, representing a possible configuration for world a.

Proposition 2. Operation A (the combination of Al and A2) terminates, and
upon termination

1. all the leaves SL to S™ of the tree are sets of unit literal clauses;
2. if all SL, ..., S™ are refutable, then CA, is refutable;
3. if one SJ is satisfiable, then CA, is satisfiable.

Proof. Termination is trivial. Item 1 holds by virtue of the construction, and
item 2 is proved by induction on the depth of the tree. We need only realize that
by simple propositional resolution if the two children of a node w are refutable,
then so is w. Item 3 is also easy. Informally, Operation A “splits” disjunctions
and “carries along” conjunctions. Hence if some SJ has a model we have a model
satisfying all conjuncts in CA, and at least one of each disjuncts. O

We should now consider the set RA of role assertions. Let NAMES be the
set of constants which appear in X. If ¢ is in NAMES but CA, is empty in Sy,



Prefixed Resolution 195

define S} = {{a:C,a:~C}} for some concept C. We will construct a set of
sets of nodes N' = {N; | N; contains exactly one leaf of each T,}. Each N; is a
possible set of constraints for the named worlds in a model of Sx.

Proposition 3. If for all i, |J N; U RA is refutable, then so is Sx.

Proof. If for all i, | J N; U RA is refutable, then for some constant a we have that
for all SJ obtalned from CA,, S U RA is refutable. Hence by Proposition ﬂ,
CA, U RA is refutable, and so is S 5.

For all i, we will now extend each set in IV; with further constraints. For each
S. € N;, start with a node w, labeled by S,

Operation B1. Equal to Operation Al.
Operation B2. Repeat the following steps as long as possible:
— choose nodes wq, wy such that {(a,b): R} in RA, {a:VR;.C;} € wa, {b:C;} &
wp, where wyp is without children;
— add a child to ws, wy, = w, U {{b:C;}}.

Call N;* the set of all leaves obtained from the forest constructed in B.

Proposition 4. Operation B terminates, and upon termination

1. all nodes created are derivable from | J N;URA, and hence if a leaf is refutable
sois |JN; URA;
2. if some |J N} is satisfiable, then Sx is satisfiable.

Proof. To prove termination, notice that in each cycle the quantifier depth of
the formulas considered decreases. Furthermore, it is not possible to apply twice
the operation to a node named by a and b and a formula a:VR,;.C;.
As to item 1, each node is created by an application of the (V) rule to members

of N; U RA or clauses previously derived by such applications. To prove item 2,
let Z be a model of N}. Define a new model 7' = (A’, T} as follows.

— A= A

— o = aI for all constants a;

— 0T = (7 for all atomic concepts C; and

— RT = RTU{(aZ,b7) | {(a,b): R} € RA}.

Observe that Z’ differs from Z only in an extended interpretation of role symbols.
By definition, Z' = RA. It remains to prove that 7' = CA. By Proposition B
we are done if we prove that 7' |= |JN;. Now, since we only expanded the
interpretation of relations, Z and Z’ can only disagree on universal concepts of
the form a:VR.C. By induction on the quantifier depth we prove this to be false.

Assume that Z and Z’ agree on all formulas of quantifier depth less than
n, and let a : VR.C be of quantifier depth n, for {a : VR.C} € S%. Suppose
7' I~ VR.C. This holds iff there exists b such that (aZ',b%') € RT and I’ [~ b:C.
By the inductive hypothesis, Z [~ b: C. Now, if (aZ,b?) € RT we are done.
Otherwise, by definition {(a,b): R} € RA. But then {b:C} € S; by construction
and as Z = Sy, we also have 7 |= b: C—a contradiction. a
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As we said above, each N/ represents the “named core” of a model of S. The
final step is to define the non-named part of the model. The following operations
are performed to each set in each of the N, obtaining in such a way a forest Fj.

Fix N}, and a. We construct a tree “hanging” from the corresponding S;; €
N;. The condition that each node of the tree is named by either a constant of a
new label (that is, all the formulas have the same prefix) will be preserved as an
invariant during the construction. Set the original tree u to S and repeat the
following operations C1, C2 and C3 in succession until the end-condition holds.

Operation C1. Equal to Operation Al.
Operation C2. Equal to Operation A2.

Operation C3. For each leaf w of u,

— if for some concept we have {C}, {~C} € w, do nothing;

— otherwise, since w is a set of unit clauses, we can write w = {{¢t: Ci}, ...,
{t:Cm}, {tZVRkl .Al}, ey {tVRknAn}, {ti—\VRll.Pl}, ey {ti—\Vqu.Pq}}.
Form the sets w; = {{WNF(t' : =P;)}} U S;, where ¢’ is a new label, and
S ={{t': An} | {t:VR;.An} € w}, and append each of them to w as children
marking the edges as R; links. The nodes w; are called the projections of w.

End-condition. Operation C3 is inapplicable.

Proposition 5. Operation C cannot be applied indefinitely.

Definition 12. We call nodes to which Operation C1 or C2 has been applied
of type 1, and those to which Operation C3 has been applied of type 2. The set
of closed nodes is recursively defined as follows,

— if for some concept {t:C},{t:—C} are in w then w is closed.
— if w is of type 1 and all its children are closed, w is closed.
— if w is of type 2 and some of its children is closed, w is closed.

Let F; be a forest that is obtained by applying Operations C1, C2, and C3 to
N} as often as possible. Then Fj is closed if any of its roots is closed.

Lemma 1. If one of the forest F; obtained from Sx is non-closed, then Sx has
a model.

Proof. Let F; be a non-closed forest. By a simple generalization of the results in
[£2 Lemma 2.7] we can obtain a model Z = (A, -T) of all roots S} in F;, from
the trees “hanging” from them, ie., a model of | J N;. By Proposition l Sx has
a model. ]

Lemma Bl establishes the property (t) we wanted in our structure Ts. To
establish (1) we need a further auxiliary result.

Proposition 6. Let w be a node of type 2. If one of its projections w; is
refutable, then so is w.
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Proof. Let w be a set of unit clauses w = {{t:C1}, ..., {t:Cn}, {t:VRy, . A1},
s At VR, Ap}, {t: VR Py, L {2V Ry, Py} And let w; be its refutable
projection: w; = {{WNF(¢': =P;)}} U S;, where t’ is a new label, and S; = {{t:
Ap} | {t:VR;.Ap} € w}. We use resolution on w to arrive to the clauses in w;
from which the refutation can carried out: Apply (—V) to {t: =VR;.P;} in w to
obtain {t' : WNF(t' : =P;)} and {(¢,¢') : R;}. Now apply (V) to all the clauses
{t:VR;.Ap} in w to obtain {t': Ap}. a

Lemma 2. In a forest F;, every closed node is refutable.

Proof. For w a node in F;, let d(w) be the longest distance from w to a leaf.

If d(w) = 0, then w is a leaf, thus for some concept C, {¢t:C} and {t:=C}
are in w. Using (RES) we immediately derive {}.

For the induction step, suppose the proposition holds for all w’ such that
d(w’) < n and that d(w) = n. If w is of type 1, let w; = w \ {Cl} U{ClL}
and we = w \ {Cl} U{Cly} be its children. By the inductive hypothesis there is
a refutation for w; and ws. By propositional resolution there is a refutation of
w: repeat the refutation proof for wy but starting with w, instead of the empty
clause we should obtain a derivation of Cls, now use the refutation of ws.

Suppose w is of type 2. Because w is closed, one of its projections is closed.
Hence, by the inductive hypothesis it has a refutation. By Proposition ll, w itself
has a refutation. ]

Theorem 2 (Completeness). The resolution method described above is com-
plete: if X is a knowledge base, then Sy is refutable whenever X is unsatisfiable.

Proof. 1t is only necessary to put together the previous pieces. If 2’ does not have
a model then, by Propositionll, there is no model for Sx. Hence by Lemma [l all
the forests F; obtained from Sy are closed, and by Lemmall for each N}, one
of the sets Sj;j is refutable. By Proposition lll for all ¢, [ J N; U RA is refutable.
By Proposition B, Sy is refutable. O

Because we have shown how to effectively obtain a refutation from an incon-
sistent set of clauses we have also established termination. Notice that during
the completeness proof we have used a specific strategy in the application of the
resolution rules (for example, the (—V) rule is never applied twice to the same
formula).

Theorem 3 (Termination). Given a knowledge base X, the resolution method
(with the strategy described above) terminates with answer YES if X is incon-
sistent and with answer NO otherwise.

As a corollary of the results above, we obtain soundness, completeness and
termination of our resolution method for K,,. Notice that this is really a weaker
result than the ones proved above, since we don’t have to bother about asser-
tional A-Box information when dealing with K,,. When using our resolution
method for K,, the prefix labels are really metalogical entities and not part of
the logic. We will discuss this matter further in Section [l
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4 Extensions and Variations

In addition to the basic results in Section [l we will now discuss some extensions
and variations. Because of space constraints we provide few details.

Modal Extensions. The natural step, from a classical modal point of view, is to
consider systems above K,,,. We choose systems T, D, and 4 as examples. Each
system is defined as an extension of the basic system K by the addition of an
axiom scheme which characterizes certain properties of the accessibility relation:

Name | Axiom scheme | Accessibility Relation
T p—<p reflexivity: Vr.x Rz
D Op — $p seriality: Vz3dy.x Ry

4 OOp — Op | transitivity: Vayz. (e Ry A yRz — zRz)
Corresponding to each of the axioms we add a new resolution rule.
ClU{t:VR;.C}

Clu{t:C}
ClU{t:VR;.C}
ClU{t:—~VR; WNF(-C)}
Cliy U {tl VRZO} Cly U {(t1, tQ):Ri}
Oll U Olg U {tg : VRZO}

(T:)

(D)

(4:)

Of course, because we are in a multi-modal formalism, these rules can be speci-
fied for any particular relation R;. From the description logic point of view these
extensions can be understood as forcing certain properties on a specific rela-
tion. There exist description logics which permit the definition of the reflexive-
transitive closure of a relation (R*). Seriality is related to functionality of roles,
another feature common in description logic formalisms.

Soundness for these systems is immediate:

Theorem 4. The resolution methods obtained by adding the rules (T), (D) and
(4) for a particular relation R;, are sound with respect to the class of knowl-
edge bases where the relation R; is always interpreted as reflexive, serial and
transitive, respectively.

For completeness and termination we should modify the construction we defined
previously (in particular (4;) needs a mechanism of cycle detection); this can be
done again using methods from [&].

Theorem 5. The resolution methods obtained by adding the rules (T), (D) and
(4) for a particular relation R;, are complete and terminate with respect to the
class of knowledge bases where the relation R; is always interpreted as reflexive,
serial and transitive, respectively.
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DL Extensions. In the description logic community one considers a kind of
extensions of the language that is different from the ones we already introduced.
For instance, recently in [J] some attention has been given to n-ary relations in
description logics (in modal logic terms, n-dimensional modal operators). Our
approach seems to generalize without further problems to account for this.

Finally, another direction for extensions is to consider additional structure
on roles. We have limited ourselves to conjunction, but disjunction, negation,
composition, etc. can be considered. Description logics allowing these operations
are known as wvery expressive description logics, and their worst case complexity
is high, even though they perform well in some limited cases; their modal logic
counterparts are related to dynamic logics based on PDL. For a translation based
resolution treatment of these, see [EH].

5 Related Work

The Connection with Resolution for Modal Logics. Resolution methods for modal
logics (without translation) have been investigated before [EAAIEIM]. The in-
novation introduced in this paper is in the use of labels. We think this is the
key to simplify the complexities involved in previous proposals. Previously, res-
olution had to be performed “inside” modalities (in a similar way as how new
tableaux had to be started in non-prefixed tableaux systems). Labels allow us to
make information explicit and resolution can then always be performed at the
“top level.” Because we have labels available, we can also deal with properties
on relations—Ilike reflexivity, seriality or transitivity—in a tableaux-like fashion,
and a single new rule is all that is necessary to account for them.

Comparison with the Tableaur Method. Once labels are introduced the res-
olution method is very close to the tableaux approach, but we are still doing
resolution. The rules (M), (—M) and (—V), prepare formulas to be “fed” into the
resolution rules (RES) and (V). And the aim is still to derive the empty clause
instead of finding a model by exhausting a branch.

But, is this method any better than tableaux? We don’t think this is the
correct question to ask. We believe that we learn different things from studying
different methods. For example, ] studies a number of interesting optimiza-
tions of the tableaux implementation which were tested on the tableaux based
theorem prover DLP. Some of their ideas were already incorporated in our reso-
lution method (lexical normalization and early detection of clashes), and others
might perhaps be used in implementations of our method. But what is perhaps
more interesting to the description logic community, is that new optimizations,
specific to the resolution approach, can now be exploited.

Strategies for Modal Resolution. In implementations of the resolution algo-
rithm, strategies for selecting the resolving pairs are critical. Heuristics for the
case of modal logics have been investigated in [i]. Some of their results extend
to our framework, and in certain cases proofs are simpler because of our explicit
use of resolution via labels. We cannot give a full description of this issue here.

1 (V) is added to account for the “hidden” negation in the guard of the quantifier.
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Assertional Information and Hybrid Logics. There is a final topic on which
we would like to comment: the relation between nominals and assertional in-
formation. The similarity between ALC and the basic multi-modal logic K,, is
well-known. But this connection concerns the terminological part of ALC. Re-
cent work on nominals and hybrid languages [f] explains how assertions enter
the picture. This paper investigates ALCN O, ALC plus counting, plus the set
formation operator in terms of individuals: O(as, ..., a,)% = {a?,...,al}, em-
bedding this logic in a very expressive hybrid formalism H (V). To account for
ALC (including assertions) a subset of a weaker system called H(@) is enough.
For this language, labeled tableaux appear as a very natural choice [H]; however,
by using our labeled calculus, resolution has become just as natural a choice.

6 Conclusions and Further Work

In this paper we have provided a propositional resolution method for deciding
knowledge base consistency for ALCR. This result is further extended to account
for reflexive, serial and transitive relations. Because of the connection between
ALC and K,,,, our methods can also be used as resolution methods for deciding
theoremhood of modal logics. Due to space limitations, only the basics of related
issues such as more expressive description logics, and optimized strategies where
discussed. These issues are being dealt with in the full version of the paper.

There is a number of important questions which are still open at this stage
of our research. First, up to now we have no implementation, but this issue is
high on our agenda. We believe that the ideas behind our resolution method are
simple enough so that even adapting already available provers should not prove
to be a very difficult task.

Further, a very attractive idea which matches nicely with the resolution ap-
proach is to incorporate a limited kind of subsumption on universal prefixes to
account for “on the fly” unfolding of terminological definitions. The use of such
“universal labels” should make it unnecessary to perform a complete unfolding
of the knowledge base as a pre-processing step: The leitmotiv would be “perform
expansion by definitions only when needed in deduction.” On the fly unfolding
has already been implemented in tableaux based systems like KRIS [H].

As to the complexity of resolution: we have not attempted to formally es-
tablish the complexity of our resolution method so far. We conjecture that a
PSPACE heuristic for prefixed resolution exists, even though in this first ac-
count the naive heuristic we have introduced requires exponential space.

Finally, our completeness proof is constructive: when a refutation cannot
be found we can actually define a model for the knowledge base. Hence, our
method can also be used for model extraction. How does this method perform
in comparison with traditional model extraction from tableaux systems?
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Abstract. Twelf is a meta-logical framework for the specification, im-
plementation, and meta-theory of deductive systems from the theory of
programming languages and logics. It relies on the LF type theory and
the judgments-as-types methodology for specification [EEEIL, a con-
straint logic programming interpreter for implementation [BEald], and
the meta-logic M3y for reasoning about object languages encoded in
LF [S&%5]. It is a significant extension and complete reimplementation
of the Elf system [EEaid].

Twelf is written in Standard ML and runs under SML of New Jersey
and MLWorks on Unix and Window platforms. The current version
(1.2) is distributed with a complete manual, example suites, a tuto-
rial in the form of on-line lecture notes [Bid], and an Emacs interface.
Source and binary distributions are accessible via the Twelf home page
http://wuw.cs.cmu.edu/ twelf.

1 The Twelf System

The Twelf system is a tool for experimentation in the theory of programming
languages and logics. It supports a variety of tasks which we explain in this
section: specification of object languages and their semantics, implementation of
algorithms manipulating object-language expressions and deductions, and for-
mal development of the meta-theory of an object language. Several extensive
experiments have been conducted with Twelf, such as the formal development
of the theory of logic and functional programming languages and various logics.

Specification. Twelf employs the representation methodology and underlying
type theory of the LF logical framework. Expressions are represented as LF ob-
jects using the technique of higher-order abstract syntaxr whereby variables of an
object language are mapped to variables in the meta-language. This means that
common operations, such as renaming of bound variables or capture-avoiding
substitution are directly supported by the framework and do not need to be
programmed anew for each object language.

* This work was supported by NSF Grant CCR-9619584.

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 202-ll 1999.
© Springer-Verlag Berlin Heidelberg 1999



System Description: Twelf 203

For semantic specification LF uses the judgments-as-types representation
technique. This means that a derivation is coded as an object whose type rep-
resents the judgment it establishes. Checking the correctness of a derivation
is thereby reduced to type-checking its representation in the logical framework
(which is efficiently decidable).

Algorithms. Generally, specification is followed by implementation of algorithms
manipulating expressions or derivations. Twelf supports the implementation of
such algorithms by a constraint logic programming interpretation of LF signa-
tures, a slight variant of the one originally proposed in B8] and implemented
in Elf [BS8%]. The operational semantics is based on goal-directed, backtracking
search for an object of a given type.

Meta-Theory. Twelf provides two related means to express the meta-theory of
deductive systems: higher-level judgments and the meta-logic M.

A higher-level judgment describes a relation between derivations inherent in
a (constructive) meta-theoretic proof. Using the operational semantics for LF
signatures sketched above, we can then execute a meta-theoretic proof. While
this method is very general and has been used in many of the experiments men-
tioned below, type-checking a higher-level judgment does not by itself guarantee
that it correctly implements a proof.

Alternatively, one can use an experimental automatic meta-theorem proving
component based on the meta-logic My for LF [SESH]. It expects as input a
11, statement about closed LF objects over a fixed signature and a termination
ordering and searches for an inductive proof. If one is found, its representation
as a higher-level judgment is generated and can then be executed.

Even though a number of the theorems in the example suites described below
can be proven automatically, we consider the meta-theorem prover to be in a
preliminary state. Its main current limitations are the lack of automatic appeal
to lemmas and the restriction to reasoning only about closed expressions. We are
presently extending both the meta-logic M2 and its implementation to overcome
these limitations.

Ezample Suites. Twelf has been employed for a number of experiments in the
area of programming languages and logics [Eie8d]. Many of these are contained
in the example suite which is distributed with the Twelf system. Some of the
examples contain fully automated proofs, others only their implementations as
higher-level judgments.

One of the most well-developed case studies is Mini-ML. We prove value
soundness, type preservation, and compiler correctness with respect to different
abstract machines. This case study is fully explained and developed in [[Zid],
as is a related development of pure logic programming. Other examples include
natural deduction, axiomatic logical systems, sequent calculi for classical and
intuitionistic logic, proofs of cut-elimination, Cartesian closed categories, and a
proof of the Church-Rosser theorem.
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2 Implementation

The implementation of Twelf comprises three major parts which we sketch in this
section. At the heart is the core type theory which provides the necessary infras-
tructure for the representation of specifications, algorithms, and meta-theory.
Algorithms can be executed by the constraint logic programming engine, and
the development of the meta-theory is supported by the meta-theorem proving
component.

Core Type Theory. The core of the implementation consists of a dependently
typed A-calculus A extended with notational definitions and existential vari-
ables. In contrast to earlier implementations, terms are represented in spine nota-
tion [ESSH] with explicit substitutions, where we take advantage of normal forms
in the Ao-calculus. Composition of substitutions is a defined function rather than
a constructor subject to rewrite rules. Presently, we have not yet undertaken the
empirical analysis necessary for optimization, but we found explicit substitutions
to be a useful organizing force in the structure of the implementation.

The most frequently used operations are weak head reduction and unification;
they are employed for type reconstruction, logic program execution, and theo-
rem proving. The simply-typed case of our unification algorithm is described
in [LEIEYH]; the dependently typed case is very similar. In short, equations
which fall within the fragment of higher-order patterns are solved eagerly, while
all other equations are postponed as constraints. Such constraints are indexed on
their head variable and are reawakened when this variable is instantiated, which
means no overhead for dormant constraints. Instantiation of variables during
unification is implemented as an effect which is trailed so it can be undone
during backtracking.

Twelf supports notational, non-recursive definitions. They are typically used
as syntactic sugar for expressions or to abbreviate derivations of lemmas and
theorems. Definitions are checked for strictness [ESSH], which means we can
often avoid expanding them during unification without sacrificing soundness or
completeness. Briefly, a definition is strict if its expansion cannot discard any of
its arguments. This guarantees that during unification definitions must only be
expanded in the case that the heads of two expressions clash.

A separately implemented type checker is designed to verify the validity
of terms in the core type theory without relying on complex algorithms for
unification or search. It has been internally employed during the development of
the Twelf system, and can be activated upon request when using Twelf.

Constraint Logic Programming. The logic programming interpreter for LF sig-
natures works with a rudimentary compiled form. A compiled signature may
be executed on an abstract machine based on a continuation-passing interpreter
which maintains higher-order equational constraints. The implementation of this
interpreter is presently straightforward and less efficient then the previous Elf
implementation.
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Twelf provides two tools to verify that the operational reading of a signature
as a logic program is consistent: a mode checker and a termination checker.
Both are helpful in the implementation of algorithms, since they allow static
detection of common programming errors which escape the type-checker, such
as misspelled variable names or incorrect subgoal ordering.

The mode checker verifies that the roles of input and output arguments to
a predicate are respected throughout the program. The termination checker is
given an extension of the subterm ordering on higher-order terms [EESH| and
verifies that each well-moded query eventually either fails or yields a solution.
Extensions can either be lexicographic or simultaneous. The implementation also
allows termination orderings across several mutually recursive predicates.

A third tool to check that all cases for a set of input variables to a predicate
are covered is currently in preparation. Together with mode and termination
checking this can verify that a predicate implements a possibly non-deterministic
function.

Meta-Theorem Proving. The meta-theorem proving module implements a special-
purpose inductive theorem prover for deductive systems [RRUN]. It requires the
meta-theorem and a termination ordering which expresses the induction order-
ing, but is otherwise completely automatic. In particular, it does not support
tactic-style or interactive theorem proving.

The prover chains together three basic operations: filling, splitting, and re-
cursion. Filling uses an iterative-deepening variant of the constraint logic pro-
gramming interpreter to perform direct search. Splitting performs complete case
analysis based on the (possibly dependent) type of a variable. It requires uni-
fication and exploits a static subordination relation on type families to remove
spurious parameter dependencies. Finally, there is recursion which appeals to
the available induction hypotheses according to the given induction ordering.

The theorem prover generates explicit representations of the proofs it finds
as higher-order judgments in LF. These are guaranteed to satisfy mode, termi-
nation, and coverage properties and can be safely executed as logic programs.

3 Environment

While Twelf is implemented in ML it is executed as a stand-alone program rather
than within the ML top-level loop. This is feasible, since meta-programming is
carried out in type theory itself via a logic programming interpretation, rather
than in ML as in many other proof development environments. The most effec-
tive way to interact with Twelf is as an inferior process to Emacs. The Emacs
interface, which has been tested under XEmacs, FSF Emacs, and NT Emacs,
provides an editing mode for Twelf source files and commands for incremen-
tal type checking, logic program execution, and theorem proving. Moreover it
provides utilities for jumping to error locations and tagging and maintaining
configurations of source files.

The most sophisticated feature of the front end is type reconstruction, which
is based on a duality between implicit quantification and implicit arguments,
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thereby reducing a type reconstruction problem to unification. With the unifica-
tion algorithm sketched above, this means our system will always either report
a principal type, a type error, or, in the case of unresolved constraints, an indi-
cation that the source term contained insufficient type annotations. This simple
technique has shown itself to be surprisingly effective and often leads to precise
error location information.

Acknowledgements. We would like to thank Iliano Cervesato for his contributions
to the logic programming component of Twelf.
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1 Introduction

Originally developed as an automatic inductive theorem prover [F] based on res-
olution and paramodulation, the inka system was redesigned in inka 4.0 in the
early ’90s [H] to meet the requirements arising from its designated use in formal
methods. Meanwhile several large industrial applications of the verification sup-
port environment (VSE) [l] have been performed which gave rise to thousands
of proof obligations to be tackled by its underlying deductive system inka.

The new version of inka is a result of this long experience made in formal
software development. Thus, the major improvements of inka 5.0 are concerned
with the requirements arising when dealing with large applications. The user
database is distributed along different deductive units each of which consists
of an individual logic (consequence relation) and a set of (local) axioms. In or-
der to allow for the logical implementation of structured specifications as they
are provided in languages like CASL [H], the deductive units may import the
deductive reasoning of other units with the help of morphisms. Relationships
between different units are also postulated with the help of morphisms between
two units which give rise to various proof obligations. inka also supports the
evolutionary aspect of formal software development as it incorporates a man-
agement of change. It minimizes the proof obligations arising when changing a
deductive unit or defined relationships between some units. As a basis for the
implementation of different logics, inka provides an annotated A-calculus as an
underlying meta-language. Annotations are a generalization of the colour con-
cept [H] and are used to incorporate domain knowledge into the proof search
process. inka provides a uniform hierarchical proof datastructure and a generic
tactic definition mechanism to implement appropriate proof search engines.

2 System Description

Meta-level Language. inka supports the use of formulas of different logics
and proof-objects of different calculi. All these objects are encoded in a meta-
level language, based on a (ML-type) polymorphic A-calculus [@]. A-terms are

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 207- s 1999.
[k Springer-Verlag Berlin Heidelberg 1999
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automatically kept in O7n long normal-form. Using A-calculus as meta-language
provides a clear concept of variables, namely bound and free variables.

The annotations in inka’s A-calculus are described in a first-order term lan-
guage and are attached to occurrences of function constants and variables, to
M-abstractions and applications. The concept of annotations is a generalization
of the concept of colours [l], which has been developed in the context of induc-
tive theorem proving to encode the knowledge about the similarities between
induction hypothesis and induction conclusion [H]. They are used by tactics to
encode domain knowledge into logical objects and the underlying annotated cal-
culus supports the inheritance of the annotations. For a detailed description of
annotated A-calculus see [EH].

The implementation of the annotated A-calculus also comprises a unification
for annotated A-terms with free variables [E]. The unification algorithm is
generic in the sense, that domain specific unification algorithms can be integrated
into it. Thus, specialized unification algorithms, which make use of semantic
properties of defined function constants, can be implemented and are integrated
in an object-oriented manner into the generic unification algorithm.

Hierarchy of Logics. inka provides a mechanism for user defined logics in
terms of so-called logic units (cf. Figure l). The rdle of a logic unit is to define a
truth-type and a language of
logical formulas. In addition | /|iccre
to the declarative content, a i Losic:Ho
logic unit may contain specific
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underlying A-calculus. This ap-
proach differs essentially from
logical frameworks like LF [H
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theory or by an embedding into Fig- 1. The hierarchy of logics and the devel-

opment graph

a meta-logic.

In inka, a calculus is represented within a calculus unit which is related to a
logic unit and defines the proof objects as well as the basic calculus rules. E.g.,
in the sequent calculus unit for first-order logic, the proof-objects are sequents,
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which are build from lists of first-order logic formulas. The implementation of
the basic calculus rules as well as the tactics for proof search are attached to the
calculus units. If a calculus unit is used, its tactics are linked into the generic
deduction mechanism which supports forward as well as backward application
of rules. inka allows for an implementation of different calculi for different logics.
The tactics and calculus rules are implemented using the generic tactic definition
mechanism described in the paragraph Deduction. The proofs are constructed
by a uniform tactic mechanism and are represented in an uniform proof data-
structure (cf. Paragraph Deduction).

Furthermore, different kinds of relationships between logics are explicitly
represented by logic morphisms. Along these morphisms, formulas of one logic
can be transformed into equivalent formulas of another logic.

Development Graph. It has long been recognised that so-called specifications
in the large are only manageable if they are built in a structured way on the basis

of smaller specifications. Specification languages, like for instance CASL [, pro-
vide various mechanisms to combine basic specifications to extensive structured
specifications.

inka supports the use of such structured specifications and thus also the
structured deduction by distributing the resulting logical axiomatization into
so-called deductive units. Each deductive unit describes a logical theory and
corresponds to a basic specification as defined in [B]. A deductive unit is linked
to a calculus unit defining its underlying consequence relation. The units can
be connected via consequence morphisms allowing the user to import (mapped)
theories to a deductive unit. The same mechanism can be used to postulate
relations between deductive units. Drawing a so-called theorem link from a unit
N; to a unit Ny (wrt. a morphism o) gives rise to the proof obligation that the
mapped theorems of N; are valid within V5. inka provides several techniques to
minimize the arising proof obligations by making use of already existing relations
between other units linked to N; and Ns.

Deduction. The application of formal methods in an industrial setting (cf. [A])
results in an increased complexity of the specification and the correspondent
verification. Tackling arising proof obligations from industrial case studies, the
proofs are too complex to be done fully automatically but they are also too
longish to be done by hand. Thus there is a need to combine a high degree of
automation with an elaborate user interface to advise the deduction system in
case where built-in strategies are too weak to find the proof automatically.

All deductions in the inka-system are explicitely represented in a uniform hi-
erarchical proof datastructure, which is a generalization of the hierarchical proof
datastructure (PDS) developed for the 2MEGA-system []. It is realized by an
acyclic directed graph, whose nodes are annotated by proof-objects defined by
some calculus and whose edges are annotated by basic calculus rules or tactics.
The lowest proof level consists of edges annotated only by basic calculus rules
which are related to higher edges annotated by tactics. This datastructure al-
lows to view a proof on different levels of abstractions. Hence, the proof can be
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communicated to a user on different levels of abstraction, which is an adequate
mechanism to support interactive proof construction.

Tactics and calculus rules are implemented by a generic tactic definition
mechanism, which allows for a simple implementation of tactics and rules and
hides necessary updates of the proof graph from the tactic engineer. The tactic
definition mechanism allows for the tactic engineer to focus on parts of a proof-
object. Foci are explicitely represented and the designed tactics can manipulate
the content of their argument foci, without changing the foci themself. This is a
simple and efficient mechanism, offering the necessary level of abstraction to a
tactic engineer to support tactic design. The tactic definition mechanism already
existed in the old inka-system [H] and has been adapted to the hierarchical proof
representation and in order to allow for the manipulation of foci wrt. different
proof-objects within one tactic.

Interfaces. The user interface of the inka-system is an adaptation of the inter-
face system L£UZ [i], which is a user interface for the MEGA-system [{].
L2UT has been adapted to be a generic user interface for theorem provers as for
instance a visualization of the development graph has been added. It is imple-
mented in the distributed Oz programming language [[5I] and the communication
with inka is done via a socket-communication. The interface between Lisp and
Oz is an abstract representation of the datastructures to be visualized while the
actual layout is done in Oz. This minimizes the communication effort between
Lisp and Oz and results in a sufficient speed of the visualization process.

The inka specification language is designed to include a subset of the Common
Algebraic Specification Language (CASL) [H], which is currently developed to
define a standard language for algebraic specifications.

3 Progress, Availability, and Future

The inka 5.0 system is an experiment in providing a generic software verification
system. It is still in an incomplete, prototypical state. However, all basic mecha-
nisms described in this paper are implemented and used for some example logics
and sequent calculus proof search.

The core inka is implemented in Allegro Common Lisp. The interface runs on
distributed Oz, which is available for Unix and Windows.

As a next step we intend to integrate a logic for algorithmic function and
predicate definitions as well as the methods to prove their termination as tactics.
Termination proofs can be inspected and already proven lemmata can be used
during the construction of termination proofs, which are the main advantages
wrt. the black box implementation of these methods in the old inka system [H].
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Abstract. CutRes is a system which takes as input an LK-proof with
arbitrary cuts and skolemized end-sequent and gives as output an LK-
proof with atomic cuts only. The elimination of cuts is performed in the
following way: An unsatisfiable set of clauses C is assigned to a given
LK-proof IT. Any resolution refutation ¢ of C then serves as a skeleton
for an LK-proof X of the original end-sequent, containing only atomic
cuts; X can be constructed from  and II by projections. Note, that a
proof with atomic cuts provides the same information as a cut-free proof.

1 Introduction

The use of lemmas in mathematical proofs lies at the very centre of math-
ematical reasoning; by the use of lemmas it is possible to structure the
proof and hence to improve its readability and understandability. There-
fore a real mathematical proof (modelled within a sequent calculus) al-
ways contains cuts; in the practice of mathematics the elimination of
these cuts is, in most cases, not only useless but even destructive to intu-
ition and mathematical information. However from a proof theoretic point
of view cut-elimination plays a central role. A cut-elimination theorem
for a sequent calculus has several important consequences (e.g. subfor-
mula property, interpolation theorem, etc.) and much effort traditionally
is spent to prove such theorems in various calculi.

Our main motivation is automatization of mathematical reasoning.
Viewing mathematical knowledge not as a knowledge of structures but
as a knowledge of proof methods the enormous impact of the analysis

* This work has been sponsored by the Austrian Research Fund (FWF-grant No.
P11934-MAT).
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of proofs on the automatization and understanding of mathematics be-
comes obvious. Proof theory provided algorithms (encoding proof meth-
ods) since it very beginnings but they have only been applied in special
cases [lzendd HerZBarXD], c.f. the analysis of van der Waerden’s Theorem
by Girard [55X4. In this paper we present a method of cut-elimination
by resolution implemented as the system CutRes. We describe the current
state of the system and intended extensions. The investigation of cut for-
mulas and the impact of the syntazx of cuts to cut-elimination and proof
complexity have received relatively less attention. The system CutRes is
meant as a tool to simplify such investigations.

A characteristic feature of the famous cut-elimination method by
Gentzen [zen2] is the stepwise reduction of cut-complexity. In this re-
duction the cut formulas are decomposed w.r.t. their out-most logical
operator. Moreover the cut formulas to be eliminated must be rendered
main formulas of inferences by adequate proof transformations. Despite
its elegance the method of Gentzen is very costly, as it is largely indepen-
dent of the inner structures of the cut formulas. These inner structures
are the essence of cuts in real mathematics: mathematical arguments
are typically based on explicit definitions, e.g. differentials, integrals etc.
Therefore it is useful to concentrate on cut-elimination procedures which
eliminate cuts by analyzing these explicit definitions and reducing cuts
from inside out.

In [RLYY] a new cut elimination method has been presented: This
method characterises cuts by sets of clauses obtained from the derivation
of the cut formulas. These sets of clauses are always unsatisfiable and
thus have a resolution refutation. Any such refutation serves as skeleton
of an LK-proof with only atomic cuts. CutRes is a system which takes as
input a proof IT with skolemized end-sequent in Gentzen sequent calculus
and produces a sequent calculus proof X with only atomic cuts. The
output is in I¥TEX-format. The limitation to skolemize the end-sequent is
necessary for the correctness of the method, see [REGY]. Clearly it is easy
to lift this restriction by skolemizing the proof as a pre-processing step
and re-skolemize the final proof. See [RLIA] for skolemization techniques
not increasing the proof length. The main aim of CutRes —serving as a
experimental tool for investigations on the effect of cut syntax on cut-
elimination—is not affected by this restriction.
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2 The System CutRes

The components of CutRes are written in Prologl. The main task is
to compute an unsatisfiable set of clauses C characterising the cut for-
mulas. On this set of clauses a resolution theorem prove%l
The resolution refutation ) is re-translated to sequent notation and a
ground-projection is computed. For each clause C' € C the system gen-
erates a projection IIo—deriving the respective clause with additional
side-formulas—out of the original proof II. In the last step, ¥ is extended
with the projections Il-: C € C to obtain the final proof X.

The unsatisfiable set of clauses C for the example proof in table 1
consists of the following three clauses.

— P(a) —Qa) P(X),Qa) —

The ground-projection of the resolution proof can be seen in the left-
hand side of table 2. Table 3 shows the proof projection for the clause
P(X),Q(Y) —.

The output consists of three files containing IXTEX-definitions specific
to (i) resolution proof, (ii) projections, and (iii) the final proof X'. These
files are included in a generic document when compiled with TEX. The
files are generated by CutRes using DCGs (definite clause grammars) on
the basis of a user-definable configuration file, which allows her to fine-
tune the appearance of the proofs in the final document. The right-hand
side of table 2 shows the overall structure of the generated document. The
sections typed in italic typeface are sections whose content is generated
by the system according to the input proof. With respect to the example
proof II the section Proof Projections will contain a proof projection for
each clause above in the form shown in table 3.

is invoked.

3 Intended Extensions

In the present state the system eliminates all cuts simultaneously. How-
ever, if we wish to mimic Gentzen’s cut elimination procedure it would
be desirable to see the intermediate proof after eliminating the top-most
cut. In theory this poses no problem, because each cut can be elimi-
nated subsequently starting with the fragment of II leading to the top-
most cut. The result is then re-skolemized and combined with the original
! The system has been tested with SICStus Prolog, but should be portable to any
standard Prolog

2 The present version uses SPASS V0.86 as theorem prover, but any refutational
theorem prover can be used.
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Table 1. Table 1: Input proof II with skolemized end-sequent

Ilo:

P(a) — P(a)
P(a) — (S[z]: P(x)) Q(a) — Q(a)
(P(a) AQ(a)) — (Blz]: P(z)) (P(a) AQ(a)) — Q(a)
(P(a) A Q(a)) — (Blz]: P(x)) A Qa)

P(e),Q(a) — (P(2) A Q(a))
P(e),Q(a) — ([z]: (P(z) A Q(a)))
1o (Elz]: P(2)), Qa) — (3lz]: (P(z) A Q(a)))
(P(a) AQ(a)) — (Blz]: P(z)) AQ(a)) (([z]: P(2)) A Q(a)) — Blal: (P(z) A Qa)))
(P(a) A Q(a)) — (z]: (P(z) A Qa)))

Table 2. Table 2: Resolution Proof and Output

Cut Elimination by
Resolution
C. Utres

— P(a) Pla) — 1 Original Proof
- 2 Resolution Proof
3 Proof Projections
4 Results
References

Table 3. Table 3: Proof projection

The following is a projection out of the original LK-proof with respect
to the clause P(X),Q(a) — :
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proof. It is obvious that such a method is less tractable. One tempting
solution to this problem would be the replacement of Skolem terms by
Hilbert’s e-terms, see [EIZ|. In the presence of e-terms no problem with
the re-translation of the proof would occur. But it immediately turns out
that e-terms are much stronger then Skolem terms and cannot simply be
disguised as Skolem terms under these circumstances. Another solution
would be to generate the final proof X carefully, so to avoid an extraor-
dinary increase in proof length. The upcoming goals for future versions
of CutRes are mainly

o Augmenting the cut elimination techniques:

At present all cuts in the proof are eliminated simultaneously, accord-
ing to the method in [BLYY]. We will integrate a second approach
where every cut is eliminated subsequently and the user has the pos-
sibility to view the intermediate steps.

o Providing the user with more elaborate interfaces:

At present the user has to write the LK-proof in an ordinary text file,
which is then interpreted by the Prolog interpreter. We will provide
her with a window-based environment that allows easier specification
of the input. On the other hand we will provide an interface to WWW:
The user fills in some HTML forms and gets the output of CutRes as
a Postscript file, obviating the need to install on her own machine.

o Providing the user with control over employed resolution refinements:
At present the user has no control on the specific strategy used by the
underlying theorem prover. However under specific circumstances a
specific strategy and/or redundancy elimination techniques can prove
useful. Because the strategy may incorporate additional information
on the underlying mathematical theory.
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1 Introduction

Real-world applications of theorem proving require open and modern software
environments that enable modularization, distribution, inter-operability, net-
working, and coordination. This system description presents the MataWEeE]
approach for distributed automated theorem proving that connects a wide-range
of mathematical services by a common, mathematical software bus. The MATH-
WEB system provides the functionality to turn existing theorem proving systems
and tools into mathematical services that are homogeneously integrated into a
networked proof development environment. The environment thus gains the ser-
vices from these particular modules, but each module in turn gains from using
the features of other, plugged-in components.

2 Implementation

The MATHWEB system is an object-oriented toolbox that provides the func-
tionality for building a society of software agents that render mathematical ser-
vices by either encapsulating legacy deduction software or their own function-
ality. In the current implementation the software bus functionality is realized
by a model quite similar to the Common Object Request Broker Architecture
(CORBA [Ri£5d]) in which a central broker agent provides routing and authen-
tication information to the mathematical services (see [BESSH]| for details). The
agents are realized in a distributed programming system MOZARTE, which pro-
vides the full infrastructure to write distributed applications.

Furthermore, MATHWEB provides the MOZART shell (MoOsH), a tool for
launching and administering multiple MOZART applications (the agents) within
only one MOZART process. It combines some frequently used shell commands
(for files, processes and environment) with some (thread-related) MOZART com-
mands. These allow (remotely) administering the mathematical services across
the Internet, since the administrator can connect to remote MOSH demons.,
! The system is available at http://www.ags.uni-sb.de/~omega/www/mathweb.html.

2 See http://www.mozart-oz.org
3 which run continually at the host providing the services
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© Springer-Verlag Berlin Heidelberg 1999



218 Andreas Franke and Michael Kohlhase

launch and terminate services. This also allows for a limited form of self-orga-
nization of mathematical services, since these can use MOSH scripts themselves
to launch and administer other services.

MOZARTs main advantage as a basis for MATHWEB comes from its net-
work transparency, i.e., the full support of remote computations in the base
language (lexical scoping, logical variables, objects, constraints,. .. ), and its net-
work awareness, i.e., the full control over network operations, such as the choice
between stationary and mobile objects, which make it easy to ‘agentify’ arbitrary
applications.

3 Existing Mathematical Services

In this section we will briefly list and categorize the currently available mathe-
matical services.

Automated Theorem Provers. MATHWEB currently features the first-order
theorem provers BLIKSEM, EQP, OTTER, PROTEIN, SPAss, WALDMEISTER
(see [ES for references), and the higher-order systems TPS [ARLLUE| and
LEO [EETH|. Furthermore, there is a service competitive-atp that calls
sets of ATP concurrently as competing services (this strategy is known to
yield even super-linear speedups in practice).

Computer Algebra Systems. There are services wrapping the systems
MAPLE, MAGMA, GAP and pCAS (see [RESSH| for references). Here, the
MATHWEB approach is particularly interesting, since a licensee of commer-
cial software systems like MAPLE and MAGMA can export the corresponding
services to the deduction community.

Mediators are mathematical services that transform mathematical knowledge
from one format to another. The agent-oriented MATHWEB approach al-
lows to encapsulate the zoo of conversion programs currently availabldl to
generally available mathematical services and avoid duplication of efforts.
Proof Transformers are rather substantial mediators that transform between
proof formats. Currently MATHWEB features a proof transformation service
from the proof formats of the theorem provers mentioned above [EESH FTeGY)
to the natural deduction calculus.

Knowledge Bases. MATHWEB currently only includes the MBASE service, a
simple web-based mathematical knowledge base system that stores math-
ematical facts like theorems, definitions and proofs and can perform type
checking, definition expansion and semantic search. It communicates with
other mathematical services by mediators and with humans by the interac-
tion unit OcTOPUS.

Human Interaction Units are MATHWEB services that provide visualization
and control features for the user interaction. Currently, MATHWEB includes
the LOUT graphical user interface for interactive theorem provers [SERIOS]
the OcTOPUS front-end for MBASE and the PROVERB proof presentation

4 e.g. at the TPTP library http://wwwjessen.informatik.tu-muenchen.de/ tptp
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system [EES9E|, which can transform ND proofs to natural language. The
DorIs system (see section ll) is a MATHWEB client from outside the domain
of deduction systems.

4 Applications and Experiences

MECA: The work reported in this paper originates in the development effort
of the 2MEGA-system [RCEIUZ], a mathematical assistant system with the ul-
timate goal of supporting theorem proving in main-stream mathematics and
mathematics education. To provide the necessary reasoning and symbolic com-
putation facilities this system incorporates most of the mathematical services
listed in section [ The MATHWEB approach has been a key factor in keeping
the system maintainable [SESSSEELITOC and the near future will see further
modularization and agentification of system components, which will lead to sim-
pler system maintenance and a more open development model.

Doris: Apart from this application, MATHWEB has been tested in the Doridl
system, a natural language understanding system that uses first-order automated
theorem provers and model builders as external mathematical services to solve
the consistency and entailment problems pertaining to various disambiguation
problems in text and dialogue understanding. DORIS generates between 1 and
ca. 500 deduction problems for each sentence it processes, distributes them to
competing mathematical services (over a network of workstations) and collects
the results to obtain the desired result. Using the MATHWEB approach, the
integration of the theorem provers was very simple: the only new parts were
a socket connection from Prolog on the DORIS side and a new service module
for the doris servicdll on the MATHWEB side. Experience with this application
shows that distribution using MATHWEB does not come for free: A test with ca.
1300 Doris deduction queries yielded the following timingsl

30-1250 ms pure theorem proving time

50-120 ms spent in the service module (opening an inferior shell, creating
files,...). This depends strongly on the efficiency of the server file system.

5-500 ms Internet latency (we have measured inter-department (in
Saarbriicken) and international (Saarbriicken/Amsterdam) connections)

However, the large number of deduction problems and the possibility of coarse-
grained parallelization by distribution lead to a significant increase in overall
system performance, compared to an earlier centralized, sequential architecture.

® See http://www.coli.uni-sb.de/ bos/atp/doris.html for a web-based interface
that acts as a MATHWEB client

6 1.e. a small (60 line) MOZART program that relays problems, results and statistics
between the DORIS program and the competitive-atp service.

" These times have been measured on a collection of SUN Ultra machines running
Solaris 5 in Saarbriicken and Amsterdam (all timings given in total elapsed time;
normalized to our fastest machine, a SUN Ultra 4 at 300 MHz).
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In particular, the timings also show that it can pay off for a client in Saarbriicken
to delegate deduction problems to faster machines in Amsterdam or vice versa.

5 Conclusion and Future Work

The MATHWEB system provides a transport layer for distributed theorem prov-
ing and a set of mathematical services, which will grow over time. The authors
would like to encourage the automated deduction community to supply further
mathematical services%

The current CORBA-like distribution model in MATHWEB is sufficient in
an agent society, where services and their abilities are relatively fixed and well-
known, which is reasonable for the relatively closed projects described in sec-
tionl. As the number of available services will grow (MATHWEB has for instance
been adopted by other projects building on DORIS), this design will become too
inflexible. Therefore the logical next step will be to adopt a more general truly
agent-based approach. We have started to extend MATHWEB so that it uses the
KqML interlingua (Knowledge Query and Manipulation Language [EESA]) as the
agent interaction language and the OPENMATH [CanYd] standard as a content
language.

This move will result in a “plug-and-play” architecture for theorem proving
and (in the future) for doing mathematics and program verification on the web.
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Abstract. The verification conditions associated with concurrent sys-
tems and their invariants are usually instances of the VC-scheme, i.e.,

Besides, the following assumptions are often satisfied :

1. The set of hypotheses H = {h1,...,hn} is rather large;

2. The hypotheses and the conclusion are small quantifier-free formulas;
3. They are based on a large set of booleans and a smaller set of predi-
cates;

4. If H |= ¢, then there is a small subset Hy C H such that Ho |= c.

We demonstrate a specific, OBDD-based technique for validating in-
stances of the VC-scheme. The main task of the tool is to construct
an upper bound for Hy, as tight as possible. The technique is illustrated
with an example.

1 Skolem Verification Conditions

A concurrent system S consists of a set of variables, a set of processes and a
set of transitions. A transition specifies a computation step. An assertion is a
relation between the variables of the program. If A is an assertion and if 7 is a
transition of the program, then wip[r; A] is the associated weakest precondition;
if it is satisfied just before transition 7 is executed, then assertion A is true
just afterwards. For instance, wip[B[i] := 0; B[5]=0] is (i=5V B[5]=0). An
invariant is an assertion I which is respected by every transition: I is an invariant
if and only if the implication I = wip[r;I] is valid for each 7. (See e.g. [ for
more details.) All safety properties of a program are logical consequences of
an appropriate invariant, so invariant validation is the biggest part of program
verification. An invariant is usually structured as a conjunctive set of assertions.
Most of them are small, elementary formulas. Let I = A}, a; be an invariant for
a concurrent system S. If a), denotes wip[7; ax), then the formula (A]_, a;) = a,

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 222- [l 1999.
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is a verification condition associated with 7 and I. It is clearly an instance of VC-
schemeM So, software verification would benefit from fast analysers for instances
of this scheme. Such instances also appear in hardware verification, in deductive
databases, expert systems, logic programs, and so on.

The size of an appropriate invariant for a concurrent system tends to be as
large as the system code. Each assertion of the invariant involves only a few
variables and place predicates. Most variables used by concurrent systems (e.g.,
place predicates, flags and semaphores) are boolean. As a result, the atoms of
the verification conditions are mostly boolean. Few predicates occur, usually
without quantification. A frequent exception is the case of an arbitrary number
of symmetric (or nearly symmetric) processes; the assertions about them usu-
ally are universally quantified formulas where the range of the quantification is
the set of processes. All these particulars lead to the four assumptions listed in
the Abstract. The fourth assumption is especially important: if we can guess
which hypotheses are really needed to establish the conclusion, the nondeter-
ministic search for a proof will become drastically easier. The main purpose of
our tool is to automate the discovery of the k£ useful hypotheses in conditions
like (A}, hi) = ¢, that is, to solve the hypothesis selection problem in the case
of Skolem verification conditions (SVC).

2 An OBDD-Based Deductive Selection Method

2.1 The Method

The formulas investigated here are rather similar to propositional formulas, ex-
cept that they contain some atoms written in a first-order language, usually
arithmetic. Several methods and tools developed for pure propositional logic are
likely to be adaptable for SVC validation. Here the OBDDH form for formulas is
used to solve the hypothesis selection problem for SVCs.

The principle of the method is elementary. Given the instance (A}, hi) = ¢,
the OBDD associated with the conclusion ¢ is constructed first. Afterwards, the n
OBDD’s associated with the implications (b = ¢), ..., (h, = ¢) are considered,
and a minimal one, say ¢1 =45 (hj, = ¢), is selected | The next phase is to
construct the n—1 OBDD’s associated with the (h; = (h;, = ¢)), for all i#j,
and to select a minimal one, say ¢2 =q¢r (hj, = (hj, = ¢)). Similar phases take
place until the one-node BDD corresponding to ¢rue is obtained. (In the sequel,
true denotes both the trivially valid formula and the associated, one-node BDD.)
If this occurs for the formula ¢; =g4ef (hj, = (- = (hj, = ¢)---)) , we know
for sure that

! Recall that wip is A-additive: wlp[T; \I_, ai] reduces to A, wip[r;ai], and the

big verification condition (A, ai;) = wlip[r; \]_, ai] can be split into the more

elementary conditions (A, ai) = wip[r;a;], j=1,...,n.

2 We assume the reader has a working knowledge of (O)BDD’s, that can be found in
any introductory paper or tutorial, e.g. [AH]

3 An OBDD z € S is minimal if for all y € S, |z| < |y|; || denotes the size of z, i.e.,

the number of nodes in z.
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— The formula ¢ is valid;

The initial formula is also valid, so {h1,...,h,} FE ¢;

— Members of {h1,...,hx}\{hj,,..., k. } are useless hypotheses;
— Hypothesis hj, is useful.

We hope that most of the hypotheses hj,,...,h;,_, are useful too. The idea
behind this algorithm is simply that a useful hypothesis h decreases the “dis-
tance” between the conclusion ¢ and the formula true. As the size of true is 1,
we view progress towards validity as decreasing of the OBDD size. The sequence
c=cp, €1, . . ., Cp=true is monotonic: if ¢ < j then = (¢; = ¢;).

2.2 The Predicate Case

The OBDD approach extends rather easily to the quantifier-free predicate case.
Let us consider the example of a formula ¥ whose all atoms are boolean, ex-
cept * < y and = > y. The verification system views these arithmetical atoms
as distinct, semantically unrelated propositions, so even if ¥ is valid, the corre-
sponding OBDD will probably not reduce to the trivial, valid OBDD. However,
if the additional hypothesis h =gof —(z < y = 2 > y) is taken into account,
validity will be detected; the OBDD associated with (h = @) will be true.

In practice, we apply the same selection algorithm in the propositional case
and in the predicate case, except that, when available, additional hypotheses
like =(x < y = « > y) are added first. If all necessary hypotheses have been
added, the predicate case reduces to the propositional case. Otherwise, after
every phase, i.e., every time a new hypothesis has been selected, or at intervals
scheduled by the user, the verification system enters in interactive mode and
repeatedly displays truthvalue assignments for the predicate atoms, which may
falsify the formula c. The user has to decide if such a propositional assignment
is possible. If yes, then the computation goes on, further hypotheses are selected
and further troublesome assignments are displayed. If no, the user issues a valid
additional hypothesis (connection), say h, which makes the displayed assignment
impossible. This hypothesis is used to simplify the current OBDD, that is, c; is
replaced by ¢j+1 =aef (h = ¢j).

3 Example: Szymanski’s Algorithm

Szymanski’s algorithm for mutual exclusion between n concurrent processes [
has often been used as a benchmark for verification systems. The description
of the algorithm is not repeated here, neither is the long list of verification
conditions. Instead, we will explain our method with the transition
p3[i] if (FA j : not s[j]) then begin skip end p4[il

s[j] is a boolean variable owned by process j. This transition allows process i
to switch from location p3 to location p4 when all s[j]’s are false.

The first step of our tool is the elimination of quantifiers from both the
invariant (not listed here) and the transitions. For instance, assume there is in
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some transition a quantified guard like (FA j : s[j]l), where each s[j] is a
boolean variable owned by process j. A counter #s is introduced, which records
the number of true s[j]’s, and the guard becomes (#s = n). All assignments
that modify some s[j] are rewritten in such a way they also update counter #s.

The second step is the construction of the verification conditions; it is straight-
forwards since all quantifications have been eliminated. For our version of Szy-
manski’s algorithm, one of the verification condition is

(HO1 and ... and H44) ==> C

with

H44 (at_p8[j] ==> (at_p10[k] or at_p10[1]))
H43 (at_p8[k] ==> (at_p10[j] or at_p10[1]))
H42 (at_p8[1] ==> (at_p10[j] or at_p10[k]))
H41 ((at_p9[jl or at_pl0[j] or at_p11[j] or at_p12[jl) ==> (not at_p4[k]))
H40 ((at_p9[jl or at_pl0[j] or at_p11[j] or at_p12[jl) ==> (not at_p4[1]))
H39 ((at_p9[k] or at_pl0[k] or at_pli[k] or at_pi12[k]) ==> (not at_p4[jl))
H38 ((at_p9[k] or at_pl0[k] or at_pli[k] or at_pi12[k]) ==> (not at_p4[1]))
H37 ((at_p9[1] or at_pl0[1] or at_p11[1l] or at_pi12[1]) ==> (not at_p4[jl))
H36 ((at_p9[1l] or at_pl0[1l] or at_p11[1l] or at_pi12[1]) ==> (not at_p4[k]))
H35 ((at_p11[j] or at_p12[jl) ==> #nw=n)
H34 ((at_p11i[k] or at_p12[k]) ==> #nw=n)
H33 ((at_p11[1] or at_p12[1]) ==> #nw=n)
H32 (((at_p12[j] or (at_p11i[j] and (#ns mod (2**(j-1))=(2*%*(j-1))-1))) and (k<j))

==> (at_pO[k] or at_p3[k]))
H31 (((at_p12[k] or (at_pli[k] and (#ns mod (2%*(k-1))=(2%*(k-1))-1))) and (j<k))

==> (at_p0[j] or at_p3[jl))
H30 (((at_p12[k] or (at_pli[k] and (#ns mod (2%*(k-1))=(2*%*(k-1))-1))) and (1<k))

==> (at_p0[1] or at_p3[1]))
H29 (not wlil)
H28 ((at_p5[j] or at_p6[j] or at_p7[j] or at_p8[j] or at_p9[jl) ==> w[jl)
H27 (w[j]l ==> (at_p5[j] or at_p6[j]l or at_p7[j] or at_p8[j]l or at_p9[jl))
H26 ((at_p5[k] or at_p6[k] or at_p7[k] or at_p8[k] or at_p9[k]) ==> w[k])
H25 (w[k] ==> (at_p5[k] or at_p6[k] or at_p7[k] or at_p8[k] or at_p9[k]))
H24 ((at_p5[1] or at_p6[1] or at_p7[l] or at_p8[1] or at_p9[1l]) ==> w[1])
H23 (w[l] ==> (at_p5[1] or at_p6[1] or at_p7[l] or at_p8[1l] or at_p9[1]))
H22 (not s[il])
H21 ((at_p5[j] or at_p6[jl or at_p9[jl or at_p10[j]l or at_p11[j]l or at_p12[jl)==> s[jl)
H20 (s[jl==> (at_p5[j] or at_p6[j] or at_p9[j] or at_pl0[j] or at_pli[jl or at_pi2[jl))
H19 ((at_p5[k] or at_p6[k] or at_p9[k] or at_plO[k] or at_pli[k] or at_p12[k])==> s[k])
H18 (s[k]==> (at_p5[k] or at_p6[k] or at_p9[k] or at_pi0[k] or at_pii[k] or at_pi2[k]))
H17 ((at_p5[1] or at_p6[1] or at_p9[1l] or at_pl0[1l] or at_pli[l] or at_p12[1])==> s[1])
H16 (s[1]==> (at_p5[1] or at_p6[1] or at_p9[1] or at_pi0[1] or at_pii[l] or at_pi2[1]))
H15 (alil)
H14 ((not at_pO[jl) ==> aljl)
H13 (a[j]l ==> (not at_pO[jl))
H12 ((not at_pO[k]) ==> alkl])
Hi1l (alk] ==> (not at_pO[k]))
H10 ((not at_pO[1]) ==> alll)
HO9 (a[l]l ==> (nmot at_pO[1]))
HO8 (#anw>0)
HO7 ((at_p3[j] or at_p4[j] or at_pl0[j] or at_pii[j] or at_pi2[j]) ==> (#anw>0))
HO6 ((at_p3[k] or at_p4[k] or at_pl0[k] or at_pli[k] or at_pi2[k]) (#anw>0))
HO5 ((at_p3[1l] or at_p4[l] or at_pi10[1l] or at_pl1[l] or at_p12[1]) ==> (#anw>0))
HO4 ((at_p10[j] or at_p1i[j] or at_p12[jl) ==> (#snw>0))
HO3 ((at_p10[k] or at_pli[k] or at_p12[k]) ==> (#snw>0))
HO2 ((at_p10[1] or at_p1i[l] or at_p12[1]) ==> (#snw>0))
HO1 ((#snw>0) ==> (at_p10[j] or at_pl1[j] or at_p12[j] or at_p1O[k] or

at_p11[k] or at_p12[k] or at_pl0[1] or at_p11[1l] or at_p12[1]))

C ((#ns=n) ==> (not (at_p9[j] or at_p10[j] or at_pli[jl or at_pi12[jl)))

Only hypothesis H21 is needed to establish the conclusion C. The system se-
lects it immediately, provided the additional connection (#ns=n) ==> not s[j]
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is available. If not, the system cannot validate the verification condition but it
orders the hypotheses; the useful one is selected early (in the fourth position),
so the discovery of the adequate connection is fairly easy.

4 Global Results

The verification set associated with our version of Szymanski’s algorithm and
of the adequate invariant contains 70 non trivial verification conditions. Each of
them is an instance of VC-scheme, with an average number of 42 hypotheses.

We considered the favourable case first and assumed all additional hypotheses
(connections) about the arithmetical atoms of the program and the invariant
had been included first. For 59 out of the 70 conditions, only the first selected
hypothesis was needed to validate the conclusion. For the other conditions, we
observed that the number of selected hypotheses did not exceed much the number
of useful hypotheses; this indicates that the selection policy is appropriate.

We assumed afterwards the most unfavourable, and somewhat unrealistic
case, where no additional hypothesis were known a priori; we also supposed
that the user was not able to provide them interactively. As a consequence, con-
ditions which are only “pseudo-tautologies” were not validated. Nevertheless,
the verification system ordered the hypotheses. For 53 conditions, the only use-
ful hypothesis was selected first. For 13 conditions, the useful hypotheses were
among the first ten selected ones. Only for the 4 remaining conditions the se-
lection policy was not very good and one of the useful hypotheses was selected
late.

These results clearly show that the selection policy is a useful addition to
our verification tool CAVEAT [H], but even a few pathologic cases are sufficient to
prevent an easy and full verification. There is no surprise here: if an algorithm
relies on some arithmetical facts, the verifier should know them.
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Fault-Tolerant Distributed Theorem Proving

Jason Hickey™

Cornell University

1 Introduction

In recent years, there have been many examples of significant formalization ef-
forts in higher-order logics, including the formalization of Java [, the verifi-
cation of the SCI cache-coherency protocol [, the verification of the AAMP5
avionics processor [[] in PVS ], the verification and automated optimization
of Ensemble protocols [E], and many others. Higher-order logics are often cho-
sen for these endeavors not only because they can formalize meta-principles, but
also because they retain the conciseness and intuition of the original design.

While this model has been successful, it is expensive. We present an archi-
tecture, implemented in the MetaPRL logical framework, for distributing tactic
proving over large groups of processors using the Ensemble group communica-
tion system. To counteract problems of reliability in distributed environments,
we use Ensemble’s fault recovery support. To preserve the large existing tactic
base, we replace the existing tactic implementation with a functionally equiva-
lent distributed tactic scheduler.

2 Related Work

MetaPRL [[] is derived from the Nuprl proof development system, which includes
both a logic and a mechanism for reasoning. An early version of the system is
described in Constable et. al. [l]; more recent descriptions can be found in Jack-
son’s thesis [H]. An account of Ensemble can be found in Hayden [{]. Ensemble
and MetaPRL are both implemented in OCaml [E].

There are several examples of first-order proving and limited higher-order
distributed theorem provers [lH]. While these systems have some similarity to
our work, we focus on general-purpose tactic proving, which differs in several
major respects. First, the logic is not fixed, and our distribution mechanism
must work for any definable logic. Second, tactic provers are designed for use in
logics where proofs may need interactive guidance. This requires two features: the
distributed prover must be tolerant to process failures, and proof search should
be deterministic. Finally, tactics are higher-order search algorithms, and their
distribution requires that arbitrary functions be passed along communication
channels.

* Support for this research was provided by DARPA grant F30602-95-1-0047.
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3 Refinement Architecture and Tactics

The MetaPRL proving architecture is implemented in several parts. There is a
logic engine, called the refiner, for applying a primitive rule to a goal to reduce it
to a (possibly empty) set of subgoals, there is a primitive tactic module that de-
fines the basic tactic operations, and additional proof automation is implemented
in the tactic library.

The refiner exports the operations in the OCaml signature below. The term
type is used to represent logical sentences. The rule and logic types are used
to represent primitive rules and logics (more detail about the construction of
logics can be found elsewhere [H]). The proof type represents partial proof trees
that have been constructed by refinement; the refine function applies a rule
to a goal to produce a partial proof. The compose function is used to compose
partial proof trees. If a tactic application fails, the RefineError exception can
be raised.

The tactic-primitives module defines proof search with tacticals. The tactic-
primitives module re-implements the proof type to contain single node proof
trees, and it implements two tacticals: the (andthenT tacl tac2) tactic applies
tacl to the goal, then applies tac2 to each of the subgoals. The (orelseT
tacl tac2) tactic applies tacl to the goal. If it succeeds, the proof is returned;
otherwise, tac2 is applied instead.

module Refine : sig module TacticPrimitives (Refiner) : sig
type term, rule, logic, proof open Refiner
exception RefineError type prim_tactic, proof
val refine : logic — rule — term — proof| type tactic = term — prim_tactic
val compose : proof — proof list — proof val tactic_of_rule : rule — tactic
val goal_of proof : proof — term val proof_of_goal : logic — term — proof
val subgoals_of _proof : proof — term list val refine : proof — tactic — proof

end val andthenT : tactic — tactic — tactic

val orelseT : tactic — tactic — tactic
end

4 Distributed Refinement

A tactic constructs an and-or branching proof tree, =~ ArdThenl (goal, taci, tac2)
AndThen2 (tac2)

in which each node in the tree is labeled by a goal AndThen3 (p)

sentence and a tactic that was applied to the goal ~— 2Ese! (goal, tacl, tac2)

to produce the children. MetaPRL labels nodes in a Success (p)

proof tree with seven kinds of labels. The AndThen ~ Failure

and OrElse labels are used for partially expanded nodes, and the Success and

Failure labels are used when expansion is complete. Note that Success signals

tactic completion, but the proof may still be partial.

The complete set of operations on proof trees is shown graphically in the
first figure on the next page. The operations define expansion of AndThenl and
OrElsel nodes, and they define how to back-propagate Success and Failure
labels. A tree is complete when the root node is labeled either Success(p)
for some proof p, or Failure. Note that two operations, failure-andthen?2 and

success-orelsel, cause pruning of sibling nodes in the proof tree.
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MetaPRL implements proof tree ex- type thread
pansion in two parts. There are mul- val submit : thread — node — node event
. . val request : thread — unit
tiple threads that expand independent val cancel : thread —> unit

subtrees, and a Scheduler to issue tasks end

to threads. Each thread provides three functions to the scheduler: one to submit
a node to be expanded, another to request the root node from the running
thread, and another to cancel the subtree expansion. The result of an expan-
sion is returned through the event produced by the submit function; the cancel
function causes Failure to be returned immediately.

refinement —Jy — L

threads Idle Idle

=

— [ ]
i
1

X[
I
=
2
|

I submit
T

Scheduler — W W WO&
N
] O Failure
Success(p) Idle .\y
Failure 1 .
e = -
i Success(p) l L
donely Failure 'I request

I3

NN

The operations implemented in the Scheduler are shown graphically in the
figure above. The Scheduler submits a frontier node to an idle thread with the
submit operation, and it receives the result from a completed thread with the

<
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done operation. When a branch of the tree is pruned, a thread may be terminated
with the cancel operation. If there are idle threads and no available frontier nodes
to be scheduled, the scheduler can request that a thread return the root part of
its tree to the scheduler with the request operation.

In distributed refinement, tactic evaluation occurs on multiple processors, and
communication between refinement processes is through message passing. Our
implementation of distributed refinement is symmetric; for each refiner process,
we add an additional thread, called a distribution service (DS), that requests
frontier proof nodes from the Scheduler and passes them to remote refiners.

For communication, we implement a shared-memory model using the broad-
cast mechanism of the Ensemble group communication system. Entries may be
locked or unlocked. Locks are exclusive; if an entry is locked, it is locked by ex-
actly one process. Entries are created in the unlocked state, and the process that
created the entry is called its owner. The owner may delete an entry, even if it
is locked; the lock holder is notified of the cancelation.

The DS emulates a refine- Refinement
ment thread interface. When threads
the scheduler submits a node shared distribution

memory  service

to the DS, the DS stores the

node in the shared memory. 1
[

If fihe E}Thelglglz lcinceti.ls the Ensemble DS 1 N\

node, e cletes the en- group Scheduler

try from the shared memory.
When the Scheduler makes a
request for a new node, the
DS attempts to lock an entry in the shared memory. If the lock is successful, the
subgoal associated with the entry is passed to the Scheduler as a new frontier
node. If the entry is deleted, the Scheduler cancels the node associated with the
entry. When the Scheduler completes the evaluation, it passes the result back to
the DS, which returns the result to the owner.

Each process keeps a local copy of the shared memory, and Ensemble is used
to broadcast new entries, and ensure that the copies are consistent. If a process
fails, all entries owned by that process are deleted.

5 Performance Measurements

We give five examples for performance. The Pigeon3 and Pigeon4 examples are
problems in propositional logic, the Gen example is a proof of heredity in a large
geneological database in first-order logic, and the Term and CZF examples are
proof search problems in the Nuprl type theory. In the table, the “unthreaded”
column gives performance numbers for a single-threaded version of MetaPRL.
The “distributed” column gives times for distributed proving using one to five
processes (on different processors). The “failure” column is the time to solve the
problem using five processes, where one of the processes fails about halfway
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through the search. All times are in seconds, for Pentium IT 200Mhz processors
running Linux.

eraging about 3.2 with for the  |Pigeon3 7 8.6|7.216.214.5|3.8

The speedup on these ex- Problem |unthreaded distributed failure
amples is fairly consistent, av- 1 2 3 4 5

5 process case. The GEN prob- Pigeon4d 207 221|141 95 (80 | 67| 95

lem is an exception; it acheived gen igg zllzllg 27530 24011 12680 12307 1‘;50
. . erm
a superlinear speedup. On this ozF 63 75|40 |32 126 | 22 | 47

problem, the MetaPRL default

random scheduling algorithm performs better than the default depth-first-search.
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1 Introduction

WALDMEISTER is an automated theorem prover for unconditional equational
logic. It is based on unfailing Knuth-Bendix completion [M]. During the first
stage of development the focus was on efficient rewriting by means of indexing
and space saving techniques [ []. In this paper we present two aspects of our
recent work which aim at improving the system with respect to performance and
ease of use. Section 2 describes a more powerful hypothesis handling. In Sect. 3
we investigate the control of the proof search and outline our current component
of self-adaptation to the given proof problem.

2 Enlarging the Hypothesis

A nuisance of completion-based theorem proving is that nearly all the time is
spent completing the axiomatization but only a tiny fraction operating on the
hypothesis.

The standard approach for tackling a hypothesis is to compute normal forms
of the terms and check if they are syntactically equal. Since the rewrite relation is
not confluent during the completion, the normal forms are not necessarily unique.
Therefore instead of considering an arbitrary normal form, WALDMEISTER con-
structs for each term in the hypothesis the set S of all successors [[]. The hy-
pothesis u = v is proved if S(u) N S(v) # 0. During the completion these sets
are incrementally expanded.

Our method is best explained with a simple example. Figure ll shows how
sets of successors can be used in solving the proof problem GRP141-1 [H]. The
terms u = f(f(a,b),c) and v = ¢ have to be joined. The four graphs illustrate
the enlarging of the hypothesis. Initially, the two sets consist of only one term
each (a). With the 16th rewrite rule u can be reduced to two different terms
which join again in the term denoted by u'. S(u) now consists of four terms
(b). After generating rule no. 19, u can be reduced to v in two different ways,
hence v € S(u) and the hypothesis is proved (c)! Compare this with the standard
approach which would still be stuck in u'. The last graph (d) shows the way out
of this dead end which is not possible before 31 rules have been generated. The
number of generated rules is cut down by one third here. In larger examples the
effects may be far more dramatically.

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 232- il 1999.
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Fig. 1. Sets of successors in proving GRP141-1

The implementation uses one hash table to store the elements of both S(u)
and S(v). The terms are colored to distinguish whether they descend from u
or v. Each time a new rule is generated, all the elements reducible by it are
determined, and their rewrite successors added to the hash table. The data
structure ensures that every term that is reachable in more than one way, e.g.
v’ in Fig. ll appears only once per color. If a term is present in both colors, it is
a common successor of u and v.

This technique has improved our system impressively. When introduced, it
increased the number of solvable TPTP problems from 278 to 300, and even
decreased the average proof time.

The effect of combinatorical explosion occurs frequently with associative and
commutative functions and stimulated refinements of the approach. Quite often
the sets of successors contain no more than a few hundred elements, but set sizes
of 200,000 have been noticed as well. In cases like that we switch back to the
standard treatment.

Further enhancements of this more elaborate hypothesis handling include the
addition of predecessors as well. This enlarges the sets, and therefore even more
care has to be taken of combinatorical explosion.

3 Controlling the Proof Search

The main completion loop is parameterized by a heuristical classification H and
a reduction ordering >. While H can be used to integrate knowledge into the
prover [H], WALDMEISTER currently works with syntactical classifications only.
As to >, Knuth-Bendix ordering (KBO) and lexicographic path ordering (LPO)
are provided.

The influence of distinct classifications and especially orderings is tremen-
dous, often leading to differences in proof times of orders of magnitude. Due
to the dynamic nature of the proof process, instantiating these parameters well
is a non-trivial task. Some effects are intuitively plausible, whereas others are
completely surprising. It seems very difficult, if possible at all, to tackle this task
theoretically in sufficient generality.
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However, we have experienced that proof problems sharing major parts of
their axiomatizations often behave similar in the proof search. This might be
explained by two reasons: Firstly, the saturation process is quite independent of
the hypothesis to be proved. Secondly, if the axiom sets basically coincide, the
saturations will produce many common conclusions.

In order to improve our deduction system’s performance, we are following a
pragmatic approach. To investigate the properties of a certain domain, we select
a representative proof task of moderate difficulty and analyze the influence of
different orderings and classifications experimentally. Then the best instantia-
tions of the search parameters are tested on the whole domain. In most cases it
is possible to distinguish a setting that is uniformly superior on the whole set of
problems.

Of course we cannot expect a potential user of deduction to perform this
kind of labor or to supply the prover with a detailed setting on each invoca-
tion. Therefore it is sensible to extend the system with a component that au-
tomatically adapts it to the problem at hand. This enabled us to integrate our
domain-specific knowledge into WALDMEISTER.

3.1 Example: Orderings for Nonassociative Rings

The current TPTP library [d] includes 38 unit equality problems from the domain
of nonassociative rings, which differ from the standard noncommutative ones in
that the associativity law holds only for triple products where two neighbouring
factors are equal [H].

For a series of experiments RNG019-6 was selected. Since we could not find
any KBO that solved the problem, we considered the LPO with every possible
total operator precedence. With each of these 720 orderings, an attempt to solve
the proof task was carried out.

The following can be observed: Despite the fact that 86 % of all orderings
failed to prove the problem in reasonable time, there are 57 LPOs with proof
times of less than 1 second! The top 30 can be characterized exactly by the
precedence constraint A > {-, —} = + and C > 0.

For the generalization step, on all the problems we measured the 30 best
orderings vs. 30 randomly chosen from the others. It turned out that the best
LPOs got all the problems that could be solved at all, and are exactly those sat-
isfying the precedence constraint {A, C} > - > — > + and C > 0. This is clearly
a refinement of the above one, leading towards normal forms which resemble the
canonical representation of polynomials, namely as sums of monomials.

Corresponding results were obtained for problems and problem sets in other
algebraic domains, e.g. Wajsberg algebras, lattice-ordered groups, or Boolean
algebras. Moreover the influence of the search parameter H was studied in an
analogous series of experiments in different domains.
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3.2 Automated Control Component

Deriving the instantiation of the search parameters from the set of axioms is a
promising way of enhancing a prover’s usefulness: Control knowledge is added
on the level of algebraic structures to be matched. We use a declarative represen-
tation consisting of three compact tables that are easy to edit. The first and the
second contain descriptions of usual mathematical concepts, giving the approach
a semantical stress, whereas the third factors out the control knowledge.

The process starts with the problem axiomatization as input, e.g. RNG019-6.
In the first table algebraic laws, such as associativity or distributivity, are de-
scribed by means of pattern equations with variables for the operators:

F(z, F(y,2)) = F(F(2,y),2) = Assoc(F)
F(G(z,y),2) = G(F(x,2), F(y, 2)) = Distr:(F, &)

The pattern equations are matched onto the axioms, yielding a compact repre-
sentation of the detected laws: in our case {Assoc(+), Assoc(+), Distr, (-, +), ... }.

The second table holds algebraic structures characterized as sets of algebraic
laws. These sets are matched onto the result of the first stage. For the example
RNGO019-6 the following two structures match:

{Neut,(F, N), Assoc(F),Inv,(F,I, N)} = Group(F,I,N)
{Assoc(F), Assoc(G), Distry (G, F'), ...} = NonassociativeRing(F, N, I, G, A, C)

Based on axiom set inclusion, a static conflict resolution mechanism automati-
cally prefers structures that are more specialized, here the ring structure. Finally
a parameter instantiation for that structure is looked up in the third table:

NonassociativeRing(F, N, I, G, A, C)
= >:=LPO(A>~C>G>I>F > N), H:=term size

Not only is the representation lucid and easy to maintain and extend, but
also is this staged matching more efficient in practice than the direct one.

Table M shows the results of an experimental comparison of this self-adapting
control with our standard general-purpose strategy. In both settings, WALD-
MEISTER was run on a Sun SPARCstation 20/712 (75 Mhz, 192 MB main mem-
ory). The test set consisted of all TPTP unit equality problems. We measured
the performance with respect to the number of problems solved within a time
limit of 10 minutes. The results are given for the whole test set as well as for the
subsets formed by the larger TPTP domains.

The new approach currently increases the percentage of the solvable share
from 82 to 87 %. As not shown here, it also cuts down the average proof time
from 17 to 6 seconds. Further progress may be expected with the integration of
more control knowledge.
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Table 1. Experimental comparison of control approaches

Problem set Size general purpose self-adapting

TPTP 425 82 % 87 %

RNG 56 32% 52%

COL 117 86 % 93 %

BOO 42 98 % 100 %

GRP 133 95 % 96 %
Availability

Guided by the needs of students attending local lectures, we have just realized
a convenient Web-interface for WALDMEISTER that is reachable via:

http://www-avenhaus.informatik.uni-kl.de/waldmeister

From this URL further documents and the complete distribution containing an
easy-to-use version together with problems and a manual are available.
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Abstract. Abstraction is a useful tool in verification, often allowing
the proof of correctness of a large and complex system to be reduced to
showing the correctness of a much smaller simpler system. We use the
Nuprl theorem prover to verify the correctness of a simple but commonly
occurring abstraction. From the formal proof, we extract a program that
succeeds when the abstraction method is applicable to the concrete input
specification and in this case, computes the abstracted system specifica-
tion. One of the main novelties of our work is our “implicit syntax”
approach to formal metatheory of programming languages. Our proof
relies entirely on semantic reasoning, and thus avoids the complications
that often arise when formally reasoning about syntax. The semantic
reasoning contains an implicit construction of the result using inductive
predicates over semantic domains that express representability in a par-
ticular protocol language. This implicit construction is what allows the
synthesis of a program that transforms a concrete specification to an
abstract one via recursion on syntax.

1 Introduction

Theorem proving and model checking can be usefully combined by using a the-
orem prover to verify abstractions of protocols or system specifications. In par-
ticular, one can often use a model checker to verify some property of a protocol
that has an infinite or intractably large state space, by first transforming the
original or concrete protocol into a more abstract version for which model check-
ing is feasible [E2H]. A theorem prover can be used to check, for example, that
the property (or some transformation of it) holds of the abstract protocol if and
only if it holds of the original protocol. This can be done directly by formalizing
the two versions of the protocol and proving the specific property of interest.
This approach is taken in [[, for example, using the integration of a BDD based
model checker as a decision procedure in PVS [E. One can also, as in [&], pro-
vide general support for doing this kind of reasoning by formalizing a refinement
calculus and methodology relating system specifications and abstractions; or as
in [A], use a model checker with assumption commitment style reasoning on the
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abstract system and then use a theorem prover to discharge the assumptions in
the concrete system.

Typically, when a system specification is represented in a theorem prover, a
so called “shallow embedding” is used. In a shallow embedding of a programming
or specification language in a theorem prover, programs and specifications are
directly interpreted in the logic of the theorem prover. Thus, one formalizes only
the semantics of the language. For example, the commands of an imperative
programming language might be encoded as objects of type com = state — state.

In contrast with shallow embedding is “deep embedding”’, where both the
semantics and syntax of the embedded formalism are explicitly represented in
the theorem prover. Using this approach, one might have a type comsyn con-
sisting of abstract syntax trees of commands, and then a meaning function
M € comsyn — com. Deep embeddings are considerably more difficult to reason
about in theorem provers. In practice, shallow embeddings are used whenever
possible, and deep embeddings are done only when one is interested in some
property that cannot be expressed by referring to semantic objects alone. A
comparison of these two methods is presented in [M], for example.

In this paper we show how to exploit the constructivity of the Nuprl theorem
prover [d] to synthesize a particular verified-correct abstraction algorithm. We
build a proof in Nuprl from which we can extract a program that takes a concrete
specification as input, tests whether the abstraction method applies to it, and if
so, returns the abstracted system specification.

One of the main novelties here is that we do not use a deep embedding. Our
proof reasons only about semantics, yet we are able to synthesize a program that
operates on syntax. Thus we reason only about the semantic aspects of the ab-
straction method, even though we are implicitly constructing the program that
builds abstracted programs. The central idea is to define inductive predicates
over semantic domains that express representability in a particular protocol lan-
guage. We give a small illustrative example of the approach in Section B

It is not obvious that this notion of representability is adequate for non-trivial
examples. Many concepts that are natural in reasoning about syntax cannot be
directly expressed. For example, we cannot directly write down a function which
takes a command and returns a list of all program variables occurring in it, since
a command is just a function on states that is assumed to be representable, and
we cannot in general determine the list of variables from this function.

As evidence for the practicality of our approach, we apply it to a simple but
common data abstraction method. The correctness of the abstraction, as well as
the representability of the abstract system specification, was proved in Nuprl.
We used the program extracted from these proofs to obtain the abstraction of a
simple communication protocol.

The only other paper we know of that uses the idea of representing syntax
implicitly in type theory via an inductive predicate is [H], where it is proposed
as a way of defining internal computational complexity measures. Nothing was
implemented, and no proofs are given. Furthermore, the paper does not address
the use of implicit syntax together with extraction to synthesize metaprograms.
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We are aware of one other effort involving program extraction and model
checking [F], in which the correctness proof of a model checker in the Coq
proof checker yields, via extraction, an executable model checker which is then
considered as a trusted decision procedure.

2 Example

Before proceeding to our data-abstraction case study in Nuprl, we illustrate
our approach with a simple, rather artificial, example involving a trivial imper-
ative programming language P where programs are sequences of assignments
of variables to variables. The example is presented at the level of constructive
mathematics, and has not been implemented in Nuprl.

We start with a semantic account of the language. We represent variable
names as strings and assume that variables take on integer values; we define
state = string — Z, and define the type of (meanings of) commands to be
com = state — state. Assignment and command sequencing can now be defined
semantically:

assqg : string — string — com = Ax. Ay. As. s[x — s(y)]

seq : com — com — com = Ac1. Aca. AS. ca(c1(s))

where s[z « [] is the state which maps = to [ and all other variables y to s(y).
Write x := y for assg(z)(y) and c1; c2 for seq(cq)(cz).

Consider the following fact about P: for every command c, if there is a
variable x such that ¢ only affects the value of x, then c¢ is equivalent to a
single assignment statement. This fact is false in general for members of com; to
formalize it, we need to somehow reason about the syntax of P. We do this by
inductively defining a representability predicate R : com — P; as follows (where
Py is the type of Nuprl propositions).

R(c) & Jzx,yestring. ¢ = (x:=1y)
V Jer, c2€ com. R(er) A R(eg) Ae= (cr;¢2)

Define u(c), for ¢ € com, if there exists « € string such that for all y # = € string
and all s € state, s(y) = ¢(s)(y). Our fact may now be formalized as follows.

Vee com. R(c) = u(c) = Jzx,y€ string. ¢ = (x :=y)

Unfortunately, the obvious proof attempt, using induction on the definition of
R(c), fails, because for the case when ¢ = (c¢1;¢2), we get to a point where we
need to show that u(c) implies u(c1) and u(c2), and this is not necessarily true.

If we strengthen the assumption on the representation of ¢ to require that u
hold of all subcommands, then this obvious proof will work. We can state this
property by modifying the definition of representability. In particular, define
Ry(c), for ¢ a predicate on com, by replacing R(c) by Rq(c) in the definition of
R(c) and conjoining the right-hand side of the definition with ¢(c). We can prove

Veecom. Ry(c) = Iz, y€string. ¢ = (x:=y)
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by a straightforward induction on R, (c). Since we are formalizing in a construc-
tive logic, the proof will yield a program that takes a ¢ and evidence for R, (c)
and produces the z,y such that ¢ = (z := y).

In order to run this program on a particular ¢, we need a proof of R,(c).
Since there is no general method in the type theory to go from a member of com
to a representation, we assume we are given a proof of R(c). The method for
going from ¢ to R(c¢) can be implemented in Nuprl’s metalanguage. The problem
is now to go from R(c) to R,(c). This is not always possible, so we choose, as
a simple sufficient condition, to do this only for commands whose constituent
assignments have a unique variable on the left hand side.

To deal with this kind of syntactic sufficient condition, we define a possibility
operator on propositions, denoted 7. In particular, the formula 7 A is defined to
be AV True. Clearly, for any A, 7A holds because the right disjunct is provable.
When we prove a theorem whose conclusion is 7A, we take care to choose to
prove the left disjunct (A) in situations where the sufficient condition is known
to hold. Theorems of this form give a partial correctness result. The program
that Nuprl extracts from the proof will either return a result of type A or the
constant axiom which is the proof of True. The fact that it does not return the
trivial result axiom when the sufficient condition holds is purely a metatheoretic
one.

Returning to the example, we can prove a theorem Vcé€ com. R(c) =7R,(c)
by induction on the definition of R(c). If we construct the right kind of proof,
the extracted program will translate evidence for R(c) into evidence for R, (c)
in the case where c satisfies the sufficient condition given above.

3 Protocol Verification in Nuprl

For our data-abstraction case study, we use the environment for protocol verifi-
cation that was built in the course of verifying the SCI cache coherence proto-
col [[]. Here, we briefly describe our shallow embedding of a Unity-like guarded
command language in which protocols are expressed. We illustrate this language
with our running example presented in Fig. ll In this language, a specification
or program is a list of guarded actions, each having a guard and a body, along
with an initial condition on values of program variables. In general guards can
be message receives or boolean conditions, and bodies can contain assignments,
conditionals, and message sends. The example presents a protocol with three dis-
tinct processes—Sender, Channel (or Queue), and Receiver, denoted s, ¢, and
r, respectively. Consider the two actions for the Receiver, marked r; and rs.
In r; the guard always holds and the body contains a message to the sender
requesting data, where request is the message type. A message can also contain
arguments as illustrated in 5. Here, the guard indicates that this action can be
executed if the first message in buf[r] (r’s message buffer) has type rsend. This
message has one argument, rdata, containing the requested data. The message
is removed from the queue (received) and the body is executed. The Sender
and Channel processes both have a single parametrized action (s and g, re-
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Program P:
Initial Condition: sent = —1
Actions: [r1,72, 80, .., 8n—1,Gm] for some n > 0,m >0

(r1) true — slrequest
(r2) buf[r]?rsend(rdata) — rcvd := rdata

(sa) buf[s]?request — sent := d; qlqsend(sent, 0)

(gm) buf[q]?qsend(data,i) —
if ¢« = m then rlrsend(data) else q!gsend(data,i+ 1) fi

Property :
Data delivery: Vy. G(sent = y = F(rcvd = y))
Order preservation: Vyi. Vyz. G((sent = y1 A F(sent = y2)) =
F(rcod = y1 A F(revd = y2)))

Fig. 1. Running Example

spectively). Action s4 is parametrized by the value of the data transmitted to
the Channel. Action g, is parametrized by the length of the channel. Thus, the
above specification represents a collection of programs where the number of data
values and the length of the queue are bounded by an arbitrary finite number.
We prove universally quantified linear time temporal logic properties (such as
the data delivery property in Fig. l) of the example protocol, by performing
data abstraction of the protocol.

Nuprl is a goal-directed interactive theorem prover in the style of LCF. It
implements a constructive type theory with a rich set of constructors. Because
of the constructivity, programs can be extracted from proofs. Logic is encoded
via the propositions-as-types principle, whereby a proposition is identified with
the type of data that provides evidence for the proposition’s truth. The version
of Nuprl we use [H] also supports classical reasoning, which can be used in any
part of a proof that does not affect the extracted program. Formal mathematics
in Nuprl is organized in a single library, which is broken into files simulating
a theory structure. Library objects can be definitions, display forms, theorems,
comments or objects containing ML code. Definitions define new operators in
terms of existing Nuprl terms and previously defined operators. Display forms
provide notations for defined and primitive operators. Theorems have tree struc-
tured proofs, possibly incomplete. Each node has a sequent, and represents an
inference step. The step is justified either by a primitive rule, or by a tactic.
Tactics provide automation to help with goal-directed search.

Our embedding of the semantics of state transition systems in Nuprl is fairly
straightforward. We define a state as a pair where the first component is the
usual mapping from identifiers to values (integers). The second component is
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a history variable that records the sequence of messages that have been sent
and received during the entire execution. This history variable is important for
reasoning about data that passes via messages. Messages have two components.
Message types such as rsend are encoded as integers as the first component of a
message. The second component is a list of integers that encodes the message’s
arguments.

Expressions and commands are defined as functions on state. Define exp to be
state — Z, and, as in Section B define com to be state — state. The commands
and expressions used in Figure [l are defined as functions over these types, and
Nupr!’s display forms are used to give their applications conventional notations.
We use a dot notation for the value of a command or expression in a state, such
as e - s for (es).

A program is defined as a pair containing a list of commands and an initial
condition which is a predicate on state (of type state — P; where P; is the type of
Nuprl propositions). The initial condition must at least require that the history
start out empty. In our model, a command is enabled if it changes the state when
applied. Thus commands whose guards are true but do not change the state are
considered disabled. A trace is defined in the usual way as a function of type
N — state. A predicate trace_of encodes the restriction that for any n, there is
an action such that when applied to state n results in state n + 1. Temporal
operators such as G (always) and F (eventually) are defined as predicates on
traces (of type trace — Pp) using a fairly direct encoding of the definitions in [H].
We then define the notion of a property ¢ being valid of a program P in the usual
way as P |= ¢ iff Vir : trace.trace_of (P, tr) — (tr). In [, the automation that
we developed for the verification of protocols in Nuprl was discussed in detail. In
the present work, we draw mainly on the machinery for rewriting, which draws
on a large body of equality theorems for protocols.

4 Overview of Data Abstraction

In this section, we give an overview of the form of data abstraction used in our
case study. Suppose we are given a program P and a property ¢ of traces of
the program, and we want to verify whether P = 4, i.e. whether all traces of P
satisfy ¥. Suppose P contains a variable v that can take on an arbitrarily large
number of data-values. We may be able to perform “data-value abstraction”
on v to create an abstract program P’ and an abstract property v’ such that
P' =9’ & P =1 and such that v takes on values from a smaller set during
execution of P’.

We first discuss how to compute an abstract program from a concrete pro-
gram, and then discuss some sufficient conditions, that can be checked statically,
under which this abstraction is safe.

In our example program in Fig.ll the data that we are particularly interested
in and whose values we want to abstract is the value that gets assigned to the
identifier sent. The flow of this value through the program execution is important
for proving both the data delivery property and the order preservation property
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mentioned in the figure. We formalize this flow as a set of identifiers that are
affected by the value of sent. We must also consider communication via message
buffers. To take this into account, we define a message reference to be a pair
(T, i) where T is a message type, and ¢ is natural number denoting a position
in the list of arguments to a message. A data reference of a program is either
a program variable or a message reference. For example, the value of sent gets
passed via the message reference {gsend, 0).

From now on, we will use d to denote the set of all data references possibly
affected by the values of the variable(s) being abstracted. In our example, we
have

d = {sent, (gsend, 0), data, (rsend, 0), rdata, rcvd}.

Clearly it is often possible to compute a suitable d, but we have not done this
in our case study and so we do not elaborate on it.

Our Nuprl development is parameterized with respect to the abstraction func-
tion p, also called a collapsing function, that will map the values taken on by
the data references in d to a small finite domain.

In our running example, in order to verify the data delivery property in Fig. ll
we will abstract the data values to a two valued abstract domain. For instance, we
can use the functions ¢,, parameterized by the y of our data delivery property,
defined by ¢, (n) := (if n =1y then y else —1). Using this function corresponds
to tracking the delivery of the data-value y. The value —1 represents all other
concrete values.

The abstraction function ¢, is parameterized by y, so we would need to
generate a new abstract program for every y of interest. However, note that in
our example, the only processes to assign to sent are the processes sq, and that
the possible assigned values are {0...n—1}. The protocol is symmetric on these
values: if we apply a permutation of theses values to the right-hand-sides of all
assignments of constants to sent, then we get the same protocol. Because of this
symmetry, checking the data-delivery property for an arbitrary y in {0...n—1}
is the same as checking it for y = 0.

We can compute the abstract program P’, given ¢, as follows. First compute
d, and then, for all v € d, replace any constraint u = n in the initial condition
of P, where n is a constant, by u = ¢(n), and replace any assignment u := expr
(and any check u = expr ) in any action of P by u := ¢(expr) (u = @(expr)). If
we know that data values in d are only passed around and not manipulated (and
if we know that the property 1 we want to verify satisfies certain properties) then
we are guaranteed that our data-value abstraction preserves enough information
to verify property 1.

We make this abstraction method more precise as follows. Suppose that:
D={0...d—1}, m € D, d is a set of data references, p € Z — D, P and P’
are programs, and v is a predicate on traces. We first describe how to lift ¢ (the
abstraction function) to states and traces. In particular, we define a function
on states, denoted 7§, where ¢ is the function to be lifted and d is a set of
data references. The collapsed state v§(s) is obtained from state s by mapping
the value of each program variable x in d to ¢(z - s) where p(z - s) denotes
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the value of = in state s, and applying ¢ to each value ¢t such that there is a
message reference (T,4) in d and ¢ is the i*" argument to a message of type
T in the history component of s. We will often just write v when ¢ and d
are obvious from context. Traces being infinite sequences of states, we define
(v (tr)).i = ~5(tr.i) where tr.i denotes the i'" state in the trace tr, for any
natural number i. Note that we overload ~y. Let trace(P) denote the set of all
valid traces of program P.

Conditions for P’ to be a correct abstraction of P are as follows.

. Yitr.(tr € trace(P)) < (v§ (tr) € trace(P’))

S Vtr. AL (tr) = (m) < tr = ¢(m)

. For all permutations f of D, Vir.(tr € trace(P)) < ('yg(tr) € trace(P))

. For all permutations f of D, and for all k € D, Vir. tr = (k) < ’y(’; (tr) =
P(f(k))

If the above conditions hold true then P’ =1 (m) iff P =EVyeD. ¥(y).

Our Nuprl proof captures sufficient conditions for (1) and (3) to hold. The
extracted program will check that these conditions hold for a given P (P’ will
be a function of P). We have not formalized the syntax of temporal logic, so our
program does not check any sufficient conditions for . In particular, conditions
(2) and (4) are proved by hand on a case-by-case basis.

A generic sufficient condition for condition (1) is that the control flow of
program P is completely independent of the values of the data references in d.
For example, there can be no conditional branching on the value of variables
in d. Additionally, the initial condition of the program and the guards of the
program actions must be independent of the values of the data references in d.

A sufficient condition for (3) is similar to the one for (1), except that we
additionally require that in any action a containing an assignment x := n, where
n € D and z is in d, all assignments in a of constants to members of d have n
as the right-hand side, and, furthermore, for every other k € D, there is another
action a’ such that a’ is the result of replacing in a each assignment of the form
z:=nbyz:=k.

= W N

5 Defining Representability in Nuprl

In this section, we define representability of commands which, as mentioned,
allows us to reason semantically about data abstraction, while implicitly con-
structing a program that operates on syntax. In the interests of compactness, in
this section, as well as later sections, we will usually use a more mathematical
style of presentation instead of giving exactly what would would appear in the
theorem prover. The differences in presentation are minor notational ones.

To talk about the representability of commands, we also need to define the
representability of expressions. In both cases, we parameterize by a state invari-
ant, since ultimately we will only want a program and its representation to be
equivalent on certain states. In our case, we only need to consider states col-
lapsed by . We define equality up to invariant I of functions on states (such
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as expressions and commands), written as =;, as equality of values on all states
satisfying I.

Representability of expressions, denoted Rp(e) or R[I](e), is inductively de-
fined below. We omit the types of bound variables when they are clear from
context. Ry(e) is true iff

e=y falseVe=rtrueV[3In: Z.e=yn|V[Izr:ide=; ]

V [3b,e1,e2.(Rr(b) A Rr(er) A Rr(e2)) ANe =1 (if bthen e; else e3)]

V [Jer,ea.Ri(e1) A Rr(ea) A(e =y (e1+e3) Ve =1 (e1 —ea) Ve=; (e1 =e2)
Ve=r(e1Ves)Ve=r(e1 Nea))

V[3e . Ri(e) Ne =1 ~¢]

We use several abbreviations here. For example, n in the equality e =7 n denotes
As.n and z in the equality e =;  denotes As.(z - s). Note that we overload the
operators in binary expressions. For example A also denotes the conjunction of
Nuprl.

Representability of commands is parameterized by an invariant, as above, and
also by a predicate on commands. Intuitively, R; o(c) (also denoted R[I, Q](c))
means that c is representable, up to I, in such a way that for each subcommand ¢/,
Q is true and ¢’ preserves I. The exact right-hand side in Nuprl of the definition
of Rrg(c) (denoted rcom[I,Q] in Nuprl) is the following.

(c =[1I] skip
V (Ix:id. Je:zexp. rexpl[I] e Al c =[I] x:=e)
V (dci,c2:com. (rcom[I,Q] c1 A rcom[I,Q] c2) Al c¢ =[I] (cl1 ;c2))
V (Jb:zexp Jcl,c2:com

(rexp[I] b A rcom[I,Q] c1 A rcom[I,Q] c2)

Al ¢ =[I] (if b then cl1 else c2))
(Ib:zexp. Jc’:com. (rexpl[I] b A rcom[I,Q] c’) Al ¢ =[I] b --> ¢?)
(dp:PId Id:zexp IM:Z. Jas:zexp List.

(rexpl[I] d A V(rexpl[Il;as)) Al c =[I] d!M(as))
V (Jp:PId. Ic’:com. IM:Z. Jas:id List.

rcom[I,Q] ¢’ Al ¢ =[I] p?M(as) --> c¢’))

Al (Q ¢ A (Vs:state. I s = I (c s)))

\%
\%

The occurrence of V applied to two arguments has the meaning that the property
(the first argument) holds of every element of the list (the second argument).
The operator A| is an alternate definition of conjunction in Nuprl which roughly
makes the right hand side computationally insignificant, so that an extracted
program producing a witness for the conjunction will only produce witnessing
information for the left hand side. Using such alternate definitions can dramat-
ically improve the computational efficiency of extracted programs.

For representability of programs, in addition to commands, we must represent
the initial condition predicate. We choose to represent it as a command that
only sets variable values. The initial states are those that result from running
this command on a state with an empty history. We overload R again and use
Rr.q(P) and R[I,Q](P) to denote representability of programs. A program is
representable if the initial state command is representable and each of the actions
are representable. We omit its precise definition.
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6 Main Results of the Nuprl Formalization

In this section, we discuss the culminating theorems of our formal proof devel-
opment in Nuprl and illustrate how the program we extract from the formal
proofs computes a data-abstracted version of a concrete program as long as the
concrete program satisfies the condition that the control flow is independent of
the data-values. We first give some additional definitions.

Instead of stating control/data independence explicitly as a requirement on
programs, we will prove the theorems in such a way that the extracted program
is a partial function that will succeed if the condition is satisfied and will fail
otherwise. To do so, we use the possibility operator defined in Section

In addition to lifting ¢ to states and traces as in Section B, we also lift it
to commands and programs. For commands, we have 73 (c) = (73 o ¢). Thus,
applying a collapsed command is the same as applying a command to a state and
then collapsing the state. For a program P = (as, I) (as is the list of commands,
I denotes the initial condition), we have

vq(as, I) = (map (7v3) as, As.3s".(s =5 (s") NI(s")))

where map is the usual mapping function on lists, and the first occurrence of v§
on the right hand side denotes the collapsing function for commands, while the
second denotes the collapsing function for states. The function 4§ on programs
gives us a semantic notion of abstract program, which we call the pseudo-abstract
program.

There are two main theorems. The first of these is

Vdrs:dref List. Vphi: (idempotent).
Vp:prog. Vpsi: { f:trace — P | respects(f;~[drs;phil) }.
rprog p
= (Ve:zexp. rexp e = rexp (phi o e))
= ?(rproglim(vy[drs;phil),-] (v[drs;phi] p)
Al (p I= psi <= ~vldrs;phil p |= psi))

This theorem says that given a list of data references, an idempotent collapsing
function on integers, a representable program, and a temporal property satisfying
a certain condition, then possibly the pseudo-abstract program is representable
(up to states in the image of the abstraction function) and is equivalent with
respect to the property psi. The idempotence requirement is a technical detail
that is explained later. We have defined specialized display forms for some op-
erators in Nuprl, so, for example, rprog[I,Q] displays as just rprog in the case
that both I and Q are Ax. True.
The second theorem is

Vdrs:dref List. Vd:N. Vp:prog.
rprog p
= (Vpsi: { £:Z — trace — P | perm_inv(d;drs;f) }
?7( J( Vy0:Nd. (Vy:Nd. p |= psi y) <= p I= psi y0) ) )



Formal Metatheory Using Implicit Syntax 247

This theorem says that if psi is a function from integers to temporal properties
satisfying a certain permutation invariance property, then possibly for all yO in
the set {0,...,d — 1}, the program satisfies psi at all y iff it satisfies it at yO.
We apply our abstraction method to a particular program P (which we as-
sume has been entered into Nuprl as a member of type prog) and to a particular
function ¢ from integers to temporal properties, by doing the following.

1. Prove a theorem that P is representable.

2. Prove that v satisfies the condition in the second theorem above, and that
1(0) satisfies the condition in the first theorem.

3. Run the extraction of the second theorem with arguments d, some natural
number d, P and the extracted program from the representability theorem.
If the result is of the form inl(.), then the property under the ? holds and
so it suffices to check the program satisfies ¥(0); otherwise halt.

4. Run the extract from the first theorem on appropriate inputs. If the result
is of the form inl(x), then x will encode a representation of the abstracted
program.

Part (1) has been automated. Part (2) is manual and corresponds to parts (2)
and (4) of Section [l In part (3), the list d must be entered manually. It would be
straightforward to write an ML function to compute such a list given P, but we
have not done this. We have implemented a procedure that takes the encoding
produced by step (4) and makes it readable. We have proven theorems which
condense some of the steps above in minor ways, but we believe the above account
is clearer. We have not bothered implementing uninteresting procedures to take
ascii representations of protocols to Nuprl representations, nor to completely
glue together the steps above.

We have applied our method to an instance of the program in Fig. ll Let
Py be the instance with the 3 data values {0, 1,2} and a queue of length 8.
We choose the function ¢g, take d = 3, and take ¥(y) to be G(sent = y =
F(rcvd = y)). We also use the six-element set given earlier as as the set d
of data references. Applying the steps above succeeds, and yields the result
below. We use the following abbreviation where e is any expression: F(e) :=
(if e = 0 then 0 else —1). The term s'.2 denotes the history component of the
state.

Initial Condition:
As.3s'[(s".2 = nil) A s = (sent := —1; sent := F(sent);
data := F(data);rdata := F(rdata);rcvd := F(rcvd); skip)(s”)]

(r1) true — slrequest

(r2) buf[r]?rsend(rdata) — rcvd := (F(rdata)

(s2) buf[s]?request — sent := F(,Q)7 q!gsend(F (sent),0)
(s1) buf[s]?request — sent := F(1); q!qsend(F(sent),0)
(s0) buf[s]?request — sent := F(0); q'qsend(F (sent),0)
(gs) buflq]?qsend(data,i) —

if 1 = 8 then rlrsend(F(data)) else i := i + 1; qlgsend(F(data),?) fi

Because the steps succeeded, it is guaranteed that checking Vy e {0...2}.4(y)
holds for P is equivalent to checking that 1(0) holds for the above program. Note
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that some trivial simplifications are possible, for example reducing or eliminating
some applications of F', and collapsing the identical actions s; and ss. These
simplifications would be straightforward to implement, but we have not done so
yet.

We wrote a small Nuprl program, given below, to glue together the com-
putational parts for this example. The evaluator for Nuprl programs is a basic
call-by-need interpreter, and so is quite slow. We implemented a simple-minded
general program optimizer before running the example program. The example
terminated in about 5 seconds (on a 400MhZ PC).

Below is a closed Nuprl term whose evaluation produces the representation
of the abstracted program.

let phi = phi_eg(0) in let psi = Ay.psi_egl(y) in
let p = sqr_instl in let p_rep = ext{sqrl_rep} in
let drs = sqr_drsl in let phi_rep = ext{phi_eg rep} O in let d = 3 in
if isl(ext{poss_data_indep} drs d p p_rep psi)
then let res = ext{abs_thm_2} drs phi p (psi 0) p_rep phi_rep in
if isl(res) then outl(res) else "No" fi
else "No" fi

The expressions ext{abs_thm_2} and ext{poss_data_indep} name the respec-
tive programs extracted from the two theorems discussed above. Recall that both
of these programs produce a value in a disjoint union. The program above first
uses poss_data_indep to test if the example program (bound to p, with represen-
tation bound to p_rep) satisfies the permutation invariance property expressed
in the second theorem. If so (i.e. if the result is in the left part of the disjoint
union), then it runs abs_thm_2, testing the result for success using isl. In the
unsuccessful cases, "No" is returned.

The output of this program is an explicit piece of data that completely spec-
ifies the required abstract program. However, it is rather hard to read, involving
numerous injections into disjoint sums, and also junk such as parts of the pro-
gram’s semantics. To help with readability, we implemented a conventional kind
of recursive data type in the type theory for representing terms and expressions,
and extracted a function that translates to this second representation. From
this latter representation, we obtained by inspection the form of the abstracted
program given above.

7 Some Details of the Nuprl Proofs

Most of the work in the proof is related to conditions (1) and (3) of Section W
and is independent of the kind of temporal properties being checked. We give
details only on the parts related to condition (1). Most of the work related to
condition (3) is similar. The work related to condition (1) is divided into three
main theorems. These theorems form the bulk of the proof of the first “top-
level” theorem given Section B We discuss each theorem below, and describe
a few example steps of their proofs. In what follows, we are taking the P’ in
condition (1) to be the pseudo-abstract program ¥ (P).
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For all three theorems, we assume that P is some program, d a set of data
references, and ¢ an idempotent function on integers. The idempotence require-
ment is necessary to show that certain commands satisfy the homomorphism
property discussed below. In discussing the theorems, we omit the subscript and
superscript on occurrences of 7.

The first theorem says that condition (1) holds assuming that for all com-
mands ¢ in P, (yoc) = (yo(coy)). We call this latter property the homomorphism
property on commands, and denote it as hom.(c). The reason that we consider
this property is that it is a simple semantic sufficient condition for the control
flow of P to be independent of the data references in d.

Let ¢ be a temporal property, i.e. a predicate on traces. Define respects(v, F')
to be the proposition Vir.i(tr) < ¢ (F (tr)). Our first theorem is the following.

Theorem 1. Suppose R[True, homy](P) holds, and let ¢ be a temporal property
such that respects(v, ). Then P = ¢ < v(P) E .

The second theorem embodies a check of a syntactic sufficient condition for
the condition R[T'rue, hom.](P) of Theorem [l

Theorem 2. If R[True, True|(P) then ?R[True, hom,](P).

We prove this theorem by induction on representability, considering a case
?R[True, hom,](c) for each type of command ¢, and then proving the prop-
erty R[True, homy|(c) for the commands where it can be seen to hold according
to our sufficient condition. If we were using an explicit approach to syntax, this
inductive argument would correspond to a proof by induction over syntax trees
that (possibly) the homomorphism property holds of the meaning of a tree and
all of its subtrees.

One of the base cases of the induction is when ¢ = (x := e). In this case,
we do a case analysis on z € d. In the case x ¢ d, we use a lemma whose
conclusion is ?(e = (e o)), which says that possibly e’s value is independent of
7. The lemma is proved by induction on the representability of e. In the case
z € d, we do a case analysis on the representation of e. In the cases where e
is a constant or a variable, we know that R[T'rue, hom,](x := e). In the other
cases, we prove ?R[True, hom,](z := e) the trivial way, by introducing the right
disjunct of the definition of ?. The hardest part of the proof of Theorem Bis the
cases for the commands for sending and receiving messages, where we have to
make a correspondence between message data references and the argument list
of the command.

To obtain a program that computes abstracted specifications, we must show
that the pseudo-abstract program ~(P) is representable. This involves showing
that its initial condition can be expressed as a property on states, and that each
of the commands (yoc) of v(P) can be represented as a command in the guarded
command language. The program representing v(P) need only be equivalent to
~v(P) on collapsed states, that is, states in the image of the function . We
express this notion formally via a predicate on states, denoted im., defined by
im. (s) iff 35’ : state. s = y(s’). We need the additional condition on ¢ that for
any expression that is representable, (¢ o e) is also representable.
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Theorem 3. Suppose that ¢ has the additional property that for any expression
e, R[True, Truel(e) implies R[True, True|(p o e). If R[True, hom,](P), then
Rlim,, Truc)(+(P)).

The proof is by induction on R[True, hom,|(P). For the case ¢ = (z := e), if
x € d, then we use the fact that (yoc) = (yo(co7)) to show that (yo (z :=¢))
is equivalent to x := (¢ o e). Because of the assumption on ¢, we know that
x := (p o e) is representable.

8 Conclusion

Using the example of data-value abstraction, we have verified the correctness of
an abstraction method for specifications satisfying a particular sufficient condi-
tion on their syntax. We have exploited the constructivity of Nuprl to extract
a program which can compute the abstract specification corresponding to any
concrete specification satisfying the sufficient condition. We were able to do so
using only semantic reasoning.

It is unlikely that the approach of dealing with syntax implicitly will always
be preferable. This is not a problem, since it can easily coexist with the explicit
approach. For example, we could define a conventional recursive type of abstract
syntax trees, write a meaning function, and prove that for every representable
program there is a tree whose meaning is the program.

Our work was complicated somewhat by our choice of protocol language
and its formalization. In particular, since commands are functions on states,
instead of relations, non-deterministic commands cannot be represented. With
non-determinism, one can include a command that non-deterministically chooses
one from an indexed set of commands — this would have been a more natural
choice for the actions s4, and would have obviated the need, in the sufficient
condition for symmetry, for finding actions that are similar up to constants
on right-hand sides of assignments. Another complication due to the protocol
language is its lack of types. This language was developed inside Nuprl to support
reasoning about particular protocols, and not for metareasoning about programs.

The precise form of inductive definition mechanism implemented in standard
Nuprl [ is not valid in the classical extension [H] used here. It is not too difficult
to adapt it, but we have not done so yet and hence have simply axiomatized the
two inductive definitions we needed.

We believe that our results can be extended to deal with temporal properties
in the same way as programs. One difficulty is dealing with binding expressions
such as universal quantification. It might be possible to deal with universal
quantification by using a program variable in place of the quantified variable. We
should also be able to extend the results to data-path abstraction, for instance
by collapsing the queue in our example.

It should be possible to use our techniques in other theorem provers based
on constructive type theory. Classical theorem provers could also formalize the
same notion of representability, but it would likely be much less useful, since
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representability would not encode syntax, and theorems whose conclusion is an
application of the possibility operator would be vacuous.
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Abstract. In this paper, we propose a common theoretical framework
for type based static analyses. The aim is the study of relationships
between typing and program analysis.

We present a variant of Girard’s System F called F g . We prove standard
properties of Fg . We show how it can be used to formalize various
program analyses like binding time and dead code. We relate our work
to previous analyses in terms of expressivness (often only simply typed
calculi are considered) and power (more information can be inferred).
F. g features polymorphism as well as subtyping at the level of universe
extending previous author work where only universe polymorphism (on
a simply typed calculus) was considered

1 Introduction

Static analyses of functional programs such as dead code or binding time are im-
portant to perform valuable program optimizations. Many type inference based
systems have been proposed to perform those analyses. This work is an attempt
to provide a uniform approach for type inference based systems.

1.1 Static Functional Program Analysis

Two approaches are used for static analysis in the functional programming world:
semantic based approach, via abstract interpretation (see [CC77,Hun91]), and
inference based approach. In this paper, we focus on inference based approach. It
has become more and more popular during the early ’90s. Many annotated type
systems have been proposed (see for instance [Hei95,50195,NSN94, HM94,DP9g],
[TJ92]) for many analyses like Binding Time, Strictness, Dead Code, Control
Flow etc. Common features can be found in all these systems. A typed program-
ming language is given. The type system is then modified by the addition of
annotations on types or term constructors. Those annotations denote semanti-
cal properties of the programs (for a survey see the introduction of [Sol95]). The
general picture of this approach is as follows: the programmer writes a typed
program, then his program is automatically re-typed under a slightly different
type system which includes annotations. In this setting, typing information is
meant to be useful for the analysis.

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 252-266, 1999.
© Springer-Verlag Berlin Heidelberg 1999
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Curry-Howard isomorphism can be used to build programs from proof of
their specifications. Nevertheless, code produced this way contain a lot of useless
parts from an algorithmic point of view. Indeed, a program just contains what
is worthy to implement an algorithm. On the contrary a proof formalizes a great
deal of information which is not needed to compute the final result. For instance
a proof of the Euclidean division gives for any integers a,b a couple ¢, r which
satisfy a = bg + r and v < b — 1. From a computational point of view only ¢, r
are valuable, the proof of their properties might be seen as dead code.

The work of C. Paulin (see [Pau89,PM89]) might be seen as a forerunner of
type based systems for this kind of dead code analysis. In this work a system
to extract F,, programs from Calculus of Constructions (CC for short) proofs is
developed. From a programming language point of view, there is no difference
between CC and F,,. Dependent types of CC can only be used to reason about
program properties. Therefore, a syntactical difference between F,, and CC parts
of a term is introduced. It is done by the duplication of the calculus: one part,
typed on universe Prop is used to denote purely logical parts while the other one
typed on universe Spec denotes computational parts of the term (parts which
may be typed on F,). The extraction process consists in the erasure of parts
typed on Prop. It can also be seen as dead code removal.

A major drawback of typed systems lies in their lack of flexibility. For instance
consider:

p=MN.(+ WN5 z) 2) 4)
One may like to prove that the first occurrence of z is dead, hence typed on
Prop (if we adopt [PM89] conventions). The problem comes from the second
occurrence of x which is alive and hence should be typed on Spec. Now, since
a term must have a single type and since the analysis must be conservative,
x has to be typed on Spec. Eventually, in order to keep type consistency, the
first occurrence of x cannot be proved dead. A method to overcome this problem,
following [Ber96], is to introduce a dummy term (), which is the single inhabitant
of a dummy type U (N might be seen has the type of naturals built over Spec
and U the type of naturals built over Prop). The term:

p=0N(+ M5 0) x) 4)

is well typed. p’ can be proved equivalent to p (see [Ber96]), and p’ is an improved
version of p since it contains less code.

Limitations of type inference based systems come from redexes: (Af.t t').
Variable f must be of the same type than ¢, but may be used in different
situations in ¢, and each of this situation may require a specific type. Consider
for instance:

pr=0A"NAg f (f 4) N3
where g is variable of type (N — N) — (N — N). Dead code analysis shows
that f is a constant function, therefore that 4 is dead. Now, following [Ber96], if
we replaced dead code by the dummy constant, we would obtain the optimized
program:

pi=OY"NA(g f (f 1) Aa¥3)
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p} is ill typed since f is the argument of g and so should be of type N' — A
while f is of type U — N.

To overcome these limitations several paths have been explored. In particular,
subtyping (see. [BB95]), ML polymorphism (see [DHM95,Pro97]), conjunctive
types (see [DP98]) have been tried out to relax constraints imposed by inference
based systems.

1.2 Multi Universe System

We take as programming language Girard’s System F' (see [GLT89] for an intro-
duction to F), later just called F'. This choice is relevant from our theoretical
point of view since via impredicative encoding, there is no need to define con-
stants. Naturals, booleans, product types etc. can be built inside the system.

We modify F' by the introduction of two different universes from which types
may be built. Following C. Paulin, those two universes may be seen as Prop and
Spec. In the following of the paper we will rather use the notation 1 and T for
Prop and Spec, since our use of those two universes is rather different from the
one of [Pau89]. The originality of our system lies on two points:

1. We define an inclusion relation between the two universes, namely 1<:T,
from which we derive a subtyping relation on types.

2. We introduce a notion of universe variable, which is a refinement of [Pro97]
properties variables. We develop a polymorphism & la ML on universes.

It seems sensible that, due to coexistence of subtyping and polymorphism, there
may be constraints between universe variables. Consider the following derivation:

Pt N S N g N% NS
't z): N
FM N = N g N (t z): N

where I' =t : N9t — N2z : N and V¥ = TX :u.(X - X) - X — X.
The most general type induced by this derivation, would be likely Vay, as, as
(N1 — No2) — N — N2 However this scheme would lead to type incon-
sistency. Indeed if we randomly instantiate this scheme there are no reasons for
N3Nt to be satisfied. Therefore, to overcome this problem, we introduce a
notion of guarded type scheme: Ya.C' = (A) might be seen as the type A where
universe « is abstracted and such that any valid instantiation must satisfy a
constraint set C.

1.3 Overview

The type system FZZ and its basic properties, are given in section 2. In section 3,
we informally discuss the semantics behind T and L universes. Then, in section
4 we see how F'II may be used to formalize program analyses such as dead code
and binding time. Finally, in section 5 we relate our work to previous ones and
conclude.
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I
2 F System

In this section we present a system to reason about type inference based systems
for static analyses. It is a multi universe F'. The different universes will be used
to denote different semantical properties.

2.1 Syntax

We start by defining the syntactic categories of FSH :
Universe Variables: Universe variables are «, § elements of an infinite set of
universe variables V.

Universes: The set U of FII universes is given by the grammar u =T | L | «

We define the relation <: between universes. We say that u;<:us is acceptable
unless u; = T and us = L. In other words, u; <:us acceptable only means u <:us
is not immediately false.

Type Variables: Type variables noted X, Y, Z are elements of an infinite set
of type variable 7.

Types: The pre-types of FSH are given by A B:=X|A— B| X :uA
Guarded Type Scheme: Guarded Type schemes are given by
ou=A|VYa.C = (o)

where C is a set {up<iuq;...;us,<iugnt1} of inequalities on U. By extension
we say that C is acceptable if for each i in {0...n}, ug;<:ug;11 is acceptable.
The reader should be aware that an acceptable constraint set C' might have no
true closed instance, e.g. {a<:1;T<:a}. Since quantifiers and constraint sets
may only occur at the top level of guarded type schemes, we do not distinguish
between o = Va.C = (V3.C' = (A)) and o/ = V3.C' = (Va.C = (A)). Thus,
for o and o’ we write Vo, 5.C U C" = (A).

Terms: The pre-terms of FSH are given by

tt n=x(S) | (t )|t A)| At |AX :ut|letz: Abetint
where let  : A be t in ¢ might be seen as a synonym for the term (A\z : A.t t),
and S is a substitution from universe variables towards I/ elements.

Substitutions: FSH substitutions are finite mappings from universe variables to
universes:

Siu=lar = u,. .., qn — Uy
where «; are pairwise distinct. D(S) is the domain of S; it is the set of a;. Im(S)

is the image of \S; it is the set of w;. A substitution S extends naturally to types
and terms as follows:

[.oa—u;.. ](a)=u

S(ITX :u.A)=1IIX : S(u).S(A)
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S(X) =X S(A — B) = S(A) — S(B)
S(a (') = (S 0 ) S((t ) = (S(t) S())
SO : At) = Ax - S(A).S(t) SOAX : w.t) = AX : S(u).S(t)
S((t A)) =(S() S(A))
S(let z: Abetint')=let z:S(A) be S(t) in S(t')

A substitution S preserves a counstraint set C = {u1<iug;...;un<itp41} if
S(C) = {S(u1)<:S(uz);...; S(un)<:S(un+1)} is acceptable.

Contexts: A context is an ordered sequence given by I' ::=0 | Iz : A| [, X : u

Judgments: We define three judgments: J :=I'F |I'FA:u|'Ft: A
The first has to be read “I" is a well formed context”, the second “Under the
context I, the type A is of universe u” and the third “under the context I", the
term t is of type A”.

Typing Rules: Typing rules are lists of judgment given by TR ::= (]1(]7%
n+1

where J; ... J, are premises and J,41 the conclusion.

Derivation Tree: are trees of typing rules. They are given by

- =1 .5
Z:=TR| TR -
where premises Jy...J, of TR are equal to =7 ...%, conclusions. We write:
E>I Ft: A to mean that = is a derivation tree having the conclusion
I'kt: A
FV is the set of free type variables and FUV is the set of free universe
variables. Univ(A) (resp. Univ(t)) is the set of universes occurring in A (resp.
t).
Following ML type scheme instantiation and generic instantiation (see
[CDDKS6] for instance), we define two relations between guarded type schemes.

Definition 1 (Instantiation) A guarded type scheme ¢’ is called an instance
of a guarded type scheme o if there exists a substitution S for free universe
variables such that:

o =5S(o)
Definition 2 (Generic Instantiation) A guarded type scheme o =
VB1, ...y Bm.C' = (A}) is called a generic instance of a guarded type scheme
o=Vai,...,a,.C = (Ay) if there exists a substitution S such that:

1. D(S) C{ay,...,an},
2. S(C)=C" and S preserves C,
3. S(A)=A".
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If o' = A’ (hence m = 0), we write oA

FSH is closely related to F'. The main difference between F' and FSH is that F
types are built over a single universe. There is a natural surjection [.| from FSH
to F. It is inductively defined as follows:

— Types: | X| =X, |A— A| =|A| — |A|, and |IIX : u.A| = [IX |A].
— Terms: |2(S)| = =, [(¢ )] = (|¢] [¢']), |(¢ A)] = (jt] |A]), [Az: At| =
Az : AL, [AX s wt] = AX.|t], and |let  : A be tin t/| = (Ax: |A].]t| |t']).

This surjection induces an equivalence relation on FSH types and terms: we say
that types A, A’ (resp. terms ¢,t') have the same skeleton and write A ~ A’
(resp. t ~t'), if |A| = |A'| (resp. |t| = [t']).

2.2 Type Inference System

In this section we discuss FSH typing rules. They differ from F' typing rules on
the following points:

— Types may be built on different universes.

— Based on basic constraints over universes a subtyping relation between types
is defined.

— By means of universe variable substitutions, types are related via instantia-
tions and generic instantiations.

We first define the subtyping relation <: between types which is an extension
of <: to types.

Definition 3 (Subtyping) <: between types is defined as follows:
[Ref]X<:X

(] Al<iAr A<t Al us<iug  Ap[Y = X]<tAq[Z = X]
Al — Ax<tA] — Al Y :u A< TJIZ : uy.As

where X is a fresh type variable (it allows IX : uw.X<:ITY : u.Y).

7]

Let A<:A’, we define CSet(A<:A’) as the set of universe constraints used in
the proof of A<:A’. CSet(.) is defined by induction on the form of A and A’

CSet(X<:X) =10

CSet(A; — Ax<tA] — Al) = CSet(A]<:A;) U CSet(Ax<:AL)

CSet(ITX : up. A1 <:ITY : ug.As) = {ua<ius } U CSet(A;<:Ag)

Well-formed types and well-formed context are mutually inductively defined.
Rules are given in Fig. 1.

Well-formed terms are defined by rules given in Fig. 2. A derivation tree =
is valid only if it is built with valid judgments.

In Fig. 1 and Fig. 2, C' denotes any set of inequalities on U, ¢ any guarded
type scheme, u,u’ any universe, A, A" any type, t,t’ any term.
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— Contexts:
Az g
' X¢gFV(I) I'to:u x¢g FV(ID)
[I'T] X uF ] Ta:oF
— Types:
e I'to:u agFUV()
I'tvVa.C=(0):u
I'tA:u TTEFA W X uk
R N e [Tverl FxuFx
I'-A:w IX:uF I'A:uw Iaz:A+
[Tadd) —F~ ot tdd —F i,
I'X:ukFA:d
1) I'FIIX :uA:d

Fig. 1. Rules for well-formed context and types

I'ct:A @LNzxz:ok

[add] r:obFt: A

— 1] INz:A+t: A (171] X :ukt: A
T'FXxx:At: A > A TFAX iut: IIX :u.A

Ibti: A > A1 Dhig: Ay AL<:As

[*) E] F}—(tl tg):Al
I'Ft:IOX:uA T'FA: W dJ<u

1] TH(f A): AKX = A]

[Poly] EplFt:A TLx:Gen(Z)Ft : A

I'kFletxz: Abetint' : A

Fig. 2. Fg Typing rules

The intuition behind the function Gen(.), is more or less the same than the one
behind ML generalization. The idea is that the most general type of a term is
obtained by abstraction of its free variables (here universe variables). Because
of subtyping, we cannot simply abstract over free universe variables, since there
may be constraints between universe variables that may be not satisfied by
random instantiations.
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Gen is defined in a mutual inductive way with the term typing judgments: if
E>Tkt: A, then

o fYon,. . an.CSet(Z) = (A) FUV(A)\ FUV(I) = {an, ..., an}
Gen(Z) = {A if n=0

where CSet(Z) is the extension of CSet(.) to typing rules. More precisely:

S
Eplriogk oSA |
CSet( INx:okFaz(S): A )=5(C)

it o =Vaq,...,an.C = (Ap).

EplFt:A LNx:ok _ =
CSet( Iz:okFt: A ) = CSet(Z)

Eplx:Art:B | =
Cset(FF)\x:A.t:AHB ) = CSet(2)

=_ EplX:ukt:A . =
CSet(Z = FFMX tut:IIX :u.A ) = CSet(Z)

EDFFtllAQHAl E/DFFtQZA/Q A/QSAQ)
Fk(tl tQ)ZB

= CSet(Z) U CSet(Z') U CSet(A'<:A)

CSet(

E>TFt:IIX:uA E'pIlEFA:J u’ﬁ:u)
'@ A):A[X = A

= CSet(Z) U CSet(Z") U {u'<:u}

CSet(

= . =/ . = roA!
Ep>I'tFt:A E'p>Tax:Gen(E)Ft:A ) = CSet(5) U CSet (=)

CSet( T'Fletz:Abetint : A

The mutually inductive definition of Gen(Z') with term typing rules is sound
since derivation trees are finite and recursive calls are done on strictly smaller

derivation trees.
We say that a substitution S preserves a derivation tree = > I"Ft¢: Aif S

preserves CSet(=).

The relation between F' and F SH is extended to typing derivation. We denote
F judgments by Fr. F' typing rules are simply obtained from FSH rules by erasing
all universes. We have the following trivial fact:

Fact 1 If '+t : A is a valid derivation tree of FX then |I|-plt] : |A].

Conversely, for a given F' well formed term, ¢, there exists many well formed
FI terms #', such that [t/| = tp. One can remark that “many” means at least
2: there are the extreme cases when universes used are either all T or all L.
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2.3 System Properties
Definition 4 (Reductions) The FSH B-reduction is defined as follows:
Az : At t') —p t[z(S) = S(H)] AX bt A) —p t[X = A]

The only noticeable feature of FZ reductions lies in the use of substitutions for
let redexes. -

We write =3 the symetric, transitive closure of —p , and —J3 the reflex-
ive,transitive closure of —g3 .

We now study basic properties of —5 on FZ well formed terms. First we
make a straightforward comment regarding relations between FZ reductions and
F' B-reductions. -

Fact 2 Let t be a well formed FX term. If t —p ¢ then [t| —p [t'] in F.

From this fact it is easy to prove FSH strong normalization.

Theorem 1 (Strong Normalization) —g is strongly normalizing on FSH
terms.

The Church-Rosser property is not as easy to prove. Indeed, in general sub-
stitutions do not commute, hence no simple adaptation of F' proof should be
expected. However, substitutions occuring in FZ terms are not random ones.
It is easy to see from rules of Fig. 2 that domains of substitutions are bound
variables. So after a correct renaming of bound variables this problem is solved.

Theorem 2 (Church Rosser) Let t,t1,ts be well formed FSH terms such that
t —p t; andt —g to, then there exist a term t3 such that tq,ts HE ts.

We now study typing derivation properties. We first address the question of
typing judgment stability through universe substitutions.

Theorem 3 (Stability of Typing Judgments)

— Let ' A:u, and S a substitution. Then S(I') - S(A) : S(u).
— Let Z> Tt : A be a valid derivation tree of FII, and S a substitution
preserving =, then S(I') = S(t) : S(A) is a valid FSH Judgment.

It is clear that the subject reduction property does not hold in FI. Indeed,
the term t = (\z : Ntz ) is well formed of type N+ under a context I" with
y: NT eI, but t =5y and I' -y : N is not a valid judgment. Nevertheless,
a weaker version of subject reduction holds.

Theorem 4 (“Weak” Subject Reduction) Let I' -t : A be a valid judg-
ment and t —g t', then I' =t' : A’ is a valid judgment for some A’<:A.

There is also a notion of most general typing in FSH :

Theorem 5 (Most General Derivation) For any well formed F term t un-
der a context I', there exists a F. SH most general derivation (MGD for short):
Egen>Lgen b tgen @ Agen, such that for any valid derivation E>I" Ft' @ A with
[t'| = t, there exists a substitution S, preserving Zgen such that S(Iyen) = I

and S(tgen) =1t and S(Agen,) = A'.
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3 Behind the Scene

In this section, we provide the intuitions that led to the definition of a multi
universe typing system. We also informally discuss how FII can be used to
formalize static analyses. -

One way of interpreting types is to think of them as partial equivalence
relation over an untyped domain D. These interpretations, called PER inter-
pretation, combines a way of interpreting untyped lambda terms as elements of
some set D with a way of interpreting types as PER on D (see [Mit90]). The
underlying idea is to see the PER interpreting a type A as a typed equality
between terms of A. Thus, in standard PER interpretations, the partial equiv-
alence considered are restriction of the equality over the domain of the type.
Now, imagine that instead of equality, types are interpreted as restrictions of
the trivial relation which relates all elements to all. Under this interpretation
it would be impossible to distinguish a term of another one. To formalize this
notion, we define positive and negative types.

Definition 5 (Positive and Negative Types) A type A is called positive
(resp. negative), if Univ(A) = {T} (resp. Univ(A) = {L}).

We claim that positive types are interpreted in a standard way whereas nega-
tive types are interpreted as trivial PER. This idea was used both for dead code
analysis [BB95] and binding time analysis [Hun91], in simply typed calculus.

The reason why F/ may be used for program analyses becomes now clear.
Suppose that a term ¢ is a function which takes an argument of a negative type
to give back a result of positive type. It means, under the previous semantic,
that whatever is the input of ¢, its result will remain unchanged. In other words
t is a function constant on its argument.

The originality of our approach lies in the use of universe variables. The
idea, already present in [Pro97], is that the sharing of universe variables allows
to represent constraints across the term. Thus, the most general type of a term
might be seen as a description of the minimal requirements for an analysis to be
sound. Once done, the analysis schema can be instantiated to several analyses.
In the following section we consider dead code and binding time analyses.

4 Program Analysis

In this section we show how F sH can be used for various static analyses. We only
consider closed terms, called programs.

4.1 Observational Equality and Simplified Terms

We define observational equivalence on F SH programs. T'wo programs are ob-
servationnaly equivalents if no observation (i.e. any program that takes programs
as input and give back a boolean) is able to distinguish them.
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We define Bool* Cx . ux XX , the impredicative encoding of
boolean type. We also define the two inhabitants of this type:

True® < Ax - w. 1 X \zo @ X.x1 and False" el \x - wAxry : X \za 2 X2

Definition 6 (Observational Equivalence) Let t1,ts be two programs such
that 1ty : A and - to : A, then

t1 =ops ta <= for all closed t of type A — Bool" (t t1) =g (t t2)

For any negative type A we introduce a dummy constant d4 of type A. It is
easy to check that FII extended with those constants shares the same properties
than FII. -

We intend to replace terms having negative types with dummy constant of
the proper type. Negative type shows that the term is dead. Now, if a term ¢
is dead, all of it subterms are dead too. That is why we only consider terms
where dummy constants are maximal subterms of negative type. This rules out
terms of the form (da—p t). Indeed, this term has type B and since A — B is
negative, B is also negative, thus we have a term of negative type which is not
a dummy term. From now on, we suppose that dummy constants are only used
in maximal negative terms.

We now introduce a simplification relation based on dummy constants.

Definition 7 The simplification relation © on terms is inductively defined on
well formed terms as follows:

— daLCt, for any well formed term of negative type A.
z(S)Cx(S).

— Ax: At1Chy : Aty if ty [z = 2]Ctaly := 2].

— AX utiCAY s uts if 61[X = Z|Cie[Y = Z].

(tl tll)g(tg té) iftlgtg and tllgté

(t1 A)C(ta A) if t1Cto.

— let z : t; be Ain tiClet © : to be A in th, if t1Cts and thCt).

The simplification relation states that a term ¢ is a simplified version of a
term ¢’ if t is obtained by the substitution of some negative subterms by a dummy
constant of the corresponding type.

We now study the behavior of the simplification relation and observational
equality.

Lemma 1 Ift,t are well formed terms of type Bool' in normal form and tCt'
then t = t'.

We now show some sort of commutation between & and —g .

Theorem 6 Let t1Cty be two well formed programs. If to —g t then, there
exists t1 such that t1 —7% t1, and t{Ct5.



A Formalization of Static Analyses in System F' 263

As first application of this theorem, we show that well formed programs
related by the simplification relation and having type Bool" have the same
normal form.

Theorem 7 Let t; Tty be well formed programs of type Bool' . Then t; =g ta.

4.2 Binding Time Analysis

As stated in [Hun91], “given a description of the parameters in a program that
will be known at partial evaluation time, a binding time analysis must determine
which parts of the program are dependent solely on these parts (and therefore
also known at partial evaluation time)”. We show that if a function ¢ of positive
type, takes a term of negative type A, then the application of this function to
any term of type A are observationnaly equivalent. In other words: ¢ is static
relatively to its argument.

Theorem 8 Ift is a program of type A1 — As, with A1 a negative type and Ao
a positive type. Then, for any ti,ta programs of type A1, we have (t t1) =ops
(t to).

4.3 Dead Code Analysis

Instead of being based on its inputs, as binding time analysis is, Dead code
analysis is rather based on its output. Indeed, it aims at finding what part of the
program may be removed without altering its output. For this analysis, we use
[Ber96] principle. In our setting it amounts to show that all negative subterms
of a positive program might be seen as dead code.

Theorem 9 Let t1Cty be two well formed programs of positive type A. Then,
t1 =obs t2-

Theorem 9 states that if we replace a negative subterm of a positive pro-
gram with a dummy constant, the observational behavior of the program does
not change. It means that negative subterms are dead since their value has no
influence over the observational behavior of the program.

4.4 Examples
Consider the following F' program:

podéf let 2 : NP bepin(+ = (\y:N.5 x))

in which N ¢/ ITX.(X — X) — X — X is the impredicative encoding of
natural types, the constant 5 has to be red AX.As: X — X z: X.(s (s...2))

as the impredicative encoding of this integer, and p a closed term of type N.
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In po the variable x is used in 2 places. Its second occurrence is dead since it
is the argument of a constant function. Consider the following F' SH derivation of
this program:

iy : Nt 5 NP0
'+ : N0 SN SN g N0 THEAYy : NT 5N 5 NYO [ g N1
I'F(+ 2): NY0 - N0 ' (Ay: N°15 ) : N9O
' (+ 2 Qy:N%L5 7)) : N9O
Fletz: NP bepin (+ & (Ay: N°1.5 2)): N°O

where = denotes a derivation tree for p (we suppose, for the sake of simplicity
that = generates no constraints on 3), and I' = z : V3.{} = (N?). We call this
program pg. Now, consider the following substitution: S = [ — T; a1 — L].
If we apply this substitution to the derivation tree of p§j, we obtain:

I";y:J_)—E):NT
I'r+:N" SNT S NT I'Fz:NT I")—)\y:/\/’i.5:/\/’i~>j\/’-r I'Fz:N*
' (+ o): N S NT 'y Nt5 o) NT
T+ 2 Qy:N*5 2):NT
Fletz: NP bepin (+ o Ay: NT.5 2)): N T

S(2)

Now, since S(pg) is of positive type, and since the second occurrence of = in
S(p§) is of negative type theorem 9 states that it may safely be replaced with
a dummy term. Let psjmp = let  : NP bepin (+ = (Ay: N1.5 dyt)), then
Psimpi=pg and is of type N . Therefore by theorem 9 we have proved the second
occurrence of x to be dead.

This trivial example illustrates well the mechanisms of program analyzes in
FII. We left as exercise to the reader the following program:

D1 = AFN=N=N=N=N=N (L (F XaN yNz m n)

(F 2N, yNy o q))
AfNZN=N NN (f 2 0)

where m, n, 0, q are any closed term of type A. Types are given in superscript
for notational convenience. Using F it is possible to prove that n, o are dead
code. Tt is impossible to prove it using [BB95].

Another example worth of consideration is the following one:

p2 & OFW—M=N=N (F NN 5 m)

APNZN LGN (F )
where m is any closed term of type N. Using FSH it is possible to prove that m
is dead code while it is impossible to prove it in [Pro97].
5 Conclusion

We have presented a variant of system F' in which types are build on different
universes. ML-Polymorphism at the level of universe as well as subtyping, derived



A Formalization of Static Analyses in System F' 265

from a basic inclusion between T and L, are available in FZWe have shown the
basic properties of this system, exposed how it can be used to formalize program
analyzes (construction of the most generic typing), and studied applications for
dead code and binding time.

Our work differs from earlier studies where polymorphism and/or subtyping
are used for program analyzes. First, our underlying type system is a polymor-
phic A-calculus, whereas previous works only consider simply typed lambda-
calculi (except [Boe94] but there is no polymorphism nor subtyping in it). It
makes possible to avoid ad hoc typing rules for constants such as if then else
construct, natural numbers, booleans and basic operations on them (like Suc-
cessor,+ etc), through their impredicative encoding. Second, previous works are
generally linked (excepted [Ber96,BB95,Boe94]) to a given reduction strategy. In
our setting only [-reduction is considered. It makes our study valid under any
reduction strategy.

From a theoretical point of view, this work provides an abstract approach of
type based program analyses. It enlightens the relationships between type infer-
ence and program analyses. By few means (different universes and an inclusion
rule between universes), we have shown that it is possible to formalize different
analyses.

Possible further work includes the definition of a suitable semantics for F,
based on the intuition developed in section 3. There are also no fundamental rea-
sons to limit the number of universes to two. For strictness and totality analysis
for instance one could imagine a variant of FII with three universes. Another
direction is to try the idea of variable universes to F,, or even the Calculus of
Constructions. Indeed, the Calculus of Construction is the underlying type sys-
tem of proof checkers as Coq (see [BBCT96]) and Lego (see [LP92]). These proof
checkers allow to build programs as proof of their specifications through extrac-
tion. Extraction might more or less be seen as dead code elimination (which is
not entirely true since extraction provides a proof that the extracted program
verifies its specification). It is likely that our dead code analysis would improve
existing extractions.
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Abstract. We show that the stability requirement for a verification sys-
tem yields the necessity of some sort of a reflection mechanism. However,
the traditional reflection rule based on the Godel implicit provability
predicate leads to a “reflection tower” of theories which cannot be for-
mally verified. We found natural lower and upper bounds on a metathe-
ory capable of establishing stability of a given verification system. The
paper also introduces an explicit reflection mechanism which can be ver-
ified internally. This circumvents the reflection tower and provides a the-
oretical justification for the verification process. On the practical side,
the paper gives specific recommendations concerning verification of in-
ference rules and building a verifiable reflection mechanism for a theorem
proving system.

1 Introduction

There is a large variety of theorem provers and proof checkers which can be used
for verification (cf. [&], [i], [&l]). The mathematical counterparts of those systems
range from first order logic (e.g. in FOL) and certain fragments of first order
arithmetic to higher order logic (HOL), the systems with powerful principles
sufficient to accommodate most of the classical mathematics (Mizar) and most
of the computational and constructive tools (Nuprl). The underlying logic of
such systems can be either classical or intuitionistic. In this paper we assume
that

The degree of confidence in facts verified by a certain system is not higher
than the degree of confidence in the system itself.

This paradigm yields the necessity to keep an account of the tools used in a
given verification process, including the verification system V itself along with
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an exact description of the set of all metamathematical assumptions M made
in the process of verification. Therefore, the set of beliefs which the verification
is based upon should include ¥V U M. Without loss of generality we assume in
this paper that a metatheory M of a given verification system )V contains V,
therefore, VU M = M.

For example, suppose we want to verify a statement F' by means of the
first order arithmetic PA (i.e. V = PA). One of the possible ways to
put this problem on a formal setting is to say that our goal consists in
establishing that PA F Provable(F'), where Provable(F') is a formal state-
ment saying that “F' is provable by certain formal tools”. Suppose that
we have established that ZF F Provable(F'), where ZF is the Zermelo-
Frenkel set theory (a much stronger theory than PA). This corresponds
to a realistic situation when a verifier uses the power of all of mathe-
matics, not only the elementary methods formalizable in PA. Here is the
sketch of the standard metamathematical argument which under certain
assumptions about ZF concludes that in fact PA b Provable(F): assume
that ZF is w-consistent (cf. [, 1], 4] ); since Provable(F') is an arith-
metical Y, statement, this yields that Provable(F') is true and, by the
Y1-completeness of PA, PA F Provable(F). On the one hand, we have
succeeded in establishing that PA = Provable(F). On the other hand,
at the metalevel of this argument we have used the power of ZF and
even the assumption of w-consistency of ZF. A total account of the be-
liefs involved in this verification process should include this assumption,
which, by the way, has never been and could not possibly be proven by
any usual consistent mathematical means.

In this paper we will try to demonstrate the following three points:

1. Some form of the reflection rule is a necessary part of an extendable and
stable verification system. This will emerge as a natural corollary of the sound-
ness, extensibility, and stability assumptions (cf. [H]) about a verification system.
Moreover, even the most basic proof checking scheme when V verifies a proof of
F and then concludes that F' itself holds requires reflection.

2. The traditional reflection based on the implicit provability predicate does
not provide a satisfactory justification of formal verification. It is well-known
that the implicit reflection in a given system V cannot be verified in V (cf. [H],
=2, [, [E9]). In particular, this means that implicit reflection cannot justify
even the basic proof checking by means of V without imposing additional un-
verifiable assumptions on V. The present paper demonstrates that an iterative
use of reflection leads to the “reflection tower” of theories which is not com-
putably enumerable and cannot be itself verified by any formal tools. If one
takes into account these hidden metamathematical costs of implicit reflection,
then no verifiable stable systems exist.

3. There is a verifiable reflection mechanism: “explicit reflection” (introduced
in the present paper), which provides a foundational justification of the verifica-
tion process. Explicit reflection requires more information in order to certify the
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premises of the reflection rule. However, this additional information is usually
available in real processes of verification; the old implicit provability model just
has not had tools of its utilization. The explicit reflection circumvents the reflec-
tion tower and provides the strict justification of verification. On the practical
side, the paper gives specific recommendations concerning the verification of the
admissible rules and building a verifiable reflection mechanism for a theorem
proving system.

2 Verification Systems

Definition 1. Under a verification system V we will understand a formal
theory satisfying the following conditions a) — d):

a) The underlying logic of V is either classical or intuitionistic.

b) Proofhood in V is decidable, therefore theoremhood in V is computably
enumerable. Note that by the well-known Craig theorem the former follows from
the latter for an appropriate choice of axiom system.

¢) V is strong enough to represent any computable function and decidable
relation.

d)V has some sort of a numeration of syntax mechanism in the style of HAJ,
B. In particular, there is an injective function rep which maps syntactic objects
like terms, formulas, finite sequences of formulas, sequents, finite trees labeled
by sequents, derivation trees, etc., into standard ground terms of V. The usual
notation used in this case is "s7 = rep(s). The function rep and its inverse are
both computable. We assume that V is able to derive formalizations of “usual”
combinatory properties of the syntactic objects at a level corresponding to the
first order intuitionistic arithmetic HA.

For the sake of notational simplicity we will use the same names for the
informal objects (relations, functions, numbers) and for their formal counterparts
(formulas, terms, ground terms) whenever unambiguous.

Examples of verification systems: the first order arithmetic PA; the first
order intuitionistic arithmetic HA and its extensions; second order arithmetic;
Martin-Lof type theory Z77; formal set theory ZF; etc. Note that all the above
conditions on V have a purely constructive syntactic character. We have assumed
neither semantic properties of V (e.g. soundness with respect to some semantics),
nor metamathematical ones (consistency, w-consistency, etc.).

Definition 2. For any wverification system V there is a provably Ay formula
Proof (z,y) in the language of V (called a proof predicate) which is obtained
by a natural formalization of the inductive definition of derivation inV (cf.
B, B, B). In particular, Proof ("D™,"¢7) holds iff D is a proof of ¢ in V.
The Gdédel provability predicate Provable(y) is defined as 3x Proof (z,y). We
will use the notation Op for Provable("¢™) and [p]e for Proof (p,"¢™). For any
finite set of V-formulas I' by OI" we mean the conjunction of C’s for ally € I'.
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Definition 3. The consistency formula Consis(V) is defined as =01, where L
is the standard boolean constant FALSE in V.

The informal meaning of Consis(V) is that there is no a proof of FALSE in V:
this is one of the equivalent formulations of the consistency assertion of ¥V in the
language of V.

We will refer to the provability predicate [I(-) as the implicit provability
predicate. The reason for choosing this name lies in the fact that in the formula
Oe (i.e. 3z Proof(x, ¢7)) the proof is represented implicitly by the existential
quantifier, which does not provide any specification of this proof.

The implicit provability predicate has been studied extensively since its in-
vention by Godel in 1930. The milestone results here are the second Goédel in-
completeness theorem (cf. B3, [A)), which states that

If V is consistent then V tf Consis(V),
and the Loéb theorem which says that
VEOp— @ implies V F .
By the well-known Hilbert-Bernays lemma (cf. [i&],[H]),
VI implies VFDOe.

This lemma can be considered as a justification of the formalization rule ¢/Cp
for V , which states that every proof in V can be formalized in V. The proof of the
formalization rule is purely syntactic and does not involve any extra assumptions
about V. Moreover, this rule can be formalized and proven inside V (cf. [E], []):

VY Op — O0ep.

Below we will use one more fact about the provability operator [, usually at-
tributed to Hilbert, Bernays and Lob (cf. [, [@]):

VEOe—v) — (Op—0y).

3 Stability Equals Admissibility of Reflection Rule

The basic properties required from a verification system are soundness, exten-
sibility, and stability ([H]). We will discuss soundness in Section 5. Extensibility
and stability will appear in this section below.

Definition 4. A rule of inference R in the language of V is a computable par-
tial function from a decidable set of lists of V-formulas to the set of V-formulas.

The usual notation for a rule of inference R is I'/y, where I' indicates the
argument of R (premises), and ¢ the value R(I") of R (conclusion). For the
sake of notational convenience we will not distinguish between a finite list of
formulas I' and one formula which is the conjunction of all formulas from I
when unambiguous. We would like to think that such an abuse of notation will
be tolerated by a reader.
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Definition 5. A rule of inference I'/p in V is derivable if for any instance of
I’/ there is a deduction in V of its conclusion from its premises.

A rule of inference I'/p in V is provable if VFT" — .

A rule of inference I'/ in V is admissible if V = I' implies V I .

Derivable rules is a system with the deduction theorem are provable. It is also
natural to assume that every provable rule is derivable since there is a standard
deduction of ¢ from I" (free premises) and I" — ¢ (which has a derivation without
premises in V.). To a certain extend the notion of a provable rule is a system-
independent version of the notion of a derivable rule.

It is immediate from the definitions that every derivable and every provable
rule of inference is admissible. None of the converse implications holds in a
general case. It is important to notice that there are serious reasons to assume
that derivable and provable rules alone are not sufficient for an advanced system
of automated deduction and verification (cf. also [E4]).

FEzample 1. Here are examples of widely used admissible rules that are not prov-
able: p/Vap (generalization), ¢(x)/¢(y) (renaming of free variables), =—o /o
where o is a X sentence (Markov rule for intuitionistic arithmetic HA, cf. [i]),
disjunctive and existential rules for intuitionistic systems, ¢ /Oy (formalization),
O — /e (Ldb rule), Op/¢ (implicit reflection, for classical and intuitionistic
arithmetic), etc.

Extending V by adding rules provable in V does not change the system. In
turn, stability of V with respect to admissible rules rises to a serious theoretical
and practical problem since some admissible rules cannot be verified inside V.

Definition 6. A rule I'/p in V is verifiable in M if M +0OI' — Op. A rule
in V is internally verifiable if it is verifiable in V.

Every admissible rule in V is verifiable in some sufficiently large theory M, but
not every one of them is verifiable in V.

Ezample 2. The rules generalization, renaming of free variables, formalization,
Léb rule, Markov rule and internally verifiable. The rules implicit reflection,
disjunctive rule, existential rule are not internally verifiable.

We accept the understanding of stability as conservativity of extensions by
internally verifiable rules (cf. [, [&], [0, [£2]).

Definition 7. System V' DV is conservative over V if for any formula v
V' F implies V.
A system V is stable if for any rule I'/@ verifiable in V the system V + I'/p is

conservative over V.

Definition 8. By IRR(V) we denote the implicit reflection rule Op/¢ where
U represents the provability of ¢ in V.
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Ezample 3. Here is the standard example of a formal theory for which the im-
plicit reflection rule is not admissible ([f]): V = PA +-Consis(PA). This system
is consistent, i.e. V I/ L. On the other hand V F 0L, where [0 stands for prov-
ability in this particular V.

Theorem 1. A wverification system V is stable iff the implicit reflection rule
IRR(V) is admissible in V.

Proof. Let V be a stable system. Let us consider the rule Ry consisting of a single
pair (TRUE, ¢), where TRUE is the propositional constant for true statements
in V. Since V + TRUE, we also have V I+ O(TRUE). By stability of V, for all
w0, if V- O(TRUE) —UOyp and V + TRUE/¢ b 4, then V F 9. Equivalently,
for all p,¥ if VF Op and V 4+ ¢ - 9, then V F 1. Let ¥ be ¢. Then V F Oy
implies V I 1 for all ¢, therefore IRR(V) is admissible in V.

Let now IRR(V) be admissible in V, i.e. V F Oy implies V I ¢, and let '/
be a verified rule, i.e. V = OI' — Op. By an induction on the derivation in
V + I'/p we prove that V 4+ I'/¢ F 1 implies V F 1. The induction basis holds
because V and V + I'/y have the same set of axioms. The induction step in the
case of a rule other than I'/¢ is trivial. Let ¢ be obtained in V+I'/¢ by the rule
I'/¢p, i.e. there is specific I'1 such that I'1 /4 is a special case of the rule I'/¢ and
V + I'/p F I'. By the induction hypothesis, V I I'1. By the formalization rule
in V, V F OI7. Since the rule I'/y is verified, we have V + OI'1 — Oy, therefore
V F Oy. By the rule IRR(V), VE . 1

Note 1. Such systems as LCF, Nuprl, HOL have the extension mechanisms
of tactics based on the representation of provable rules. This use of tactics can
be justified inside the system and the stability with respect to tactics can be
established without any additional assumptions. A general case of stability with
respect to all verified rules (including the ones that are not provable) was con-
sidered in [{, ], [0, [E24). It follows from Theorem [l that the general stability
of a verification system V is equivalent to admissibility of the implicit reflection
rule in V.

4 Provability Tests and Other Sources of Reflection

Stability of a verification system with respect to verifiable rules is not the
only place where the reflection rule becomes necessary.

The basic proof checking scheme when V verifies a proof of ¢ in V; and
then concludes that V; F ¢ requires some sort of reflection too. In terms of the
implicit provability this proof checking scheme is the rule

VEOie = Vi ko,

where [J; stands for the provability predicate in V;. In particular, when V; is V
itself this rule transforms into the usual implicit reflection rule IRR(V) for V.



On Explicit Reflection in Theorem Proving and Formal Verification 273

A better internally verifiable theoretical description of the verification scheme
above is given in terms of the explicit reflection in Section H

Another class of examples that need reflection has been shown to me by
Robert Constable and Stuart Allen. These examples are provided by complete-
ness theorems and other provability tests which play important role in theoretical
logic and mathematics and which are now within a scope of interests of advanced
automated deduction systems.

Definition 9. A provability test for V is a formula TEST(z) such that V
TEST("p) — O for any formula ¢. V is stable with respect to provability
tests if for every provability test TEST(x) and every formula ¢

VE TEST(T o) yields V F .

In other words, if ¢ passes a provability test then ¢ is provable in V.

Ezample 4. Formalized completeness and decidability theorems may be regarded
as provability tests. Indeed, a completeness theorem generally states that if ¢
is valid with respect to a certain semantics then ¢ is provable. In its formalized
version such a theorem is a formula VALID(" ¢ )— Op provable in V, and one
can take VALID(z) as TEST(z). A formalized decidability theorem usually has
the form V + TEST("¢") < Oy, where TEST(z) is the formula describing
a decidability algorithm working on the code of ¢ and deciding whether ¢ is
provable.

Theorem 2. V is stable with respect to provability tests iff the implicit reflec-
tion rule IRR(V) is admissible in V.

Proof. Let IRR(V) be admissible in V, and TEST(z) be a provability test. If
VE TEST("¢7) then V F Op and, by the reflection rule, V - . Therefore V is
stable with respect to provability tests.

Let now V be stable with respect to all provability tests. In particular, the
stability with respect to the trivial test when TEST(z) is Provable(z) means that
V E Oy yields V + ¢ for every ¢, i.e. IRR(V) is admissible in V.

5 Metamathematical Cost of Soundness and Stability

In this section we will find lower and upper bounds for the minimal metatheory
M capable of establishing soundness and stability of a verification system V.

We will use the Turing progression as the standard scale to measure the
metamathematical strength of a given extension of the basic theory ([IF]). The
Turing progression VS of theories (cf. ], [, M) for V is obtained from V
by iterating the consistency assumptions along the Church-Kleene system of
constructive ordinals a.
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We consider the first w theories from the Turing progression.

V§=V, Vo =Vi+ Consis(Vy), Vo =JVi

If V is correct with respect to the standard model of arithmetic, then the fol-
lowing strict inclusions hold:

Vo CViCVsC...C V..

Soundness was described in [[] as the condition that “We must be entirely con-
vinced that any proof of a theorem which the system certifies as correct should
indeed be so0.” A straightforward way to formalize soundness would be to assume
some sort of the semantics for V, to take M powerful enough to express the no-
tion of truth for the V-formulas and to establish inside M a formal analogue of
the statement

for every sentence ¢ if ¢ is provable then ¢ is true.

This approach would require a fairly strong M. In particular, one needs to extend
the language of V in order to write down formulas “p is true”; by the well-known
Tarski theorem there is no such formula in the language of V itself.

In fact, in the proof checking context, a verification system ) deals with the
true values of formal statements of an especially simple type, namely provable
A; sentences [t]e. In this paper we assume that soundness of a verification
system V means that all sentences [t]¢ derivable in V are true.

Theorem 3. 1.V is consistent iff V F [t] implies [t],
2.V suffices to establish 1.

Proof. If for all ¢ V I [t]¢ implies [t], then no false sentences of the kind [t]¢
is provable in V), therefore V is consistent.

Suppose V is consistent and let V F [t]. If [t]¢ were false, then V F =[t],
by A; completeness of V. This leads to a contradiction in V.

2. The straightforward formalization of the proof of 1 with the use of provable
Ay completeness of V. B

Corollary 1. Simple consistency of V is necessary and sufficient for soundness
of a verification system V.

Now we will figure out what metatheory can establish stability.

Definition 10. By V is stable we understand the V-formula which is the nat-
ural formalization of the stability property of V. By implicit reflection rule is
admissible in V we mean the natural formalization in the language of V of the
property that IRR(V) is admissible in V; we will denote this formula

Ve (OOz — Ox).
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Theorem 4.
YV F “Vis stable < implicit reflection rule is admissible in V”

Proof. The straightforward (though delicate) formalization of the proof of The-
orem [l n

Theorem 5. Stability of an w-consistent verification system is not provable in
this system.

Proof. By Theorem B, stability is provable in V iff V - Vz(OOz — Oz). Let x
is the code of L. Then V - UOOL —OL. By Lob’s theorem, V 0L, which is
impossible for an w-consistent V. i

It follows from the above that the minimal metatheory for soundness and
implicit stability is

M =V + Consis(V) + Vz(OOz — Oz).

Theorem 6. If V is correct with respect to the standard model of arithmetic
then the metatheory for soundness and implicit stability strictly subsumes the
first w steps of the Turing progression.

Proof. In order to establish V¢ C M consider the formulas (1°1 = |, ("1 | =
O(@™1). First of all we note that under the assumptions made about V the
formula Consis(VS) is provably equivalent in V to =0Tt L (cf. [A). Indeed,
Consis(V§) is Consis(V), i.e. m0L. Then Consis(VY) is a formula stating that
V + Consis(V) I L, i.e. V4 -0OL I/ L. This is equivalent to V I/ =01 — 1 and
V I/ OL. Therefore, Consis(V¥) is equivalent to =000L. Similar argument works
forn=2,3,4,...

Now we show how to derive all -(0" 1, n = 1,2,3,...in M. The case n =
1 is covered by the assumption that M F Consis(V), which is equivalent to
ME-OL or MEFOL— L Forn=2putz=_inVe([Ozr — Oz). Then
M O0L — OL. Since we have already had M F+ OL — 1, we conclude that
MEDOOL — 1, i.e. M =0O0L. A similar argument works for n = 3,4,5,....
Thus

Ve C M.

Now we will check that V¢ # M. Suppose
Vo F Consis(V) AVz(OOr — Ox).
By the compactness argument, there is a natural number n such that
Vi F Consis(V) AVz(OOz — Ox).
Since V¢, C M, M proves the consistency of V. Therefore
Ve = Consis(Vy),

which is impossible by the second Godel incompleteness theorem for V<.
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6 Metamathematical Cost of Implicit Reflection

In an w-consistent verification system V the rule of implicit reflection IRR(V)
is admissible, i.e. V F Oy yields V F ¢ for any formula ¢. The most simple for-
malization of the admissibility property is the scheme Oy — O, where [y
stands for the formula of provability of ¥ in V. A general procedure of incorpo-
rating implicit reflection rule into a verification system V may be presented by
the following reflection tower of extensions of V (cf. [, [1], [&]):

Vo =V, Vai1 =V +IRR(V,), V)= U Vi for a limit ordinal .
B=y

For the sake of simplicity we assume in this section that V is sound with respect
to the standard model of arithmetic.

In this section we will try to figure out what natural metatheory is able to
establish the admissibility of all the reflection rules from the reflection tower.

Definition 11. Implicit reflection principle IRP(V) for a given system V is the
scheme of formulas

{Op—¢ | @ is a sentence of V}.

Let us consider Feferman‘s progression of extensions of V by the implicit
reflection principles ([E):

VW=V, Vi, =VE+IRP(VE), VP = U Vi for a limit ordinal .
B=y

The system V} proves admissibility of implicit reflection in Vj, i.e. the scheme of
formulas OOy — Oe. In addition VI C V], since every instance of the rule Oy/¢p
in a proof in V] can be emulated by the axiom [y — ¢. Moreover, the inclusion
VI C V] can be established in V. Iterating this argument one can show that
%4 41 is the theory capable of establishing admissibility of the implicit reflection
rule for V7.

How bad really is the reflection tower for V? The natural metatheory capable of
verifying the whole reflection tower is the limit of Feferman’s progression VP for
all constructive ordinals a.

Proposition 1. (fE]) The limit of VX, for all constructive ordinals o equals
YV + all true II1-sentences.

It follows from the above that the natural metatheory for the reflection tower
is not computably enumerable, and could not possibly be verified by any sound
mathematical means. It contains, for example, the consistency statements for all
consistent axiomatic theories, among them Consis(ZF) (provided ZF is consis-
tent).

In the next section we describe the explicit reflection, which is internally
verifiable and thus circumvents the reflection tower.
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7 Explicit Reflection for Verification Systems

An alternative way to represent provability in a logical setting has been sug-
gested in [§] — [{], where a basic theory of explicit provability was developed. The
key idea of this approach is to switch from the uniform but implicit presenta-
tion of provability of ¢ as Oy to a presentation of provability of ¢ by a certain
family of explicit proof terms [t]p (i.e. Proof(t,"¢™)) depending on the context.
As it was shown in [[] and [{], every propositional property of the provability
operator (to the extend of the modal logic S4) can be represented by the family
of finitely generated proof terms. Within this explicit provability approach some
old problems in theoretical logic were solved. In particular, explicit provability
provided the intended provability semantics for intuitionistic logic by formalizing
Brouwer-Heyting-Kolmogorov semantics (the problem was open since 1930) and
for the modal logic S4 (was open since 1933).

In this paper we introduce a reflection mechanism based on explicit provabil-
ity. This mechanism could help to avoid metamathematical costs of using the
implicit reflection without restricting real verification capacities of a system.

Theorem 7. For every sentence ¢ such that V & ¢ there is a ground term t of
V such that V F [t]e.

Proof. Given V I ¢ let D be a derivation of ¢ in V. Let t="D7=rep(D). By the
assumptions on the function rep, [t]¢ holds. Since V is able to represent all true
Ay facts, V F [t]e.

Definition 12. The explicit reflection principle ERP(V) is the scheme of for-
mulas [t]o— ¢ for all sentences ¢ and all ground terms t.

Theorem 8. (Provability of explicit reflection [H]). For any ground termt and
formula v

Vi [[t]]gpﬂgo.

Proof. We give a constructive proof of this lemma which delivers an algorithm
for constructing a derivation of [¢]J¢ — ¢ in V given ¢ and t. First of all, by
the proof checking procedure we calculate the truth value of [t]e. If this value
is TRUFE, then the ground term ¢ represents a derivation of ¢, from which by
a straightforward reconstruction, we obtain the proof of [t]¢ — ¢. If the proof
checker on [[t]¢ returns FALSE, then by the corresponding procedure we get the
proof of =[t]J¢ in V. From that by the straightforward transformation, we get
the proof of [t]e— . B

Corollary 2. There is an algorithm which given a formula ¢ and a ground term
t returns the ground term p such that

VEPI[de— ¢)-
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Definition 13. A rule I'/ is explicitly verifiable in V if there is a total com-
putable function f such that V F [y] I — [f (v)]e-

Theorem 9.
1. Every derivable and every provable rule is explicitly verifiable.
2. Fvery explicitly verifiable rule is verifiable.
3. Every explicitly verifiable rule is admissible.

Proof. 1. There is a straightforward function behind every internal rule A/
which calculates the code of a proof of ¥ given the codes of proofs of A. A natural
formalization of this function in V gives a term f such that V + [y]A— [f(y)]¢.
The same holds for all derivable rules. If a rule I'/¢ is provable then V - I' — ¢.
By explicit formalization (Theorem B, V + [t](I" — ¢) for some ground term
t. Let “” be a total and computable “application” function on proof codes,
specified by the condition

VE [z](e—v) — ([yle— [z y]¥)
(cf. [, [B). In particular,
VEII—¢) = ([2] = [t - z]¢),

which yields V & [z]I"— [t - z] .

2. From V F [y]I"'— [f(y)] it easily follows that V - OI"'— Oe.

3. Let VF [y][I"—[f(y)]¥ and suppose that V I I". By Theorem B V + [¢t] I’
for some ground term t. Therefore V & [t]I" — [f(¢)]¢ and V F [f(¢)]e. By
Theorem B V F [f(t)]J¢—¢. Thus VF o i

Definition 14. The explicit reflection rule ERR(V) is the rule [t]e/¢ for all
ground terms t and all sentences .

Theorem 10. The explicit reflection rule ERR(V) is explicitly verifiable in V.

Proof. By Theorem B V + [p]([t]¢ — ¢) for some ground term p. By the
same argument about computable “application” as in the proof of the previous

theorem,
VE(WIte—Ip-yle)-

Corollary 3. The explicit reflection rule ERR(V) is admissible for every veri-
fication system V.

Definition 15. An extension V' of V is verifiably equivalent to V if there is a
computable function g of V such that V & [z]'1— [g(z)]+, where [2]'¢ stands
for the formula “x is a proof of ¢ inV'. In other words, for a verifiably equivalent
extension V' there is an algorithm that transforms proofs in V' into proofs of the
same facts in V.
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Theorem 11. An extension of a verification system by an explicitly verified
rule is verifiably equivalent to the original system.

Proof. Let a rule I'/ o be explicitly verifiable in a verification system V), i.e. there
is a computable function f such that V  [y]I"— [f(y)]e. Let V' be V + I'/ .
The function g(x) works as follows. It travels along the proof tree in V' coded
by x and calculates the code of a proof tree in V of the same sentence (sequent).
If the observed node is a leaf node, then it corresponds to an axiom of V', which
is an axiom of V as well. In this situation g does not change the the proof at all.

Let the observed node correspond to an application of an internal rule A/6,
and let u be the values of g on the predecessors of the current node, i.e. V F [u] A.
By Theorem B there is a computable function h such that V F [y] A — [h(y)]6.
Substituting u for y we derive [h(u)]€ in V. Let g map the observed node to
h(u).

Let the observed node correspond to an application of the new rule I'/p, and
let v be the values of g on the predecessors of this node, i.e. V I [v]I". By the
conditions of the theorem V  [y]I"— [f(y)]¢. Substitute v’s for y’s, conclude
that V I [f(v)]e and let g map the observed node to f(v).

Eventually, at the root node of the V'-proof (coded by) x the function ¢
returns the code of a V-proof of the formula (sequent) previously proven by x. i

8 Practical Suggestions

As one can see, explicit reflection avoids some of the troubles inherent in implicit
reflection. Here is the list of practical suggestions for the designers of verification
systems.

1. Proof Checking. Explicit reflection is used by default in proof checking
when one concludes that V has verified a fact ¢ given that V I [t]e for some
proof code t. This scheme is theoretically correct and does not contain any extra
hidden metamathematical costs. The use of explicit reflection here should be
acknowledged.

2. Extendable Verification Systems. Here the use of explicit reflection
may be twofold. Firstly, it appears in the assertion insertion mode (cf. [{]), when
it is established that V I [t]¢ and then ¢ is stored as a verified fact (i.e. a new
axiom) of V. We have nothing specific to add here, since this mode as presented
above (and in [M]) already agrees with the explicit reflection recommendations.
Secondly, the explicit reflection appears in the rule insertion mode, when I'/p is
verified in V and then added to V as a new inference rule. The explicit reflection
suggests verifying the rule I'/¢ in V explicitly, i.e. by constructing a computable
function f such that V + [y]I" — [f(y)]¢. By doing this we guarantee that
the resulting extension is verified in the old system without any hidden meta
assumptions.

If the rule insertion mode uses explicit verification only, then there is no
need to have a special built-in reflection mechanism: provable stability
of the system is preserved by explicit verification (Theorem IEH).
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Interestingly enough, there are substantial classes of verification systems where
the implicit verification in a certain sense yields the explicit one. For example, in
many intuitionistic systems V + OI"' — Oy implies V - [y]I"— [f(y)]¢ for some
computable function f (cf. [i]). However, the proof of this fact itself cannot
be formalized in V and its use in the rule insertion mode leads to some sort
of a reflection tower. Therefore, ever for the constructive systems the practical
suggestion would be to use the explicit verification, i.e. to establish V - [y]I"—
[f(y)]e directly rather than to prove V F OI"'— Op and then to apply a general
theorem of obtaining the explicit verification from the implicit one; this involves
some hidden and potentially high metamathematical costs.

3. Advanced systems with built-in reflection mechanisms. There is a
number of systems which have or intend to have such mechanisms. The paper
=8 mentions several of them: FOL, NQTHM, HOL and Nuprl. At least
one more is coming: MetaPrl at Cornell University. Probably more systems
will join this set since reflection arguments are often used in mathematical and
common reasoning (cf. Section l). The existing implicit reflection mechanisms
in these systems lead to unnecessary metamathematical costs (cf. Section H).
For such systems the idea of having explicit reflection (perhaps, along with the
implicit one) might be seriously considered, because the explicit reflection can

be added to a system without any extra metamathematical assumptions at all
(Theorem EH).
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1 Overview

KiMBA is the first model generation program which implements a semi-decision
procedure for finite satisfiability of first-order logics with finitely many truth
values. The procedure enumerates the finite models of its input and can be used
to compute efficiently domain minimal models whose positive part is minimal in
size. KIMBA has been implemented in the constraint logic programming language
Oz [6] and is based on a tableaux calculus that translates deduction problems into
Constraint Satisfaction Problems (CSPs). The constraint propagators needed to
solve these problems are realized as concurrent procedures that can make use of
Oz’s built-in capabilities for solving CSPs.

We describe the current prototype focusing on the method for generating
and solving CSPs.

2 Theoretical Background

Model generators are automated deduction systems that prove the satisfiability
of logical theories by generating models [3]. KIMBA is a model generator for
many-valued logics which semi-decides the finite satisfiability of first-order the-
ories and decides the satisfiability of propositional ones. Its proof procedure is a
generalisation of Hahnle’s translation of deduction problems into mixed-integer
programming [2]. Hahnle’s method constructs constraint tableauz for arbitrary
propositional theories and produces sets of mixed-integer inequations which can
be solved by an external constraint solver. The set of inequations generated is
linear in size to that of the input theory and the solutions produced by the
constraint solver are models of this input. The method does not require clause
normalisation, an advantage in practice where suitable normalisation routines
may not be available for the given logic. It also avoids the combinatorial explo-
sion of tableau branches in certain many-valued logics where the branching factor
of propositional rules can equal the number of truth values. However, Hahnle’s
method cannot be used for first-order model generation, and the mixed-integer
inequations generated quickly lead to intractable CSPs.

The model generator KIMBA generalises Hiéhnle’s idea to a constraint tableau
system whose propagation mechanism can be tailored to the underlying logic.

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 282-286, 1999.
© Springer-Verlag Berlin Heidelberg 1999
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KiMBA accepts higher-order specifications and makes use of Oz’s built-in propa-
gators and constraint solving system for integer variables. It translates quantified
formulas into constraints over finite nonempty domains of constants. In the case
of first-order quantification, the domain used is a finite set of individual con-
stants including those that occur in the problem specification. Using iterative
deepening over the size of this domain, the constraint solving process in Oz enu-
merates all finite first-order Herbrand models of the input up to a renaming of
individual constants [5]. Hence, KIMBA provides a semi-decision procedure for
finite satisfiability for conventional multi-valued theorem proving systems such
as 3740 [1] which do not halt in general on a satisfiable input theory, even when
the input has a finite model.

Quantifications of the form VX, P(X) or 3X, P(X), with X, being a higher-
order variable of type «, are translated to constraints over a given signature X,
of higher-order constants of type «. This actually implements a restricted form
of higher-order model generation [5] and is a compact way to formalise properties
of finite sets of predicates and functions.

3 Building Constraint Tableaux

Tableaux expansion in KIMBA starts with a set of pairs of the form Vi: F where F
is an initial closed formula and V¢ is a finite domain integer variable whose value
is associated with the truth value of F. Functions are translated into relations in
a preprocessing step. A formula F can be signed by the user with a truth value
v indicating that F must be interpreted as v in all models. The value v is an
integer that can range from 0 to n where n is the highest possible truth value in
the many-valued logic considered. Initial formulas F are signed by default with
n, and their sign immediately determines their truth variables V.

V:Vxo F
Ve:F1 VF
_ Ry V. Vor: =F . Ve,ey: [e1/x]F
Ve,  Fa .
Ve: F :
Vey: Fa .
1\I(V|:7 VﬁF) | [Ck/x]F

D(Vk,, Vi, VE)
v A{Veers . Vi h V)

Fig. 1. Three of KiMBA’s tableaux rules for generating constraints

Figure 1 shows three of the rules that decompose the logical structure of the
input. The rules for A,=, < and 3 are analogous. The V-rule introduces two
new pairs Vg,: F1 and Vg,: Fo for the components of a disjunction and adds a
constraint D(VE, , Vi,, Vi) which constrains the values of the integer variables of
the disjunctive formula and its components. The —-rule is very similar to V, but
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introduces only one new pair for the formula in the scope of the negation, and a
constraint N(Vg, Vog). The constraint predicates D and N are implemented as
concurrent procedures in Oz. They must be specified separately for each logic as
we shall below for a 3-valued version of N.

The V-rule adds pairs {Vr ¢,: [c1/z]F, ..., Vi ¢, [ck/2]F} for all instantiations
[ci/xa]F of Vz, F that can be made with the current domain X, = {c1,...,ck}
of constants of type a. The truth variable V associated with Vz, F is then
constrained by A({Vr ¢y, VFeo ), V). Again, the operational semantics of A
depends on the logic considered. For instance, in classical logic where 1 denotes
truth and 0 denotes falsity, the constraint A can be defined as follows:

A({prcl, ey Vchk}’ V) n= (‘/F’C1 + ...+ VF,Ck = ]{7) V=l

This means that the truth value V' of a universally quantified formula is 1 iff
the sum Vi ., + ...+ Vi, of the truth values of the formula’s instantiations is
equal to k. This projection of the validity of arithmetic constraints into integer
variables that denote truth values is called constraint reification. Oz provides a
constraint language for finite-domain integer variables that allows us to translate
quantified formulas directly into reified constraints like the one above.

Unlike conventional tableaux systems, KIMBA’s calculus does not split the
current tableau branch during tableau construction. The multiple decomposition
of identical formulas in different branches, a well-known weak point in many
tableaux systems, is avoided.

4 Solving Constraints in Oz

Defining a logic in KIMBA means implementing propagator procedures for the
logical connectives and the quantifiers. Each propagator defines the semantics of
its associated connective or quantifier. KIMBA’s generic translation of deduction
into Oz constraints allows us to design dedicated, optimised propagators for each
logic. Oz itself already provides an efficient set of propagators for the standard
connectives in classical logic. Additionally, the prototype implements a 3-valued
logic for partiality [4]. Below are two operationally equivalent propagator proce-
dures for negation (IN) in our 3-valued logic. While the second procedure appears
to be more elegant, it introduces an arithmetic equation, as in Hahnle’s approach,
which can be harder to process than the simple symbolic propagation in the first
procedure.
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proc {N1 V1 V2} proc {N2 V1 V2}
[Vi V2] ::: O#2 [Vi v2] ::: O#2
thread {FD.minus 2 V1 V2}
if V1 = O then V2 = 2 end
[ V1 =1 then V2 = V1
[1 V1 =2 then V2 =0
[1 V2 =0 then V1 =2
[1 V2 = 1 then V1 = V2
[1 V2 =2 then V1 =0
end
end
end

Procedure N1 first restricts its two parameters to values between 0 (“false”)
and 2 (“true”), where 1 is used for the truth value “undefined”. Then it starts
a concurrent process which waits for one of these parameters to be determined
and determines the other one accordingly. Procedure N2 does the same, simply
by constraining the values of V; and V5 by the equation Vo =2 — V.

Propagation is concurrent, so the process of determining integer variables
Ve can partly take place during tableau construction. An unsatisfiable tableau
branch can often be closed immediately when a variable is constrained incon-
sistently. After a branch is saturated and the initial propagation has been com-
pleted, undetermined variables are provisionally restricted further, and the next
iteration of propagation begins. As an heuristic, KIMBA restricts first those vari-
ables whose value affects as many other variables and constraints as possible. It
also minimises the number of positive literals that are validated in the model at
the same time. The process of variable distribution and propagation is repeated
until all integer variables have a unique value. If it is not possible to assign each
formula a unique integer, then the tableau is unsatisfiable and KiMBA restarts
model search by extending the current domain of individuals with a newly gen-
erated constant and by building up a new constraint tableau.

The iterative deepening search for models will always find those models first
whose domain of individuals is minimal. Additionally, search can be bounded by
the number of literals that are validated. This implements another weak form of
minimal model reasoning. By combining this restriction with domain minimality,
KiMBA efficiently computes those domain minimal models of the input whose
presentation as a finite set of positive literals is as short as possible.

5 System Performance

The table below shows KIMBA’s performance on some selected problems from
the the TPTP library [8]. Times were taken on a Sparc Ultra 1.

Problem|[PUZ001-1|PUZ005-1|PUZ017-1|PUZ031-1|MSC007-2 (5)|MSC007-2 (8)
Time 0.3s 4.6s 0.7s 1.6s 0.3s 107.3s

The original TPTP formalisations are clausal theories that have been re-
formalised for KIMBA using first- and higher-order specifications in classical
2-valued logic. The TPTP formalisations of the logical puzzles PUZ001-1 to
PUZ031-1 are unsatisfiable. In contrast to this, the KiMBA formalisation for
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each puzzle is satisfiable, and each model produced corresponds to a solution.
Cook’s pigeon-hole problem, MSCO007-2, is a classical benchmark proof problem
for propositional theorem provers. The table shows the performance of KiMBA
on problem instantiations with five and eight holes.

PUZ017-1 is very hard for most theorem provers because its first-order clause
representations leads to a large search space. KIMBA’s exceptionally good perfor-
mance can be explained by an elegant higher-order formalisation. For instance,
the specification every job is held by at least one person in PUZ017-1 has a
natural formalisation in KiMBA as follows:

Vo JOb(1—0y—0(K) = FziPerson, o(x) A J(x)

With this form of quantification, KIMBA keeps entities of different type sep-
arately. In a first-order logic, all quantified entities must be individuals. This
usually leads to a larger than necessary domain for which model generation and
theorem proving becomes exponentially more complex.

The KiMBA prototype does not employ any of the sophisticated data struc-
tures and low-level optimisations that can be found in other comparable model
generation programs such as FINDER [7]. Hence, KIMBA is not yet efficient
enough for instance for quasi-group existence problems where our translation of
deduction into constraint solving does not effectively restrict large search spaces.
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Abstract. The logic programming language AProlog is based on the
intuitionistic theory of higher-order hereditary Harrop formulas, a logic
that significantly extends the theory of Horn clauses. A systematic ex-
ploitation of features in the richer logic endows AProlog with capabili-
ties at the programming level that are not present in traditional logic
programming languages. Several studies have established the value of
AProlog as a language for implementing systems that manipulate formal
objects such as formulas, programs, proofs and types. Towards harnessing
these benefits, methods have been developed for realizing this language
efficiently. This work has culminated in the description of an abstract
machine and compiler based implementation scheme. An actual imple-
mentation of A\Prolog based on these ideas has recently been completed.
The planned presentation will exhibit this system—called Teyjus—and
will also illuminate the metalanguage capabilities of AProlog.

1. Introduction. In work going back over a decade, Miller, Nadathur and col-
leagues have studied the proof-theoretic foundations of logic programming. A
result of these investigations is the establishment of the intuitionistic theory of
higher-order hereditary Harrop formulas as a suitable basis for this paradigm of
programming [H]. This class of formulas enriches that of Horn clauses—the tra-
ditional basis for logic programming—with the possibilities of quantifying over
function and (certain occurrences of) predicate variables, of explicitly represent-
ing binding in terms and of using a fuller complement of connectives and quanti-
fiers. The AProlog language [ is based on the logic of higher-order hereditary
Harrop formulas. By systematically exploiting the new features in the underlying
logic, AProlog provides support at the programming level for capabilities such as
higher-order programming, polymorphic typing, scoping over names and proce-
dures, modular programming, abstract data types and the use of lambda terms
as data structures. Much research has been conducted in recent years towards
fully understanding the usefulness of these additions to logic programming. T'wo
aspects that have received special attention are the availability of lambda terms
for representing objects and of a suitable set of primitives for manipulating such
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representations. These features enable AProlog to support the notion of higher-
order abstract syntaz i3] that is a profitable way to view the syntax of objects
whose structure involves binding. Several detailed studies (e.g. [H], [H], [Z]) have
indicated the utility of AProlog in building systems that manipulate formal ob-
jects such as formulas, programs, proofs and types, making it comparable to
other recently proposed metalanguages and logical frameworks such as Coq [H],
Elf i and Isabelle [if]. Fuelled by these applications, Nadathur and colleagues
have investigated methods for providing an efficient and robust realization of the
language. This work has culminated recently in an actual implementation called
Teyjus. We provide some insight here into the overall implementation scheme
and its realization.

2. The \Prolog Abstract Machine. An integral part of the implementation
scheme is an abstract machine that is capable of realizing the operations that
arise in typical AProlog programs efficiently. As with other logic programming
languages, unification and backtracking are intrinsic to AProlog and the Warren
Abstract Machine @] provides a basic structure for treating these aspects well.
However, an extensive embellishment of this framework is needed for realizing
the following additional features satisfactorily:

— The language contains primitives that can alter the name space and the
definitions of procedures in the course of execution. This means, in particular,
that unification has to pay attention to changing signatures and that the
solution to each (sub)goal has to be relativized to a specific program context.

— Lambda terms are used in AProlog as data structures. A representation must
therefore be provided for these terms that permits their structures to be
examined and compared in addition to supporting reduction operations ef-
ficiently.

— Higher-order unification is used in an intrinsic way in the language. This
operation has a branching character that must be supported. Further, it is
sometimes preferable to delay the solution to unification problems and so a
good method is needed for transmitting these across computation steps.

— In addition to having a role in determining program correctness, types are
relevant to the dynamic behavior of programs. A sensible scheme must there-
fore be included for carrying these along at run-time.

— Programming in the language is done relative to modules. In realizing this
feature, it is necessary to support certain operations for composing mod-
ules. Moreover, a mechanism must be provided for periodically adding and
removing code depending on which modules are in use.

The abstract machine that has been developed includes devices for treating
all these aspects well. The solution to the problem of changing signatures is
based on an elegant scheme for tagging constants and variables and using these

tags in unification [M]. To realize changing program contexts, a fast method has
been designed for adding and removing code that is capable also of dealing
with backtracking [&]. The code that needs to be added may sometimes con-

tain global variables and this possibility has been dealt with by an adaptation
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to logic programming of the idea of a closure. To facilitate a sensible represen-
tation of lambda terms, a new notation has been designed for these terms that
utilizes the scheme of de Bruijn for eliminating names and that additionally sup-
ports an incremental calculation of reduction substitutions [E&]. This notation
has then been deployed systematically in the low-level steps contained in the ab-
stract machine [iff]. A method has been devised for the purpose of representing
suspended unification problems [ that has several interesting features. For ex-
ample, based on the observation that new such problems arise out of incremental
changes to old ones, the scheme is designed to support sharing while still making
it possible to rapidly reinstate a previous unification problem upon backtracking.
The treatment of higher-order unification itself includes compilation and priori-
tizes deterministic computations while delaying the truly non-deterministic parts
[=2). This approach makes it possible, for instance, to realize a generalization of
first-order unification in a completely deterministic fashion. The technique that
is adopted for propagating types at run-time uses information already present
during compilation to reduce substantially the effort to be expended dynamically
[A. Using this approach, virtually no new computation is required relative to a
monomorphic subset of the language that is similar to Prolog. Finally, towards
supporting modular programming, a method has been designed for realizing
module interactions that permits separate compilation [E4]. The actual addi-
tion and removal of modules of code can be achieved by methods developed for
handling scoping over program clauses. However, these methods have been em-
bellished by efficient devices for determining if a block of code will be redundant
in a given context and also by mechanisms for realizing information hiding.

3. Realizing the Implementation Scheme. An implementation of AProlog
on stock hardware based on the above ideas envisages four software subsystems: a
compiler, a loader, an emulator for the abstract machine and a user interface. The
function of the compiler is to process any given module of AProlog code, to certify
its internal consistency and to ensure that it satisfies a promise determined by an
associated signature and, finally, to translate it into a byte code form consisting of
a ‘header’ part relevant to realizing module interactions and a ‘body’ containing
sequences of instructions that can be run on the abstract machine. The purpose
of the loader is to read in byte code files for modules that need to be used, to
resolve names and absolute addresses using the information in the header parts
of these files and to eventually produce a structure consisting of a block of code
together with information for linking this code into a program context when
needed. The emulator provides the capability of executing such code after it has
been linked. Finally, the user interface allows for a flexibility in the compilation,
loading and use of modules in an interactive session.

The Teyjus system embodies all the above components and comprises about
50,000 lines of C code. The functionality outlined above is realized in its entirety
in a development environment. Also supported is the use of the compiler on the
one hand and the loader and emulator on the other in standalone mode. The
system architecture actually makes byte code files fully portable. Thus, AProlog
modules can be distributed in byte code form, to be executed later using only
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the loader/emulator. Finally, the system includes a disassembler for the purpose
of viewing the results of compilation.

4. Related Languages and Implementations. Logic and functional pro-
gramming languages have been used often in the role of metalanguages. However,
AProlog and Elf are, to our knowledge, the only languages that systematically
support the higher-order abstract syntax approach. The language Qu-Prolog [£]
incorporates a partial understanding of binding: in particular, it permits binding
operators to be identified and recognizes equality modulo a-conversion but does
not support unification relative to the full set of A-conversion rules and does not
also include primitives for recursing over binding structure.

The AProlog language has received several implementations in the past. All
but one of these implementations have been in the form of interpreters, the most
recent one being the Terzo interpreter [Ed] that is written in Standard ML. The
interpreter based implementations have not profited from an in-depth analysis of
the issues that are peculiar to realizing AProlog and, consequently, it is not rea-
sonable to compare their design with that of the Teyjus system. The only other
implementation to adopt a compilation approach is Prolog/MALI []. The core
of this implementation is a memory management system called MALI that offers
functionalities relevant to realizing logic programming languages. To a first ap-
proximation, AProlog programs are compiled to C programs that execute MALI
commands for creating and interpreting goal structure. Certain inefficiencies,
such as the copying of goal structure, appear to be inherent to this approach
as opposed to the abstract machine based approach used in Teyjus. There are
also differences in the treatment of specific aspects such as the representation
and runtime manipulation of types, the representation of terms, the realization
of reduction, and the implementation of the scoping primitives. Finally, Pro-
log/MALI appears to support a different notion of modularity. It is of interest
to analyze the impact of all these differences and also to quantify their effect on
performance, but a treatment of this issue is beyond the scope of this paper.

5. The System Presentation. We will demonstrate the Teyjus system and
will expose the AProlog language as embodied in this implementation. We will
also discuss examples that indicate the metalanguage capabilities of AProlog.
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1 General Description

Vampire is a resolution-based theorem prover for first-order classical logic. The
current version implements ordered binary resolution with the set-of-support
strategy and ordered hyperresolution. The competition version will have equality
rules.

Vampire owes many of its design ideas to Otter []. It uses a saturation-based
algorithm similar to that described in [{], but implemented more efficiently. Some
planned (but not yet implemented) extensions of Vampire are directed toward
the ideas underlying the design of SPASS [H].

2 Compiling and Indexing

The efficiency of Vampire is due to a combination of compilation and indexing
used to implement all costly operations: resolution, hyperresolution, superpo-
sition, backward and forward subsumption, and some simplification rules. All
indexes used in Vampire implement so-called “perfect filtering” [MH]: they find
exactly all elements in an index to which the operation is applicable. In addition,
our algorithms for index-based retrieval compute the results of the operation on
all these elements (for example, the most general unifiers when the operation is
resolution), as proposed in [H].

We use code trees [ for forward subsumption, path indexing [ for backward
subsumption and a variant of discrimination trees [ for resolution. To give the
reader a flavor of how we combine compilation and indexing, we describe in some
detail how hyperresolution is implemented.

To implement hyperresolution efficiently in presence of indexing one has to
solve the problem of simultaneous retrieval of unifiable terms. This problem can

be formulated as follows: given terms ¢4, ..., t, and indices Iy, ..., I, retrieve all
possible tuples of terms s1,...,s, from the indices I, ..., I, respectively such
that (t1,...,t,) is unifiable with (s1,...,s,), and for each such tuple return a

most general unifier.

For solving the problem we use a very simple algorithm based on repetitive
application of a retrieval operation Retrieve for one term: given an index I and
a term t, Retrieve(I,t) generates a sequence of all pairs s, o such that the term
s is in the index and o is the most general unifier for s and .

The algorithm SimRetrieve for simultaneous retrieval works as follows:

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 292 1999.
© Springer-Verlag Berlin Heidelberg 1999



Vampire 293

1. If the tuple of terms consists of one term t we simply apply the operation
Retrieve to ¢t and the corresponding index:

SimRetrieve({I), (t)) = {{(s),0) | ({s),0) € Retrieve(l,t)}.

2. To compute SimRetrieve({I1, ..., L,), (t1,...,t,)), we first arbitrarily choose
t;,i € 1,...,n. Then we enumerate pairs from Retrieve({I;,t;)) and for every
such pair (s, o) compute

SimRetrieve((Il, ey L;,l, L;+1, ey In>, <t1CT, .. .,tifld, ti+10, tnCT>)

SimRetrieve({I1, ..., Ip), (t1, ..., ty)) will consists of all pairs

(000,(S1,...y 81,8, Sitly---s8n))
such that

<0, <81, ey Si—1ySit1y - .,Sn>> S
S’imR@tT’L’G’UB“Ih ey L;,l, L;+1, ey In>, <t1CT, .. .,tifld, ti+10, tnCT>)

To improve efficiency of simultaneous retrieval we use a version of Retrieve
which exploits advantages of compilation. A call of Retrieve taking as the ar-
gument a term of the form tf, where ¢ is one of the initial terms ¢; and 6 is a
substitution collected at the previous steps of retrieval, uses a compiled version
of the retrieval algorithm specialized for this term t6.

A heuristic is used to choose the next term ¢; at Step 2 of the algorithm
above. We choose the term which seems to have less unifiers in the index, to
avoid retrieval of unifiers which will be rejected at the subsequent steps.

3 Other Features

Another interesting feature of Vampire is a strategy intended for the best perfor-
mance when the time and/or memory are limited. We call it the limited resource
strategy. This strategy is inspired by Otter’s max_memory option, but unlike Ot-
ter’s strategy with max memory fixed in advance, we change the size limits on
clauses based on periodical runtime evaluation of resources consumed so far.

The idea is as follows. When a time limit is given, Vampire makes estimations
on what clauses (called currently eligible clauses) can be processed by the end
of the time limit at all. For each newly generated clause it is checked whether
it is currently eligible. If it is not, Vampire discards the clause. The estimation
principle takes into consideration the current strategy and tries to calculate how
the process of clause generation will develop by the time limit.

It is very difficult to define the right formulas for estimation. Inaccurate
estimations can lead to two possible results:

1. Too strong eligibility criteria. Too many clauses are discarded by the strategy.
In this case the prover terminates before the time limit expires because no
new clauses can be generated.
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2. Too weak eligibility criteria. Too few clauses are discarded. In this case when
the prover terminates, the set of kept clauses contains many clauses to which
no inference rules have been applied. Such clauses may have been kept for a
long time, thus slowing down processing of new clauses (for example, because
subsumption is applied to all kept clauses).

Our first implementations of the limited resource strategy often resulted in incor-
rect estimations of both kinds. For example, with the time limit of 300 seconds,
Vampire sometimes terminated after 250 seconds because too many clauses have
been discarded. The current version has better estimations: too strong eligibility
criteria only result in loss of less than 1 second. Too weak eligibility criteria are
more difficult to avoid: we still have cases when 40% of kept clauses were not
used by the time limit. Correct estimations are especially difficult for clauses
with many literals.

4 Future

The competition version will have equality rules: superposition and simplifica-
tion. We are now making experiments on a non-standard splitting rule, different
from the one used in SPASS, but we cannot yet report the results. Finally, we
plan to implement some forms of constraints.

5 Performance

For the previous competitions it was always the case that several provers exposed
better performance than the previous year winner. Therefore, it is difficult to
predict the comparative performance of a prover based on the previous year
results. However, newer versions of other provers are not yet released, so we can
only present a comparison of Vampire with the previous year systems.

Since equality is not yet implemented in Vampire, we only show the results
for problems without equality. The performance of other systems is taken from
the Web page
http://www.cs.jcu.edu.au/ " tptp/CASC-15/CASC-15FullResults.html.

We used a SPARC station with a performance similar to computers used at
the competition. Our station has more memory, but we put the limit of 64M
to simulate the conditions of CASC-15. We would like to note that Vampire’s
performance is not linear in the speed of a computer, because of the limited
resource strategy.

Tables @ and B show the performance of Vampire respectively on Horn and
non-Horn problems as compared to the best systems of the 1998 competition
CASC-15. Table H gives the summary for all 30 problems without equality.

For Horn problems, Vampires is able to solve all problems selected for the
competition. For non-Horn problems, the only problem not solved by Vampire
(SYN067-3) has not been solved by any other prover. In total, Vampire solves
29 problems out of 30, while SPASS that was the best on nonequality problems
solved 24 problems.
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Gandalf] SPASS [p-SETHEO| Otter [AI-SETHEO |Vampire
c-1.1 | 1.0.0a C-15 3.0.5 C-15

LCL131-1 26.00|timeout 17.20f 68.40 no_soln 33.15
LCL207-1 59.80 2.30 1.50 0.30 4.00 0.29
PLAO014-1 35.50 0.30 2.50|timeout 5.90 0.06
LCLO10-1 0.10 0.30 1.60 0.50 4.00 5.31
LCL211-1 0.30f 13.40 1.40 4.70 4.90 0.70
PLAO13-1 34.50 0.20 2.00|timeout 6.00 0.05
LCL115-1 1.70| 18.90 no_soln 1.40 163.40 26.43
LCL093-1 5.10|timeout no_soln| 43.20 no_soln 38.26
LCLO75-1 0.50 1.90 10.40 2.20 15.40 30.57
LCLO018-1 |timeout |timeout no_soln| 125.70 no_soln 37.43
LCL033-1 0.00 0.20 1.90 0.00 131.90 0.07
LCL129-1 [timeout| 262.90 no_soln |timeout no_soln| 247.10
SYN192-1 1.60 0.70 5.50 0.50 19.00 0.12
PLAO018-1 37.20 1.00 2.60|timeout 5.10 0.42
LCLO11-1 0.20 1.40 1.80f 39.30 7.30 31.42
PLAO12-1 38.70 2.60 3.30|timeout 5.50 0.71
LCLO009-1 1.00 0.40 2.30 0.20 5.30 0.71
SYN310-1 0.00 0.20 197.80 0.00 113.50 1.25
LCLO051-1 3.10|timeout no_soln 7.90 no_soln 32.03
SYN190-1 2.10 1.40 5.70 0.50 22.80 0.23
Attempted 20 20 20 20 20 20
Solved 18 16 15 15 15 20
Av.Time 13.74] 19.26 17.17)  19.65 34.27 24.32

Vampire did not participate in the competition (and does not like light), so we put
Vampire’s column in gray shade. We also grayed the hard problems: those not solved
by at least two of the best provers.

Table 1. Performance for Horn clause non-equality problems

SPASS |p-SETHEO [AI-SETHEO| Gandalf | Otter |Vampire

c-1.1 1.0.0a C-15 3.0.5 C-15
SYN476-1 |timeout 38.80 55.20 [unknown |timeout| 175.03
SYN480-1 | 129.00 38.00 62.80 |unknown |timeout| 120.16
CIV006-2 0.90 no_soln no_soln 0.50 0.30 0.09
SYN510-1 | 149.80 25.10 61.40 |Junknown |timeout| 190.94
PUZ005-1 0.50 2.50 14.40 0.40 0.10 0.07
SYNO067-3 |timeout no_soln no_soln [unknown |timeout | timeout
PUZ032-1 0.20 1.40 4.60 0.00 0.00 0.02
PUZ028-6 2.00 3.00 5.20 |unknown | timeout 9.03
SYNO036-1 2.40 no_soln no_soln 106.60|timeout 0.23
SYN486-1 | 153.00 36.20 69.50 [unknown | timeout 85.25
Attempted 10 10 10 10 10 10
Solved 8 7 7 4 3 9
Av.Time 54.73 20.71 39.01 26.88 0.13 58.08

Table 2. Performance for non-Horn non-equality problems
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SPASS|Gandalf|p-SETHEO|AI-SETHEO |Otter|Vampire

c-1.1 | 1.0.0a C-15 3.0.5 C-15
Attempted 30 30 30 30 30 30
Solved 24 22 22 22 18 29
Av.Time 31.08| 16.13 18.66 35.78]16.40 36.80

Table 3. Overall performance for non-equality problems
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Abstract. We describe the main characteristics of version 0.3 of the E
equational theorem prover. E is based on superposition and rewriting. It
features a powerful interface for specifying search guiding heuristics. We
discuss some important details of the implementation and demonstrate
the performance of the prover by presenting experimental results on the
TPTP. Finally, we describe our future plans for improving the system.

1 Introduction

E is a fully automatic theorem prover for clausal logic with equality. It is sound
and, if used with fair strategies, complete.

We had two aims in designing and implementing this new prover. First, we
were looking for a new platform to continue our work on proof analysis and
learning. While DISCOUNT [E&S50), the system used for our previous work,
has been surprisingly adaptable, the code base was showing its age, and each new
extension became more and more difficult. Moreover, DISCOUNT is restricted
to unit equational proof problems, while most current application problems are
more naturally encoded in full clausal logic.

Secondly, we wanted to improve the relatively poor performance of SETHEO
[MALLZOZ] on problems with equality. The METOP calculus [BEa&5#] was designed
to allow efficient handling of equality in a model-elimination prover. It requires
a saturation phase to be interleaved with the top-down proof search.

Thus, E was designed as an efficient and flexible inference engine that enables
us to easily implement the necessary features. In this paper we concentrate on
the use of E as a stand-alone prover and only briefly mention special features
resulting from the intended use of E within a METOP-based prover.

2 Calculus

E is a purely equational theorem prover, based on ordered paramodulation and
rewriting. As such, it implements an instance of the superposition calculus de-
scribed in RS2, We give a very short introduction to the calculus, discussing
special aspects of E.

Term(F,V) denotes the set of (first order) terms over a set F' of function
symbols and set V' of variables. We write ¢|, to denote the subterm of ¢ at a
position p and write t[p < '] to denote ¢ with t|, replaced by ¢'. An equation

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 297l 1999.
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s =t is an (implicitly symmetrical) pair of terms. A positive literal is an equation
s =t, a negative literal is a negated equation s # t. Literals can be represented
as multi-sets of multi-sets of terms, with s = ¢ represented as {{s}, {t}} and s # ¢
represented as {{s,t}}. A ground reduction ordering > is a Noetherian partial
ordering that is stable w.r.t. the term structure and substitutions and total on
ground terms. > can be extended to an ordering >; on literals by comparing the
multi-set representation of literals with >>>> (the multi-set-multi-set extension
of >). Alternatively, we define >2 on literals as >1 \ ({(s =t,¢ #1t')|s,t,5,t' €
Term(F,V)}U{(s #t,s =1')|s,t, s, t' € Term(F,V)}), i.e. by making positive
and negative literals incomparable.

By default, E implements the generating inference rules Fquality Resolution,
Superposition (left/right) and Equality Factoring as described in [RGYA]) i.e.
restricted to maximal terms (w.r.t. >) and maximal literals (w.r.t. >1).

From the many possibilities of simplifying or eliminating clauses in the super-
position calculus, E implements unconditional rewriting, subsumption, deletion
of tautologies, and a new contracting inference rule named Simplify-Reflect that
allows us to directly eliminate negative literals that are subsumed by positive
unit clauses, but cannot be rewritten:

s=t u[p « o(s)] #ulp +— o(t)] VR if o(s),0(t) are
s=t R >-incomparable

(SR)

As (SR) only removes clauses that are composite with respect to the remaining
set of clauses, the calculus is complete. For the case of unit clauses, it degenerates
into unfailing completion [FEEZ] as implemented in DISCOUNT.

In addition to the above general saturation strategy, E also implements the
positive unit strategy for Horn clauses described in [[erSi]. This is achieved
by substituting >; with >o in the generating inference rules and by restricting
the superposition rule to paramodulate only from positive unit clauses and into
negative literals and positive unit clauses. As a third option, an intermediate
strategy (paramodulating only from positive unit clauses, but into arbitrary
literals) is available, and has been quite successful in the experimental evaluation.

Contrary to e.g. SPASS [RAZZRUH| E does not implement special rules for
non-equational literals or sort theories, as we expect this part to be taken care
of by SETHEO in a later combined system. Instead, non-equation literals are
encoded as equations and dealt with accordingly.

3 Search Control

The basic proof procedure of E is straightforward: The set of all clauses is split
into a set of processed clauses and a set of unprocessed clauses. Initially, all input
clauses are unprocessed, and the set of processed clauses is empty. The prover
selects an unprocessed clause, simplifies it w.r.t. to the processed clauses, then
uses it to simplify the processed clauses in turn. It then performs equality fac-
toring, equality resolution and superposition between the selected clause and the
set of processed clauses. The generated clauses are added to the set of unpro-
cessed clauses. Processed clauses in which maximal terms have been subject to
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simplification inferences are also moved to the set of unprocessed clauses for re-
consideration. The process stops when the empty clause is derived or no further
inferences are possible.

There are two main parameters to the proof procedure: The reduction order-
ing and the order in which unprocessed clauses are selected. E currently imple-
ments KBO and LPO, with a variety of simple schemes to generate precedences
and weights. A simple default is used unless otherwise specified.

The order in which unprocessed clauses are selected is determined by a search
control heuristic. Such a heuristic sets up a variety of priority queues and a
weighted round-robin scheme that determines from which queue the next clause
is to be selected. Order within each queue is determined, in this order, by a
priority function that can e.g. prefer all-negative clauses, ground clauses, or
initial axioms, and by an evaluation function that is typically based on symbol
counting. Completeness of the prover can be guaranteed by careful selection of
priority and evaluation functions, or by simple addition of a fair queue (e.g. a
FIFO-queue). Search control heuristics can be chosen from a predefined set or
completely specified at run time. The prover also supports a simple automatic
mode in which a heuristic is chosen based on some simple properties of the
problem.

4 Implementation

E is build on top a layer of libraries that offer successively more specialized
services, from low level I/O to the main proof search algorithm. The most out-
standing feature probably is the use of perfectly shared terms. Except for short-
lived temporary copies, each distinct subterm is represented exactly once in E.
This means that each individual rewriting step potentially affects a large num-
ber of terms, literals and clauses. As an example, a single application of the
equation f(z) = z to any subterm of the form f(a) simultaneously transforms
g(f(a), f(f(f(a))) into g(a,a). This is achieved by recursively propagating the
replacing of a term to all its superterms while ensuring that multiple identical
copies created by this replacing collapse onto a single instance. Term positions
on which rewriting is restricted by the calculus are kept distinct from normal
terms and are thus exempt from this behaviour. Sharing of identical subterms
reduces the number of allocated term cells by at least one order of magnitude,
and allows very efficient detection of terms already in normal form with respect
to a given set of rewrite rules.

The second important feature of the implementation is the use of perfect dis-
crimination trees [mradid] for rewriting, unit-subsumption and Simplify-Reflect.
The performance of the discrimination trees is further improved by the use of
age and size constraints on the branches of the tree. This allows us to backtrack
from branches that cannot lead to a successful match very early.

E is implemented in ANSI-C. It has been successfully compiled and installed
under various versions of GNU/Linux, SunOS, Solaris and HP-UX, using both
the GNU C compiler and SUN’s proprietary C compiler.
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5 Experimental Results

As a result of the powerful way in which search control heuristics can be spec-
ified in E, the space of possible parameters is even bigger than for many other
fully automatic theorem provers. We will therefore only present results of E in
fully automatic mode, i.e. in the way a naive user would use the system. For
comparison, we include data for SPASS 0.85 and Otter [MMAZ] on comparable
hardware and with similar time limitsl.

We used the set of all clause normal form problems from the TPTP [ES33]
problem library, version 2.1.0, for evaluation. Results are presented for the com-
plete set and for subsets described by the structure of the clauses and the equality
content of the problem.

No Equality Equality Overall
Unit Horn |Non-Horn|| Unit Horn |Non-Horn

Problems 11 557 766 402 321 1218 3275
Proofs

E 0.31a 8 461 286 312 252 301)| 1620

Otter/Mace 8 448 294 289 207 276| 1522

SPASS 0.85 8 434 349 261 201 350(| 1603
Models

E 0.31a 3 5 48 1 3 3 63

Otter/Mace 3 21 97 10 8 3 142

SPASS 0.85 3 5 110 1 0 3 122

Total successes

E 0.31a 11 466 334 313 255 304(| 1683

Otter/Mace 11 469 391 299 215 279| 1664

SPASS 0.85 11 439 459 262 201 353|| 1725

Average time (seconds/solution)

E 0.31a 0.03| 12.63 18.60( 15.06| 29.34 22.45|| 18.49

Otter/Mace 0.73 8.26 6.52 3.01 6.71 13.33 7.51

SPASS 0.85 0.01 8.34 20.29|| 14.26] 26.57 15.25( 15.90

Results for E have been obtained with the latest version, 0.31a, and in compli-
ance with the guidelines for use of the TPTP. TPTP input files were unchanged
except for removal of equality axioms and syntax transformation. The perfor-
mance was evaluated on a cluster of SUN Ultra 60 workstations running at 300
MHz. CPU time per attempt was limited to 300 seconds, memory to 192 MB.
Results for SPASS have been obtained on Pentium-II computers running at 300
MHz, and with a time limit of 300 seconds. Otter results are for the combination
of Otter 3.0.5 and Mace 1.3.2 that participated in the CASC-15 ATP compe-
tition, running on Pentium-II computers at 400 MHz, and with a cut-off time
of 300 seconds (as opposed to the 600 seconds on the Otter web page). In our
experience, a 400 MHz Pentium-II computer performs within 5% of our SUN
workstations for measuring CPU times on theorem proving tasks.

As the table shows, E finds slightly more proofs than either of the other two
provers over the complete TPTP. It performs particularly well for unit problems,

! We thank Bill McCune, Geoff Sutcliffe and Christoph Weidenbach for their assistance
with obtaining and interpreting the data.
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which are mostly pure equational, and Horn problems, where the three different
saturation strategies complement each other well. E is slightly less successful for
general clauses, especially in the non-equational case. We assume that the main
reason for this is the lack of specialized inference rules for non-equational literals,
which play an important role most general problems even if equality is present.
Finally, E is not very powerful for showing satisfiability. This is not surprising,
as we have made no attempt to improve the calculus in this direction.

6 Future Work

We believe that the results in the previous section show the potential of our
implementation. However, a lot of work remains to be done. In particular, we
want to create tools for proof presentation and analysis. We also will improve
on the selection of evaluation functions, including goal-oriented and learning
heuristics analogous to those implemented in DISCOUNT, and will automate
the process of generating and/or selecting suitable term orderings.

Finally, we plan to integrate E and SETHEO to form a METOP-based hybrid
system combining the strengths of the top-down and the bottom-up approach.
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1 Introduction

Building a state-of-the-art theorem prover requires the combination of at
least three main ingredients: good theory, clever heuristics, and the necessary
engineering skills to implement it all in an efficient way. Progress in each of these
ingredients interacts in different ways.

On the one hand, new theoretical insights replace heuristics by more precise
and effective techniques. For example, the completeness proof of basic paramod-
ulation [NESERGLSUE shows why no inferences below Skolem functions are
needed, as conjectured by McCune in [McCU|. Regarding implementation tech-
niques, ad-hoc algorithms for procedures like demodulation or subsumption are
replaced by efficient, re-usable, general-purpose indexing data structures for
which the time and space requirements are well-known.

But, on the other hand, theory also advances in other directions, producing
new ideas for which the development of implementation techniques and heuristics
that make them applicable sometimes takes several years. For example, basic
paramodulation was presented in 1992, but it was not applied in a state-of-the-
art prover until four years later, when it was considered a “key strategy” by
McCune for finding his well-known proof of the Robbins conjecture [MeCSH by
basic paramodulation modulo associativity and commutativity (AC).

Provers like Spass [BZ&154], based on (a still relatively small number of) such
new theoretical insights, are now emerging and seem to be outperforming the
“engineering-based” implementations of more standard calculi, in spite of still
lacking more refined implementation techniques (as we will see later on).

One obstacle for progress in the development of such provers seems to be
the scarcity of large enough research teams with knowledge in the three aspects:
theory, heuristics and implementation techniques. (Another problem may be that
implementation efforts seem to produce less publications on a researcher’s CV
than the same efforts on theory.)

McCune’s successful application of AC-paramodulation also illustrates the
effectiveness—and the need—of building-in more and more knowledge about the
problem domain (here, equality and the AC properties of some symbols) inside
the general-purpose logics (first-order clausal logic). In our opinion, deduction

* Partially supported by the ESPRIT Basic Research WG CCL-II.

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 302- i 1999.
© Springer-Verlag Berlin Heidelberg 1999
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with constraints is an adequate paradigm for doing this in a clean way. It uses
specialized (constraint solving) techniques in the different constraint logics, sup-
porting the reasoning process in the general-purpose logic. The interface between
the two is through the variables: the constraints delimit the range of the quanti-
fiers, and hence define the relevant instances of the expressions. For instance, in
paramodulation- or resolution-based systems, a constrained clause C' | T repre-
sents the set of ground instances of the clause part C that satisfy the constraint
T, and unification is replaced by equality constraint solving.

Here we will address the current theoretical and practical challenges con-
cerning the construction of saturation-based provers by ordered paramodulation
techniques and symbolic constraints. We will briefly survey the considerable
amount of recent progress that has been made on the theoretical side, and men-
tion some of the most promising ideas that are ready for use in actual provers.
At the same time, we will describe a number of open problems (of both theo-
retical and practical nature) that still need to be solved in order to make other
theoretical advances applicable. In some cases we will point to possible solutions
for these problems.

A special attention will be devoted to redundancy proving and its very close
relationship with implicit inductive theorem proving, that is, where the user
does not need to provide explicit induction schemes.

2 Ordered Paramodulation, Redundancy, and Saturation

We now very shortly survey some fundamental theoretical results in this area.
For more details and further references on most of the contents of this section,

see [H( ;u>~l|\\Huur].

The inference rule for paramodulationll [EX¥5Y)]

C’(\és\/,# where o = mgu(s, D|p)

has been further restricted in many ways. For example, its refutation complete-
ness is preserved when applied only if D|, is not a variable, and if, for some
ordering > on terms and equations, the paramodulation steps involve only max-
imal terms of maximal equations of both premises. In this case it is called super-
position =S|, Ordered paramodulation is the slightly less restricted version of
superposition where inferences also take place on non-maximal sides of equations

e,

! Here D|, denotes the subterm of the clause D at position p, and D[t], denotes the
result of replacing in D that subterm by ¢. If D], is in the term u of a (positive or
negative) equation u ~ v in D, then we say that the paramodulation step involves
the terms s and wu; more precisely, it takes place with s on wu.
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2.1 Paramodulation with Constrained Clauses

By expressing the ordering and unification restrictions as inherited con-
straints, paramodulation remains complete [REESH|. Then it becomes:

CVs~t|T DT
CVD[, | TAT As=D],AOC

where the part OC of the constraint represents the ordering restrictions, that is,
OC is of the form s > tA... Here the symbols = and > in the constraints are in-
terpreted, respectively, as syntactic equality = of terms and as the given ordering
> on terms. A main advantage is that the ordering and equality restrictions of
the inferences can be kept in constraints and inherited between clauses: if some
inference is not compatible with the required restrictions (applied on the current
inference rule and on the previous ones), then it produces a conclusion with an
unsatisfiable constraint, i.e., a tautology, and hence the inference is not needed.
The basicness restriction (no inferences computed on terms coming from unifiers
of ancestor inferences) [RGELESSHNEIY in this notation is a natural consequence
of the fact that inferences only take place on the clause part C of C' | T, and no
unifiers are ever applied to C.

2.2 Paramodulation Modulo FE

It is well-known that paramodulation with some axioms, like the AC axioms,
generates many slightly different permuted versions of clauses. Hence for effi-
ciency reasons it is many times better to treat all these clauses together as a
single one representing the whole class. This leads to the notion of building-in
equational theories FE, where the axioms E are removed, and instead one uses
E-paramodulation:

CVs~t D

(Vv DlL)o for all o € mgug(s, D|p)
p

where mgug(s,t) denotes a complete set of E-unifiers of s and ¢. For example,
for the case where E consists of the AC-axioms for some function symbols, a
procedure was first given in [ESXH]. If f is such an AC-symbol, then by (purely
equational) E-paramodulation with f(a,x) ~ z on f(b,y) ~ g(y) we can infer
b~ g(a), and also f(b,z) ~ g(f(a,z)), where z is a new variable.

2.3 E-Paramodulation with Constraints

When dealing with constrained clauses, E-paramodulation is expressed ex-
actly as ordinary paramodulation. The only aspect that changes is the interpre-
tation of the constraints: now = is interpreted as E-equality, instead of syntactic
equalityi. Apart from the basicness restriction, an additional advantage is now
that only one conclusion is generated, instead of one conclusion for each E-
unifier [V1g94JSERUT] . This can have dramatic consequences. For example, there
are more than a million unifiers in mguac(f(z, x, x), f(y1, Y2, Y3, ya))-

2 Although for some E extended inference rules are needed (see, e.g., [ES2]).
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2.4 Redundancy and Saturation

Roughly, a clause C is redundant in a set of clauses S if C' is a logical conse-
quence of smaller (with respect to the given clause ordering) clauses of S. This
abstract notion covers well-known practical simplification and elimination tech-
niques like demodulation or subsumption, as well as many other more powerful
methods. A similar notion of redundancy of inferences exists as well, and a set
of clauses is called saturated for a given inference system 7 if it is closed un-
der Z, up to redundant inferences. Roughly, saturation is a procedure that adds
conclusions of non-redundant inferences and removes redundant clauses. In the
limit such a procedure produces a saturated set.

Saturation with respect to appropriate Z is refutation complete: a model can
be built for every saturated set not containing the empty clause [BGS4|. This is
not only of theoretical value: Spass successfully applies finite saturation to prove
satisfiability for non-trivial problems (winning in the corresponding category of
the last two CADE ATP System Competitions).

The availability of decision procedures for subproblems is well-known to be
very useful in a prover. The ideas explained so far in this section have also
generated a number of new results in this direction. For example, superposi-
tion with simplification can be used as a decision procedure for the monadic
class with equality [RL3AMRE] (which is equivalent to a class of set constraints
34 ). Similar very recent results have been obtained for the guarded frag-
ment [LMAOYEZANGC). Results on the complexity and decidability of unification
problems in Horn theories have been obtained by basic paramodulation [Naglx]
and sorted superposition [EVIAGH].

3 Perspectives

We now mention some of the most promising ideas in this field that are
ready for use in actual provers, and describe a number of open problems (of
both theoretical and practical nature) that still need to be solved in order to
make other theoretical advances applicable.

3.1 Basicness and Redundancy

From several practical experiments it is known that the basic restriction in
paramodulation (modulo the empty theory) saves a large amount of (in some
sense, repeated) work and behaves quite well in practice. It is also easy to im-
plement in most provers by marking blocked subterms, i.e., the point where the
constraint starts.

Open Problem 1: However, it is well-known that full simplification by
demodulation is incomplete in combination with the basic strategy (see [SizNH]
for counter examples). Although some ideas are given in [LSUN], better results are
needed for practice. We conjecture (this conjecture is supported by our practical
experiments) that unrestricted forward demodulation (and, in general, forward
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redundancy), which is where 90% of the time is spent in most provers, does not
lead to incompleteness. For backward demodulation, weakening of the constraint
(as explained in [NESH]) would still be needed.

Let us now look at simplification in the context of E-paramodulation with
constraints. Consider again McCune’s AC-paramodulation proof of the Robbins
conjecture, where no constraints were used. Instead, for each paramodulation
inference, complete sets of unifiers were still computed, and one new equation
added for each one them (although heuristics were used to discard some of the
unifiers). One possible reason for not using constraints might have been the next
open problem:

Open Problem 2: How can we apply a constrained equation s ~ ¢ | T in
a demodulation step without solving the E-unification problem in T7 A quite
naive solution could be the following. If the equation is small, and hence likely
to be useful for demodulation, and the number of unifiers o of T' is small as
well, it may pay off to keep some of the instantiated versions so ~ to, along
with the constrained equation, for use in demodulation. For large clauses this
will probably not be useful.

3.2 Orderings

In all provers based on ordered strategies, the choice of the right ordering for a
given problem turns out to be crucial. In many cases weaker (size- and weights-
based) orderings like the Knuth-Bendix ordering behave well. In others, path
orderings like LPO or RPO are better, although they depend heavily on the
choice of the underlying precedence ordering on symbols.

Open Problem 3: How to choose orderings and precedences in practice?
The prover can of course recognise familiar algebraic structures like groups or
rings, and try orderings that normally behave well for each case, but is there no
more general solution?

For the case of E-paramodulation, these aspects are even less well-studied.
Furthermore, until very recently, all completeness results for ordered paramod-
ulation required the term ordering > to be well-founded, monotonic and to-
tal(izable) on ground terms. However, in E-paramodulation, the existence of
such a total E-compatible ordering is a very strong requirement. For example, a
large amount of work has been done on the development of progressively more
suitable AC-compatible orderings. But for many E such orderings cannot exist
at all. This happens for instance when E contains an idempotency axiom.

Open Problem 4: Very recently, the monotonicity requirement on the or-
dering has been dropped for ordered paramodulation [RGREIY|. However, many
open questions remain concerning the completeness of full superposition and the
compatibility with redundancy notions when working with non-monotonic or-
derings (see [RENESY for details).

Open Problem 5: Also, more research is needed for developing suitable E-
compatible orderings (monotonic as well as non-monotonic ones), and for study-
ing their practical behaviour on different problem domains. For example, a nice
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and simple non-monotonic AC-compatible ordering can be obtained by using
RPO on flattened terms. What can be done for other theories E?

3.3 Constraint Solving

When working modulo the empty theory, equality constraint solving is just
syntactic unification.

Regarding ordering constraint solving, many algorithms of a theoretical na-
ture have been given for path orderings, starting with [CamSi]. Although decid-
ing the satisfiability of path ordering constraints is NP-complete for all relevant
cases, very recently, a family of path ordering constraint solving algorithms of a
more practical nature has been given [FEESEHE].

Open Problem 6: Is there any useful ordering for which deciding the satis-
fiability of (e.g., only conjunctive) constraints is in P? (Although for size-based
orderings the problem looks simple, it seems that one quickly runs into linear
diophantine (in)equations...) Or, even if not in P, for which orderings can we
have good practical algorithms?

Open Problem 7: In practice one could use more efficient (sound, but
incomplete) tests detecting most cases of unsatisfiable constraints: when a con-
straint T is unsatisfiable, the clause C' | T is redundant (in fact, it is a tautology)
and can be removed. Are there any such tests?

Open Problem 8: In the context of a built-in theory E, equality constraint
solving amounts to deciding E-unifiability problems. Although for many theories
E a lot of work has been done on computing complete sets of unifiers, the de-
cision problem has received less attention (see [BSS]). And, as in the previous
open problem, are there any sound tests detecting most cases of unsatisfiability?
Note that, when the empty clause with a constraint 7" is found, this denotes an
inconsistency only if (the equality part of) T is satisfiable. Hence, unlike what
happens with ordering constraints, at least then it is necessary to really prove
the satisfiability (and not the unsatisfiability) of constraints. But this still does
not require a decision procedure; a semi-decision procedure suffices, and always
exists (e.g., by narrowing). This may be useful when the decision problem is
extremely hard (associativity) or undecidable (associativity U distributivity and
extensions).

Open Problem 9: Once the adequate orderings for E-paramodulation have
been found (see open problem 5), is there any reasonably efficient ordering con-
straint solving procedure for them?

3.4 Indexing Data Structures

As said, for many standard operations like many-to-one matching or unifica-
tion indexing data structures have been developed that can be used in operations
like inference computation, demodulation or subsumption. Such data structures
are crucial in order to obtain a prover whose throughput remains stable while
the number of clauses increases.
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Open Problem 9: For many operations no indexing data structures have
been developed yet. For example, assume we use demodulation with unorientable
equations, and such an equation s ~ t is found to be applicable to a term
so. Then after matching we have to check whether so > to, i.e., whether the
corresponding rewrite step is indeed reductive. If it is not reductive, then the
indexing data structure is asked to provide a new applicable equation, and so
on. Of course it would be much better to have an indexing data structure that
checks matching and ordering restrictions at the same time.

Open Problem 10: Apart from the AC case, indexing data structures for
built-in E have received little attention. Especially for matching, at least for
purely equational logic, they are really necessary. What are the perspectives for
developing such data structures for other theories E?

3.5 More Powerful Redundancy Notions

In the Saturate system [ENINGH], a number of experiments with powerful
redundancy notions has been carried out. For example, constrained rewriting
turns out to be powerful enough for deciding the confluence of ordered rewrite
systems SRS, Other techniques based on forms of contextual and clausal
rewriting can be used to produce rather complex saturatedness proofs for sets of
clauses. In Saturate, the use of these methods is limited, since they are expensive
(they involve search and ordering constraint solving) and Saturate is just an
experimental Prolog implementation. However, from our experiments it is clear
that such techniques importantly reduce the number of retained clauses.

Open Problem 11: Can such refined redundancy proof methods be imple-
mented in a sufficiently efficient way to make them useful in real-world provers? It
seems that their cost can be made independent of the size of the clause database
of the prover (up to the size of the indexing data structures, but this is the case as
well for simple redundancy methods like demodulation). Hence, they essentially
slow down the prover in a (perhaps large) linear factor, but may produce an
exponential reduction of the search space, thus being effective in hard problems.

3.6 Redundancy and Inductive Theorem Proving

Let us now consider the close relationship between redundancy and inductive
proofsl. More precisely, we aim at (semi-)automatically proving or disproving
inductive validity: given a set of Horn clauses H (the axioms), a clause C (the
conjecture) is inductively valid if it is valid in the minimal (or initial) Herbrand
model I of H.

Ezample 1. Let H consist of the 3-axiom group presentation

{ etaxz=z il@)+z=e (@+y)+z=a+Wy+2) }
over a signature F is {e°,a®, i, +2} (arities are written as superscripts). Then
I (a group with one generator a) is isomorphic to the integers with + and if the

3 This relationship was already noted in [E25%4] and used in a different setting.
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conjecture C' is Va,y. z +y =y + « then I |= C. Note that this is not the case
if there is another generator b, since then a + b = b + a does not hold.

In order to minimise user interaction and hence the amount of needed user ex-
pertise, we do not want to require the user to provide explicit induction schemes.
Instead, we use what has been called implicit inductionl, based on well-founded
general-purpose term orderings >.

Our ideas are based on a well-known naive method: enumerate the set of all
ground instances of the conjecture C', by progressively instantiating it.

Ezample 2. Let us continue with the previous example and let C' be the (false)
conjecture (z + x) +y = y. Then we can choose an arbitrary variable of C, say
x, as the induction variable, and instantiate it in all possible ways, that is, with
all members of the set {f(z1...2,) | f* € F} where the x; are distinct fresh
variables. By such an ezpansion step of the induction variable, we obtain four
new conjectures, namely (e+e)+y =y, (a+a)+y =y, (i(z)+i(z))+y =y, and
((z4w)+(z4+w))+y =y (note that, independently of the chosen variable, every
ground instance of C is also an instance of one of the four new conjectures). If
we continue with (a + a) + y = y, in one more step the ground counter example
(a + a) + e = e (among others) is obtained, thus disproving I = C.

Indeed, under the assumption that I = D is decidable for ground clauses
D, the method is refutation complete: if vars(C) = {z;...x,} then any ground
counter example C'o can be obtained by |zi0| + ...+ |zn0| expansion steps.
Hence it will eventually be found if expansion is applied with fairness. Note that
if the validity of ground conjectures is undecidable, refutation completeness is
impossible anyway. But of course validity (dis)proofs can then still be obtained
in many cases.

Ezample 3. Let F be {0°, s, +2} and assume H consists of the equations 0+z =
x and s(z)+y = s(x+vy). Then [ is isomorphic to the algebra of natural numbers
with +. In the case of a constructor discipline, expansion can be limited to
constructor instances (here, with 0 and s(y)). Therefore, the (false) conjecture
x4z = x can be expanded in two ways, into 0+0 = 0 and s(y)+s(y) = s(y). The
instance 0 + 0 = 0 is valid in I, and hence we continue with s(y) + s(y) = s(y),
getting s(0)+s(0) = s(0) and s(s(z))+s(s(z)) = s(s(z)). Since s(0)+s(0) = s(0)
is a counterexample, the conjecture is disproved. This process can be seen as a
tree:

X+x=X

/ \
0+0=0 s(y)+s(y)=s(y)
/ \

s(0)+s(0)=s(0) s(s(2))+s(s(2))=s(s(2))

4 But our method does not fall under the proof-by-consistency or inductionless induc-
tion techniques either.
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Now let us consider validity proving. Since the leaves of the tree cover all
possible instances of the conjecture at the root, it is clear that the root is proved
valid if at a certain point all leaves can be shown valid.

Our main point here is that any standard redundancy proving method can be
used for proving the validity of such leaves C', since it simply amounts to showing
that H U L U S<¢, = Co for all ground instances Co of C, where L is a set
of lemmas, arbitrary first-order clauses that are already known to be valid in
I, and S<¢, is the set of nodes of the tree whose complexity measure (wrt. >)
is smaller than the one of C'o, and can hence be assumed to be valid in I by
induction hypothesis.

Note that lemmas can come from user input (proved valid by any induction
method) or can be leaves that have already been proved valid, and that both
lemmas and axioms can be applied without any ordering restrictions. We also
remark that valid ground leaves are always provable only from H.

Redundancy is not only needed in the final stage for proving validity of all
leaves. Since nodes that are known to be valid require no further expansion, it
is also crucial for efficiency to apply it during validity (dis)proofs.

Ezample 4. Continuing with the previous example, Vx,y. ©+y =y + x is an
inductive theorem. The tree is as follows:

X+y=y+x
/ \
0+y=y+0 s(z)+y=y+s(z)
/ | | \
0+0=0+0 O0+s(z)=s(2)+0 s(z2)+0=0+s(z) s(z)+s(w)=s(w)+s(z)
1) (2) (3) (4)

All leaves are redundant, and hence the theorem is proved. For instance, for
leaves (2) and (3) the following redundancy proof applies: s(z) + 0 is equivalent
to s(z + 0) by the second axiom, which by applying a smaller instance of the
root node becomes s(0 + z) and then, by the first axiom, becomes s(z), which
by the first axiom is equivalent to 0 + s(z).

Note that, unlike what happens in other implicit induction methods, these
proofs are quite readible: they simply consist of case analysis and redundancy
proofs. One can of course deal with a forest instead of a single tree in case several
conjectures are given as input. This will be useful for simultaneous induction.
Furthermore, unlike other implicit induction methods, here any well-founded
ordering can be used, and there are no requirements on H or C (like saturat-
edness). We also remark that the method is not only applicable in the case of
initial semantics, but for any semantics based on Herbrand models (like the class
of all such models, or, when H is non-Horn, for perfect model semantics [E=SSH]).

Open Problem 12: There are many degrees of freedom in the schematic
view of the induction method given here (nodes can be simplified, different no-
tions of complexity of a node can be used, other kinds of expansion, etc.). How
can we find the right settings in practice? In principle, all known redundancy
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methods that fit into the abstract notion of redundancy can be used. What kind
of concrete methods will be useful?

Open Problem 13: Of course many well-known difficulties in inductive
theorem proving appear as well here. For example, the conjecture may have to
be generalized (e.g., in the previous example, (z+z)+x = v+ (z+x) cannot be
proved directly, but associativity of + is an easily provable generalization of it).
Lemmas (other than generalisations of the conjecture) may be needed as well.
How to find the right lemmas and generalisations? In particular, how can they
be found from failed redundancy proofs?

Open Problem 14: It seems that superposition on H U {C'} sometimes
finds good lemmas. This explains some of the successes of proof-by consistency
methods. But we believe that the main drawback of the latter method is that
it actually tries to prove all these superposition consequences. Can a hybrid
method be useful, applying and proving by expansion only the useful lemmas
obtained by superposition?

4 Concluding Remark

We hope that the reader has become motivated for building provers that take
profit of the recent theoretical results that are now available, and challenged by
some of the open problems that have been described.
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Abstract. The Neuman-Stubblebine key exchange protocol is formal-
ized in first-order logic and analyzed by the automated theorem prover
SpASs. In addition to the analysis, we develop the necessary theoreti-
cal background providing new (un)decidability results for monadic first-
order fragments involved in the analysis. The approach is applicable to a
variety of security protocols and we identify possible extensions leading
to future directions of research.

1 Introduction

The growing importance of the internet causes a growing need for security pro-
tocols that protect transactions and communication. It turns out that the design
of such protocols is highly error-prone. Therefore, a variety of different meth-
ods have been described that analyze security protocols to discover flaws. The
topic of this paper is to add a further, new method that is based on automated
theorem proving in first-order logic.

In the context of first-order automated theorem proving, Schumann (1997)
implemented the well-known BAN logic (Burrows, Abadi & Needham 1990) in
first-order logic and then used the automated theorem prover SETHEO to search
for proofs in the BAN logic. The BAN logic is a modal belief logic, suitable to
express the beliefs of parties in the course of a protocol execution. The logic has
been successfully used to analyze authenticity properties of several classical pro-
tocols. The BAN logic is not very-well suited for reasoning about secrecy, e.g.,
possible actions of an intruder. For this purpose finite state (model checking)
methods, see, e.g., the overview article by Mitchell (1998), turned out to be suc-
cessful. Independently from the specific formalization used in such an approach,
the protocol is eventually described by a finite model, usually guaranteeing de-
cidability of the investigated properties. The inductive method due to Paulson
(1997) uses inductive definitions for actions of the various parties, message se-
quences etc. as the basis for an analysis. The analysis is supported by the generic,
interactive higher-order logic theorem prover Isabelle. Due to the expressiveness
of the logic, a detailed modeling of protocols is possible, at the price that explicit
induction proofs are usually not automatic.

Our approach tries to combine the benefits of the finite state analysis and
the inductive method. The idea is to use fragments of first-order logic that are
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expressive enough to have infinite, inductive models, but that are still subject
to automated theorem proving. For example, our theory is expressive enough to
model an intruder that can send all — in general infinitely many (see page EI3)
— syntactically composable messages. In Section Bl'we demonstrate our approach
by an analysis of the Neuman & Stubblebine (1993) key exchange protocol. The
protocol is translated into first-order monadic Horn fragments. We show that
the automated theorem prover SPAss (Weidenbach, Afshordel, Brahm, Cohrs,
Engel, Keen, Theobalt & Topic 1999) can be successfully used to automatically
prove security properties of the protocol and to detect potential errors of an
implementation. The SpPASS input files of the analysis are available at
http://spass.mpi-sb.mpg.de/

For space limitations, the analysis of the Neuman-Stubblebine protocol presented
here leaves out the second part of the protocol that serves subsequent authen-
tication. This part of the protocol can also be successfully analyzed with our
techniques, though. In Section H we investigate the Horn fragments involved in
the analysis and prove that several of these are decidable in general. The paper
ends with a discussion of the achieved results and pointers to future research,
Section

2 The Neuman—Stubblebine Protocol

The example protocol we want to study is the key-exchange protocol due to
Neuman & Stubblebine (1993). The goal of this protocol is to establish a secure
key K, between two principals A and B that already share secure keys K,; and
Ky with a trusted server T, respectively.
(i)A— B: AN,

(il) B— T : B, Ek,, (A, No, Tp), Ny

(111) T — A : EK,” (B, Na, Kab, Tb), EKM(A, Kab, Tb), Nb

(iV) A— B: EKM (A, Kab, Tb), EKab(Nb)
The protocol starts with A sending the clear-text message (i) to B consisting of
two components: A’s name and a nonce N, created by A. So “,” in the protocol
description means message composition. Nonces are fresh numbers (e.g., random
numbers) that are used to prevent replay attacks. Having received this message,
B sends the three part message (ii) to the server 7. The message starts with
B’s name, an encrypted middle part and ends with a nonce N, generated by B.
Encryption is denoted by an expression Eye,(message). The message A, Ng, T},
is encrypted by the secure key Kj; that B and T share and contains A’s name,
the nonce N, and a time span T;. The span T} suggests the expiration time for
the eventually generated session key between A and B, an aspect of the protocol
that we will not study. The server T" decrypts the instructions from B using the
key Kp: and generates a session key K, for A and B. Then he sends the three
part message (iii) to A. Using the secure key K,; the server T encrypts B’s name,
A’s initial nonce N,, the generated session key K,;, and the expiration time span
Tp. The second part contains A’s name, the session key K, and T} encrypted
with key Kp; and the third part is the nonce Np. The principal A receives the
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message, she uses her key K,; to decrypt the first part, verifies her nonce N,
stores the session key K,; and then forwards the second part of 7’s message to
B and adds B’s nonce N;, encrypted with the session key K5, message (iv). Now
B decrypts the first part of message (iv) with his key K, extracts the session
key K, and by decrypting the second part of the message using the session key
he ensures the correct identity of A.

In the sequel, we develop a formalization of this protocol in monadic first-
order Horn logic. We are particularly interested in a monadic Horn formalization,
because Horn clauses provide a nice minimal model semantics and we are able
to provide decidability results for a variety of monadic Horn theories. This will
be explained in more detail in the next section, Section [l We introduce the
necessary symbols (predicates, functions, constants) in the course of subsequent
message formalization. We adhere to the usual first-order notation where the
used operators are — (negation), A (conjunction), D (implication), V (universal
quantification), 3 (existential quantification). The key idea of the approach is
to formalize the set M of messages that are sent during the execution of the
protocol. This model is realistic, because typically such a protocol takes place
in an asynchronous framework without any globally available clock. The initial
setup for principal A together with message (i) is represented by the formulae

(1) Ak(key(at,t))

(2) P(a)

(3) M (sent(a, b, pair(a, na))) A Sa(pair(b, na))
where key, sent and pair are function symbols, a, b, t, na, at are constant
symbols and Ak, P and M are predicate symbols. We use the convention to
name function symbols, constant symbols and variables by lowercase letters and
predicate symbols start with an uppercase letter. In particular, variables always
start with one of the letters u—z. Formula (1) expresses that A holds the key at
for the server T'. Formula (2) defines a to be one of the parties of the protocol.
Formula (3) states that A sends message (i) (see page EE) and stores that she
sent the message. A term sent(x, y, z) means that message z is sent by « to y. The
predicate M holds for all sent messages, P holds for all principals and predicates
named ( Principal)k hold all keys for Principal, cf. formula (1). Finally, Sa is A’s
local store that will eventually be used to verify her nonce in message (iii).

Principal B is only interested in fresh nonces. Hence, the formalization of his
initial setup and his action seeing A’s message (i), formula (3), is

(4) Bk(key(bt,t))

(5) P(b)
(6) Bf (na)
(7) Yza, zna [(M (sent(za, b, pair(za, zna))) A Bf (zna)) D

(Sb(pazr(ma, zna)) A

M (sent(b, t, triple(b, nb(zna), encr(triple(za, zna, tb(zna)), bt)))))]
where we formalized B to react properly on any message having the structure
of message (i), without knowing the principal in advance, formula (7). So our
formalization of the protocol is not a priori restricted to three parties or exactly
one execution. The premise Bf(zna) declares that za’s nonce is fresh to B,
for otherwise B stops the protocol, since the premise of the above implication

\./\./\./\./
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becomes false. The initial nonce of A to be fresh to B, formula (6). Furthermore,
B is a principal, formula (5), and holds the secure key bt with ¢, formula (4).
The functions nb and tb in formula (7) compute B’s nonce and expiration time,
respectively. Assuming freshness, these functions only depend on za’s fresh nonce
zna. Therefore, for every fresh nonce, B will generate different random numbers
and expiration spans. So far, we only defined A’s nonce na to be fresh. At the
end of this section we will model an intruder that has infinitely many numbers
available that are fresh to B. Finally, B stores that he got the key request from
za in his local store Sb to verify his time stamp in the final message (iv).

On seeing message (ii), generated by the succedent of formula (7), the server
T sends message (iii), formula (10):

(8) Tk(key(at,a)) A Tk(key(bt,b))
(9) P(t)
(10) Vb, znb, za, xna, zbet, xbt, zat, zk
[(M (sent(xb, t, triple(zb, xnb, encr(triple(za, xna, zbet), zbt)))) A
Tk(key(xbt, zb)) A Tk(key(zat, za)))
D
M (sent(t, za, triple(encr(quadr (zb, zna, kt(zna), zbet), zat),
encr(triple(za, kt(xna), xbet), zbt), znb)))]
Formula (8) declares the respective keys the server holds for A and B. For-
mula (9) makes the server a principal. First, in formula (10), the server checks
whether he owns the secure key xbt for principal zb. Having the key zbt the
server can decrypt the third part of message (ii) and checks whether he also has
a secure key zat for communication with principal za. If all this is satisfied, the
server generates a session key kt(zna) by applying the key generation function
kt to the nonce zna and sends message (iii) to za. If zna is a fresh nonce, kt(xzna)
is a fresh key.

Principal A sees the server message, and tries to decrypt the first part of the
message using the secure key at she shares with the server, the antecedent of
formula (11). If this succeeds, she checks from her store Sa that this part of the
message starts with xb and the nonce she initially sent to xb. Then A forwards
the second part zm to zb and encrypts, using the new session key zk contained
in her encrypted part, zb’s nonce znb and sends it to zb. In addition, A now
owns the session key xk for communication with zb.

(11) Vanb, zbet, ok, zm, xb, zna

[(M (sent(t, a, triple(encr(quadr(xb, zna, zk, zbet), at), xm, xnb))) A

Sa(pair(zb, zna))))

>

(M (sent(a, zb, pair(zm, encr(znb, zk)))) N Ak(key(zk, zb)))]
Finally, formula (12), B decrypts the first part of the message he received from
za, checks whether it contains his expiration time xbet and uses the session key
zk to check whether the second part of the message contains his nonce in the
context of za and xzna which he stored in Sb. If all this succeeds, B accepts zk
as a secure session key for za.
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(12) Vzbet, zk, xnb, za, zna
[(M (sent(za, b, pair(encr(triple(za, zk, tb(zna)), bt),
encr(nb(zna), zk)))) A Sb(pazr(ma zna)))
D

Bk (key(zk, za))]
This finishes the formalization of the Neuman-Stubblebine protocol and we now
start to analyze it using SPASS. First, we want to verify that the protocol yields
the desired result, a key between A and B. To this end we saturate the for-
mulae (1)—(12). Recall that the complete below analysis is available via ftp, see
Section ll

Fact 1 Spass (finitely) saturates the formulae (1)-(12) in less than one second.

All computations with SPASS were performed on a Sun Sparc Ultra 10 with a
300MHz processor running Solaris. SPASS computes a finite minimal model that
consists in addition to the ground atoms already contained in the formalization
of the ground atoms

1. Bk(key(kt(na), a))

2. M (sent(a, b, pair(encr(triple(a, kt(na), th(na)), bt),

encr(nb(na), kt(na)))))
3. Ak(key(kt(na),b))
4. M (sent(t, a, triple(encr(quadr(b, na, kt(na), tb(na)), at),
encr(triple(a, kt(na), tb(na)), bt), nb(na))))

. M (sent(b,t, triple(b, nb(na), encr(triple(a, na, th(na)), bt))))
.M(sent(a b , pair(a, na)))
Sb(pair(a, na))

8. Sa(pair(b, na))
In the next section, Section l, we will explain what saturation means and how
this model is in fact automatically computed by SPASS. The model contains ex-
actly the messages that A, B and T' communicate according to the protocol.
Atoms 1 and 3 indicate the established key kt(na) between A and B. This can
be automatically extracted.

ﬂ@(’.ﬂ

Fact 2 SpPAsS proves the conjecture 3x [Ak(key(x,b)) A Bk(key(z,a))] with re-
spect to the saturated theory (Fact @) in less than one second.

So, we automatically proved a first important property of the protocol: The
protocol terminates and it establishes a key between A and B.

The rest of this section is devoted to an analysis to what extent an intruder
can disturb the protocol and how such attacks can be prevented using appropri-
ate implementations for A, B and T. We use the following assumptions for the
intruder: First, the intruder can record all sent messages. Second, the intruder
cannot break any secure key. In particular, he cannot break the initial keys at
and bt. Third, the intruder can send messages and can forge the sender of a
message. Fourth, the intruder has no access to the local stores Sa and Sb. The
first assumption is formalized by the formula

(13) Vza, zb, zm [M (sent(za, xb, zm)) D Im(zm)]
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where Im(zm) means that am is a message recorded or composed by the in-
truder. We allow the intruder to decompose messages that are not encrypted
(14) Yu, v [Im(pair(u, v)) D (Im(u) A Im(v))]
(15) Yu, v, w [Im(triple(u, v, w)) D (Im(u) A Im(v) A Im(w))]
(16) Vu, v, w, z [Im(quadr(u, v, w, z)) D (Im(uw) A Im(v) A Im(w) A Im(z))]
and to newly compose and send these messages in an arbitrary way.
(17) Yu, v [(Im(u) A Im(v)) D Im(pair(u, v))]
(18) Yu, v, w [(Im(u) A Im(v) A Im(w)) D Im(triple(u, v, w))]
(19) Yu, v, w, z [(Im(u) A Im(v) A Im(w) A Im(z)) D Im(quadr(u, v, w, z))]
(20) Va,y, uw[(P(xz) A P(y) A Im(u)) D M(sent(z,y, u))]
So far, the intruder can only decompose messages, rearrange and send them in
an arbitrary way. The next two formulae allow the intruder to consider anything
he records/composes as a key for anybody and to encrypt messages that way.
(21) Yu,w [(Im(v) A P(w)) D Ik(key(v, w))]
(22) Yu, v, w [(Im(u) A Ik(key(v, w)) A P(w)) D Im(encr(u,v))]
So Ik(key(v,w)) holds if the intruder considers v to be a key for principal w.
Next we tried SPASS to saturate the formulae (1)—(22).

Fact 3 SpPASS does not terminate on saturating the formulae (1)-(22).

An analysis (by hand) of the produced clauses shows that the formulae (1)-
(22) generate infinitely many clauses of the form
Vu [Im(u) D M (sent(t, a, triple(encr(quadr(b, kt'(na), kt'" (na), tb(na)), at),
encr(triple(a, k'™ (na), th(na)), bt), u)))]
where kt’(na) abbreviates the i-fold application of kt to na. In terms of the pro-
tocol this corresponds to the following potentially infinite sequence of messages:

I:B—T::BFg,(A K%, T,), Ny

T:T— A:: EKM(B,Na,K}lb,Tb),EKM(A, K}lb,Tb),Nb
I:B—T::B, Eg, (A KL, Ty), Ny

T ab’ ab’

: THA: :E’KM(B,]VG,I{2 Tb),E’Km(/l,I{2 Tb),Nb

where the first column shows the real sender of the message (the intruder I fakes
the sender to be B) and K, is the i*" key generated by T with K%, = K. Thus,
the server can be used by the intruder to generate arbitrarily many messages of
the form Eg,, (A, K’, T}). Since the intruder knows part of the clear-text mes-
sage (the principal A) and he knows that only the key K, differs in all these
messages and he can get as many messages of this form as he needs, he may
be able to start a known-plaintext attack to the protocol. What may be really
crucial here is that the intruder can get as many messages of the above format

as he may need to break the key K (accordingly for K,;).

Fact 4 The non-termination of SPASS on formulae (1)-(22) indicates a poten-
tial attack to the protocol.

We can get rid of this attack by a modification to the server T' that causes him
to reject his own keys as nonces. The (modified) formulae are
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(10)' Vzb, znb, za, zna, rhet, xbt, Tat, zk
[(M (sent(zb,t, triple(zb, znb, encr(triple(za, zna, zbet), zbt)))) A
Tk(key(abt, zb)) A Tk(key(zat, za)) A Nonce(zna))
D
M (sent(t, za, triple(encr(quadr(zb, zna, kt(zna), zbet), zat),
encr(triple(za, kt(zna), zbet), zbt), znb)))]
(23) Nonce(na)
(24) Yx ~Nonce(kt(z))
(25) Ya [Nonce(tb(z)) A Nonce(nb(z))]
We give the modified set of formulae to SPASS.

Fact 5 SPASS terminates on saturating the formulae (1)-(9),(10),(11)-(25) in
less than one second.

The minimal model generated by SPASS is infinite, contains the finite mini-
mal model computed out of the formulae (1)-(12) and is described by 64 clauses.
For example, it still contains clauses like Im(z), Im(y) — Im(pair(z,y)), for-
mula (17), that cause the set of potential intruder messages in the minimal
model to be infinite. This clause together with formula (20) and one formula out
of (9), (2), (5) implies that the set of sent messages is infinite in the minimal
model, too

Now we want to check whether the intruder is able to break the protocol. To
this end we give SPASS the conjecture 3z [Ik(key(x, b)) ABk(key(x, a))] expressing
that the intruder owns a key for B which B assumes to be a secure key for A.

Fact 6 SPASS proves the conjecture 3x [Ik(key(x, b)) ABk(key(x, a))] in less than
one second.

The proof indicates a potential attack to the protocol and it was based on
the minimal model generated before (Fact ). By an inspection of the proof
it can be seen that the nonce na is the key shared by the intruder and B to
communicate with A. With respect to the original protocol and following the
proof found by SPAsS, the intruder sends instead of message (iv) the message
Eg, (A, Na,Ty), Ex, (Ny) to B, where he knows N, from message (i) and Np,
Ex,,(A, N,, Tp) from message (ii). So, without breaking the keys at or bt, the
intruder can break the protocol, if nonces can be confused with keys. We can
also get rid of this attack by a refinement to B’s behavior on A’s message (iv),
where B does not accept nonces as keys.

(7)) Vabet, zk, xnb, za, zna

[(M (sent(za, b, pair(encr(triple(za, zk, tb(zna), bt),
encr(nb(zna), zk)))) A
Sb(pair(za, zna) A Key(zk)) D Bk(key(zk, za))]
(26) Vx —[Key(z) A Nonce(z)]
(27) Vx Key(kt(z))

Fact 7 SpPASS terminates on saturating the formulae (1)-(6), (7), (8), (9),
(10), (11)-(27) in less than one second. With respect to the saturation, SPASS
disproves the conjecture 3x,y, z [Ik(key(x,y)) N Bk(key(z, 2))] in less than one
second.
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Note that we have generalized the conjecture of Fact ll as we now proved in
Fact @ that the intruder 7 and B do not share any key at all. The same can be
proved by Spass for possible keys between A and the intruder or the server T’
and the intruder.

Finally, we also allow the intruder to generate infinitely many nonces that
are fresh to B. This enables him to enter the protocol from the very beginning.

(28) If (na)

(29) Ve [If (z) > If (nif (x))]

(30) Ve [If (z) S (Bf (z) A Im(z))]

The predicate If holds for all fresh intruder nonces that are generated by appli-
cation of nif to the initial fresh nonce ni, formulae (28), (29). All fresh intruder
nonces are also fresh to B and can be used by the intruder to compose messages,
formula (30).

Fact 8 SpPASS terminates on saturating the formulae (1)-(6), (7), (8), (9),
(10), (11)-(30) in less than one second. With respect to the saturation, SPASS
disproves the conjecture 3x,y, z [Ik(key(x,y)) N Bk(key(z, 2))] in less than one
second.

So this extension to the possibilities of the intruder does not cause an ad-
ditional attack. In summary, our analysis showed that the protocol terminates,
establishes a secure key between A and B and that an intruder cannot break the
protocol as long as nonces are not confused with keys.

3 Monadic Horn Theories

In this section we study the monadic Horn theories involved in the previous
section. We adhere to the usual definitions for variables, terms, substitutions,
atoms, (positive and negative) literals, multisets, and clauses. We give just the
most important definitions for our purpose.

The function vars maps terms, atoms, literals, clauses and sets of such objects
to the set of variables occurring in these objects. A term t is called shallow if
t is a variable or is of the form f(z1,...,z,) where the x; are not necessarily
different. A term t is called linear if every variable occurs at most once in t. It is
called semi-linear if it is a variable or of the form f(¢y,...,t,) such that every
t; is semi-linear and whenever vars(t;) Nwvars(t;) # 0 we have ¢; = t; for all ¢, j.

A clause is a multiset of literals. We denote clauses by implications of the
form I' — A where the multiset I" contains all atoms occurring negatively in the
clause and A contains all atoms occurring positively in the clause. We abbreviate
{A}UTI by A, I for some atom A.

An (Herbrand) interpretation I is a set of ground atoms. For any predicate
symbol P, we define I(P) = {(t1,...,tn) | P(t1,...,tn) € I}. A ground clause
I' —» Ais satisfied by I if ' Z I or ANT # (. A non-ground clause is satisfied
by I if all its ground instances are satisfied by I. If a clause C' is satisfied by
I we also say that I is a model for C and write I = C. An interpretation is a
model for a set of clauses N (I = N), if it is a model for all C' € N. A model
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I is minimal for some set of clauses N, if there is no model J with J C I and
J = N. The model relation |= can be extended to first-order formulae in the
usual way.

A Horn clause is a clause with at most one positive literal. A monadic Horn
theory is a set of Horn clauses where all occurring predicates are monadic. A
declaration is a clause S1(z1),..., S (zn) — S(t) with {z1,...,2,} C vars(t).
It is called a term declaration if t is not a variable and a subsort declaration
otherwise. A subsort declaration is called trivial if n = 0. A term declaration
is called shallow (linear, semi-linear) if ¢ is shallow (linear, semi-linear). Note
that shallow term declarations do not include arbitrary ground terms. However,
any ground term declaration can be equivalently represented, with respect to
the minimal model semantics defined below, by finitely many shallow term dec-
larations. A sort theory is a finite set of declarations. It is called shallow (linear,
semi-linear) if all term declarations are shallow (linear, semi-linear).

Let N be a sort theory. Then we define the interpretation T7 recursively as
follows: (i) for every declaration — S(t) € N, substitution ¢ such that S(t)o is
ground, we define S(t)o € TV (ii) for every ground substitution o, declaration
Si(x1),. ., Sp(zyn) — S(t) € N, if Si(x;)o € TV, for all 1 < i < n, to ground,
then S(t)o € TN. Tt is well-known that T is the minimal Herbrand model for
a sort theory N.

If N is a sort theory then the first-order theory over N is the set of all first-
order formulae using only predicate and function symbols occurring in N. The
first-order theory over N is decidable, if we can decide TV |= ¢ for any formula
¢ in the first-order theory over N.

An atom ordering is a well-founded, total ordering on ground atoms. Given
an atom ordering >, we will call an atom A maximal with respect to a multiset of
atoms I, if for any B in I we have B # A. Any atom ordering > is extended to
an ordering on literals by taking the multiset extension of > and by identifying
any positive literal A with the singleton {A} and any negative literal = A with
the multiset {A, A}. With this definition, —A is greater than A, but is smaller
than any literal B or =B with B > A. The multiset extension of the literal
ordering induces an ordering on ground clauses. Let us also use > to denote
both the extension to literals and clauses of any given atom ordering . The
clause ordering is compatible with the atom ordering; if the maximal literal in C
is greater than the maximal literal in D then C' > D. These notions are lifted to
the non-ground level as usual: For two non-ground atoms A, B we define A > B
if Ao > Bo for all ground instances Ao, Bo. We say that a Horn clause I" — A
is reductive for the positive literal A, if A is the maximal literal with respect to
I.

A selection function assigns to each (ground) clause a possibly empty set of
occurrences of negative literals. If C' is a clause and sel a selection function then
the literal occurrences in sel(C) are called selected. In particular, sel(C) = 0
indicates that no literal is selected.
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Definition 1. An inference by ordered resolution (with selection) between two
Horn clauses takes the form

I—A B,A— A
I'o, Ao — Ao

such that (i) o is the most general unifier between A and B (ii) 'c — Ao is
reductive for Ao, (iii) no literal is selected in I', and (iv) B is selected, or else
no literal is selected in B, A — A and Bo is mazimal in Bo, Ao — Ac. The
multiset A is either empty or contains exactly one atom.

The inference rule sort resolution we employ in this paper is an instance
of ordered resolution. Using an appropriate option setting SPASS implements
sort resolution with respect to the theories considered in the previous section.
The used ordering is any atom ordering satisfying T'(s) = S(t) if s contains ¢
as a proper subterm. For example, a Knuth-Bendix ordering where all function
and predicate symbols have weight one has this property. Given a clause C =
Si(t1),...,Si(tn) — S(t) the selection function sor for sort resolution is defined
by Si(t:) € sor(C) if (i) ¢; is a non-variable term or (ii) all ¢; are variables and
t; is a variable that does not occur in ¢ or (iii) all ¢; are variables occurring in ¢
and t is a variable.

Let > be a total atom ordering and sel a selection function. Given a set
of ground clauses N, we use induction with respect to > to define a Herbrand
interpretation I- and a set E¢, for each clause C' in N, as follows.

Definition 2. Let Ic be the set U, p Ep. Furthermore, Ec = {A} if (i) C =
I' — A is reductive for A, (i) I' C Ic and (iii) A & Ic. Otherwise, Ec is the
empty set.

If Ec = {A}, we also say that C produces A and call C a productive clause.
Finally, by I, we denote the Herbrand interpretation | o Ec. Whenever we
need to emphasize the dependency of the interpretation I from the particular
clause set N, we will use the notation IV. If N is clause set containing non-
ground clauses, then IV is the interpretation generated by all ground instances
of clauses from N. A non-ground clause C' € N is called productive if a ground
instance of C' is productive for IV.

A clause C is a condensation of a clause D, if C is a proper (unordered)
factor of D that subsumes D. A set of clauses N is called saturated if it is
closed under condensation, the deletion of subsumed clauses and any clause
generated by an ordered resolution inference from clauses from N is subsumed
by some clause in N. Ordered resolution in general allows more powerful notions
of simplification /redundancy (Bachmair & Ganzinger 1994), but for the purpose
of this paper subsumption and condensation suffices.

Corollary 1 (Bachmair & Ganzinger (1994)). Let N be a set of Horn
clauses saturated by ordered resolution. Then either N contains the empty clause
or IN is a model for N.
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Lemma 1. Let N be a monadic Horn theory satumted by sort resolution that
does not contain the empty clause. Then IV = TN where N’ is the set of all
term declarations and trivial subsort declarations occurring in N .

Proof. First, we show by contradiction that all productive clauses in N are ei-
ther term declarations or trivial subsort declarations. This implies IV = .
So assume Co = S1(t1)o, ..., Su(ty)o — S(t)o is the minimal (with respect to
=) ground instance of a clause C € N that produces S(t)o but some S;(t;) is
selected in C. Since Co produces S(t)o, we know {Si(t1)o, ..., Sy (tn)o} C IY,
and S(t)o & IY . So there is a ground clause DT = Ti(s1)T, ..., Tin(8m)T —
Si(s)t, D € N, Si(s)r = Si(t;)oc where Dt < Co. No literal in D is se-
lected (we chose C'o to be minimal) and therefore we can generate a sort resolu-
tion resolvent R from C and D. This resolvent has a ground instance R\ =
(S1(t1)s - Sic1(ti=1), Ta(s1)7s - oy Ton(8m )T, Siv1 (tiv1), -+, Sn(tn) — S(t))o,
RX < Co, is productive and produces S(t)o contradicting that Co produces
S(t)o. Therefore, every productive clause in N has no selected literal and is
hence a term declaration or a trivial subsort declaration.

Second, we show N crTN by induction on the clause ordering. If S(t)o €
IN' then there is a productive clause Sy(z1),...,Sp(x,) — S(t) € N'. If n =
0 then by definition of TV, case (i), we have S(t)o € TN If n # 0 then
by definition of IN' we know {S1(x1),...,Sn(zn)}o C IN' and therefore by
induction hypothesis {S1(x1),...,Sn(xn)}o C TN'. Now, by definition of TV,
case (ii), we have S(t)o € TN,

Third, we show N c ™' by structural induction on the definition of ™',
If S(t)yo € TN is generated by some clause — S(t) € N’ then — S(t)o is
productive and hence S(t)o € IN'. If S(t)o € TN is generated by some clause
C = Si(x1),...,Su(xn) — S(t) € N we know {S1(x1),...,Sn(zn)}o C '
and hence, by induction hypothesis, {S1(x1), ..., Sp(xn)}o C IN' . Furthermore,
C' is a term declaration and by definition of our ordering C is reductive for S(t).
Hence, Sy (1)0, ..., Sp(xn)o — S(t)o is productive and generates S(t)o € IN .

Lemma 2. Let N be a semi-linear sort theory. Then the first-order theory over
N is decidable.

Proof. First, we transform N into a shallow sort-theory N'. We recursively re-
place every declaration Si(x1),...,Sn(xn) = S(f(t1,...,tn)) where t; is not a
variable by two new declarations
Sml (Iml)? R sz (I’ml), R(y) - S(f(sla R Sn))
Sjl (Ijl)? sy Sjk (Ijk) - R(tl)

where y and R are new, s; =t; if t; #t;, s; =y ift; =1t foralll <j < n,
vars(t;) = {xj,..., 2.} and vars(f(ti,...,tn)) \ vars(t;) = {Tmy, ...\ Tm, }-
Since f(t1,...,tn) is semi-linear, t; and f(s1,...,8,) are semi-linear as well.
The transformation terminates generating a shallow sort theory N' and by an
induction argument it can be proved that TN (P) = TN'(P) for any (monadic)
predicate P occurring in N. Second, Weidenbach (1998) showed that any shal-
low sort theory N’ can be transformed into a Rec— tree automaton (Bogaert &
Tison 1992) such that for any monadic predicate P the language accepted by the
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tree automaton in the state corresponding to P is exactly ™’ (P). Third, Comon
& Delor (1994) showed that the first-order theory over Rec— automata can be
decided.

Theorem 9. Let N be a monadic Horn theory finitely saturated by sort reso-
lution. If all term declarations in N are semi-linear, then the first-order theory
over the productive clauses in N is decidable.

Proof. By Lemma B and Lemma B

The technique used to prove Theorem B is a combination of results obtained
in the context of saturation based theorem proving with results developed in
the area of finite tree automata. In particular, saturation based theorem proving
cannot be a priori used to decide the first-order theory for some finitely saturated
semi-linear sort theory. One problem is that Skolemization cannot be carried out
in the usual way, since existential quantifiers must not introduce new symbols but
have to be interpreted over the minimal model of the sort theory. The fragment
for conjectures we used in the previous section is indeed decidable by saturation
based methods in general.

Lemma 3. Let N be a semi-linear sort theory. Then the first-order fragment
Jxq, ...,z [A1 A .. A Ag] from the first-order theory over N where all A; are
atoms can be decided by sort resolution.

Proof. The formula 3x1, ..., 2, [A1A.. . ANAg] holds in TN iff Vaq, ..., x, [2A1V
...V =A] does not hold in T™ . This can be checked by sort resolution saturating
the set N U{A1,...,Ar —}. This was shown to be decidable by Jacquemard,
Meyer & Weidenbach (1998).

The above Lemma [l explains the success of SPASS on the queries tested for
Fact B Fact ll and Fact llin Section  The saturated theory, Fact ll is a ground
theory and therefore semi-linear. This ground theory is the result of saturating
the clauses resulting from the formulae (1)—(12), see Section @ by sort resolution.
By deleting all non-productive clauses, the remaining clauses are exactly the
atoms shown on page B plus the ground atoms that are already contained
in the formulae (1)—(12). Hence, SPASS can in fact decide the query of Fact B
The saturated theories that are the basis for the conjectures investigated in
Factland Fact B are syntactically not semi-linear but contain non-linear variable
occurrences at different depth. However, all these occurrences are restricted by
monadic predicates having a finite extension in the minimal model. Lemma l
also holds for this extension.

Saturating a sort theory extended by a clause Aj,..., Ay — is a process
closely related to sorted unification (Weidenbach 1998). This is even decidable
for sort theories extended by certain, restricted forms of equations as shown
by Jacquemard et al. (1998). What remains to be shown is in which cases satu-
ration of a monadic Horn theory terminates.

Lemma 4. Let N be a monadic Horn theory where all positive literals are lin-
ear and shallow. Then N can be finitely saturated by sort resolution and the
productive clauses of the saturated theory form a linear shallow sort theory.
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Proof. Since any clause where no negative literal is selected is either a trivial
subsort declaration or a linear shallow term declaration, any application of sort
resolution takes one of the following three forms:

Sl(Iil),...,Sk(I’ik) - S(f(l’l,,l’n)) S(f(tlaatn))a/l*} A
S1(x4y)o, . Sp(Tiy)o, A — A

where 0 = {x1 — t1,. .., xn — tu}, {Ti, .. x5t C{21,..., 20} or

S1(xiy )y oy Sk(xiy) — S(f(z1, - 20))  S(y),4— A
S1(xiy)y -y Sk(xs,), AT — AT

where T = {y v f(x1,...,x,)}, again {x;, ...,z } S{z1,..., 20} or

— S(z) S(t),A— A
A— A

For all three types of inferences the following invariant holds: All non-variable
terms in the resolvent are proper subterms of the right parent clause or the re-
solvent contains at most one linear shallow non-variable term. Since N contains
only finitely many different terms and only monadic predicates, there are only
finitely many resolvents that can be generated with respect to subsumption and
condensation. Hence, the saturation terminates. Furthermore, for every type of
a resolution inference, if the resolvent contains a positive atom S(t) then t is a
linear shallow term. Hence, all productive clauses in the saturated theory are ei-
ther trivial subsort declarations or linear shallow term declarations and therefore
form a linear shallow sort theory.

The restrictions on the terms required for Lemma [l are close to the border
of non-termination (undecidability). If we only require declarations to be linear,
then even if we additionally require that every literal is linear, the saturation
process does not terminate, in general. This can be shown by a reduction of the
ground word problem for word equations to this problem. We encode equality
by a two place function symbol e and add one monadic predicate T for “truth”.
Then all axioms of equality, except reflexivity, result monadic Horn clauses with
linear literals. The congruence axioms result in linear clauses because all function
symbols (except e itself) are monadic. Reflexivity would result in a non-linear
clause. However, it is sufficient for the reduction to code reflexivity for ground
terms, i.e, the occurring constants, resulting in linear clauses. Finally, any word
equation can be transformed into a linear Horn clause by expressing non lin-
earities through linear disequations. For example, the word equation ab =~ a
that corresponds to the term equation a(b(x)) ~ b(x) is expressed by the linear
monadic Horn clause T'(e(b(z),y)) — T(e(a(b(z)),y)).

If we only require the positive literals in the Horn theories of LemmaBto be
shallow, the resulting theories can also not be finitely saturated, in general. We
can simply reduce the undecidable unifiability problem for arbitrary sort theories
to this problem. We code an arbitrary term declaration Si(x1),...,Sn(zn) —
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S(t) by Si(x1),..., (zn), T(f(y,t)) — S(y) where y, f and T are new and
add the shallow declaration — T'(f(z, z)).

With respect to the saturation results in Section ll, Lemma [l partly explains
the behavior of SPASS. All considered sets of formulae in Section B, have positive
occurrences of non-linear atoms and Fact Bl shows that the suggested techniques
are in general not strong enough to guarantee termination. However, the theory
we used in the previous section for the intruder, is a theory where all positive
atoms are linear and shallow. So, by Lemma l this theory can always be finitely
saturated. Note that this theory is independent of the investigated protocol as
long as it can be represented by a set of messages. Furthermore, this theory can
still be finitely saturated if we add finitely many ground term declarations. The
productive clauses of the saturation of the initial protocol, Fact lll solely contains
ground declarations. Hence, the non-termination of the saturation of the protocol
theory extended by the intruder theory indicates an infinite number of messages
“exchanged” by the protocol and the intruder, the messages we isolated below
Fact  Note that none of the above termination results for sort resolution holds
for standard resolution or ordered resolution without our particular selection
strategy.

4 Conclusion

This paper consists of two major parts: First, it shows that using automated
theorem proving techniques security protocols like the Neumann-Stubblebine
protocol can be successfully analyzed. The suggested techniques apply to a va-
riety of protocols, e.g, further key exchange protocols (see Schueier (1996)). In
particular, we can finitely model an “infinite” intruder. Second, we have been
able to prove that parts of the used first-order fragments can be decided in gen-
eral. This includes more sophisticated properties than the properties we tested
for the Neumann-Stubblebine protocol. The decidability results are also useful
in a more general context. For example, Lemma [l offers a new fine grained ap-
proximation for Horn programs (Charatonik, McAllester, Niwinski, Podelski &
Walukiewicz 1998).

So far our formalization mainly models “reachability”, i.e., that certain situ-
ations can(not) occur. For many protocols “liveness” properties, e.g., that a cer-
tain situation will definitely occur, require a more sophisticated formalization.
We already successfully analyzed signature exchange protocols with respect to
such properties using SPASS. In order to explain the termination of SPASS on
these experiments, the results of Section B have to be extended to the non-
Horn equality case. So an important direction of future research is to extend
the decidability results with respect to the needed fragments. The results of the
experiments with SPASS we did so far support that this should be possible. Fur-
thermore, our results indicate that it should be possible to design an automatic
tool for the analysis of security protocols that is not restricted to a finite state
model.
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Abstract. This workllis concerned with basic issues of the design of cal-
culi and proof procedures for first-order connection methods and tableaux
calculi. Proof procedures for these type of calculi developed so far suffer
from not exploiting proof confluence, and very often unnecessarily rely
on a heavily backtrack oriented control regime.

As a new result, we present a variant of a connection calculus and prove
its strong completeness. This enables the design of backtrack-free con-
trol regimes. To demonstrate that the underlying fairness condition is
reasonably implementable we define an effective search strategy.

1 Introduction

This work is concerned with basic issues of the design of calculi and proof proce-
dures for first-order connection methods and tableaux calculi. Calculi we have in
mind include connection calculi [, first-order clausal tableaux with rigid vari-
ables [H], more recent developments like A-ordered tableaux [E2J4], and tableaux
with selection function [i]. Let us refer to all these calculi by the term “rigid
variable methods”. Recently complexity issues for those kinds of calculi have
been considered in [E].

We propose a new technique for the design of proof procedures for rigid
variable methods. The proposed technique should also be applicable to calculi
which avoid rigid variables in the first place, like SATCHMO [E], MGTP [E],
hyper tableaux B and ordered semantic hyper linking 4. Usually the price
for getting around rigid variables in these approaches is that they involve some
uninformed ground instantiation in special cases. These calculi are likely to profit
from techniques enabling them to handle rigid variables as well.

A more recent development is the disconnection method []. Unlike the cal-
culi mentioned above, and like our calculus below, it avoids blind instantiation
by the use of unification. Unlike our method and unlike the free variable meth-
ods mentioned above, the disconnection method does not deal with “free vari-
ables’ll In free variable methods, a branch or a path is considered as “solved”

LA full version of this article, which includes all proofs and other details omitted

here, is available as [
2 This is not meant to disqualify the disconnection method; merely, we want to point
out differences.
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if it contains a pair (K, L) of literals that are complementary; in the discon-
nection method, the respective “$-closed” condition on (K, L) is that K and L
are equal after instantiating all variables with the same (new) constant $. For
instance, (P(X,Y),~P(Z,Z)) is considered as complementary. The disconnec-
tion method has inference rules to further instantiate clauses derived so far, but
the parent clauses of an inference step have to be kept. This instantiation is
driven by connections that are not $-closed. Since substitutions are applied lo-
cally to clauses, a previously $-closed connection may become open again. If the
clause containing —P(Z, Z) is further instantiated to, say, =P(a, a) this implies
that the connection (P(X,Y),—P(a,a)) is no longer $-closed. In free variable
methods this effect is avoided because, clearly, complementary literals remain
complementary after instantiation; there is no need to check previously closed
paths after instantiation whether they are still closed. On the other hand, for
the disconnection method only one variant per clause needs to be kept; this is
not possible in free variable methods.

In sum, we feel that theses approaches are rather different. A more rigid and
systematic comparison would be interesting future work.

Our approach is based on the observation that current proof procedures for
rigid variable methods rely on the following weak completeness theorem:

Weak completeness: a clause set S is unsatisfiable if and only if there is
a derivation from S which is also a refutation.

The search space thus is the space of derivations; it requires a tentative control
regime such as backtracking, which explores all possible derivations.

Proof confluent calculi like the ones mentioned at the beginning of the intro-
duction, however, should admit a strong completeness theorem of the form:

Strong completeness: a clause set S is unsatisfiable if and only if every
(fair) derivation from S is a refutation.

Consequently, proof procedures following this theorem can do with an irrevo-
cable control regime that needs to develop only one single derivation and may
safely ignore alternatives as it proceeds. They can thus reuse information which
would be lost in a backtracking intensive approach. Typically they enumerate
models but not derivations (the hyper tableaux calculus [l is an example that
enumerates models, model elimination [i] is an example for the enumeration of
derivations).

Put abstractly, the source to gain efficiency is that there are usually many
derivations for the same model, and all but one derivation can be avoided. In
this paper, we will develop a strong completeness result for a modified connec-
tion calculus (the CCC calculus, Section H) together with first steps towards a
respective proof procedure.

This result closes a strange gap: the connection calculus in [ is proof con-
fluent on the propositional level, but its first-order version is not. This is the
only calculus we are aware of having this property. Although other free-variable
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methods, such as the first-order tableaux calculus in Fitting’s book [{] are proof-
confluent, they are implemented as if they were non-confluent. This yields un-
necessary inefficiencies, and the main motivation for the work presented in this
paper is to find a cure for them.

Prawitz Procedures. Let us first briefly recall the basic idea of current proof pro-
cedures for rigid variable methods and identify the tackled source of inefficiency.
“Usual” proof procedures like the one used in the 3TAP prover [, the
LeanTAP prover [[]), the connection procedure proposed in [M], and the one
in Fitting’s Book [H follow an idea suggested by Prawitz [E] and can be seen
as more or less direct translation of the following formulation of the Herbrand-
Skolem-Godel theorem (we can restrict our attention to clause logic here):

A clause set S is unsatisfiable if and only if there is a finite set S’ of
variants of clauses of S and there is a substitution § such that S’§ is
unsatisfiable, where S’¢ is viewed as a propositional clause set.

Now, in accordance with the theorem, proof procedures for rigid variable meth-
ods typically realise the following scheme to prove that given clause set S =
{C1,...,Cy} is unsatisfiable. Following Voronkov 9], we call it The Procedure:

Procedure 1 (The Procedure).

(i) Let u =1 called multiplicity.

(i) Let S* = {Ci,...,Ct ,..., CL ...,CH} be a set of pairwise variable-
disjoint clauses, such that C’g isavariant of C; for 1 <i<n, 1 <j < pu. It
is usual to call S* an amplification of S.

(iii) Check if there is a substitution ¢ such that S*¢ is propositionally unsatisfi-
able.

(iv) If such a ¢ exists, then stop and return “unsatisfiable”; otherwise let u = p+1
and go to step (ii).

Completeness of The Procedure is achieved by, first, a fairness condition in the
generation of the amplifications S* in step (ii), namely by uniformly taking
1,2,3,... variants of every clause in S in round 1,2, 3, ..., and, second, by ex-
haustively searching for substitutions in step (iii).

Connection Methods. How is step (iii) in The Procedure realised? Our primary
interest is in connection methods (also called matrix methods), hence we will
briefly recall the idea: define a matrix to be any set of quantifier free formulae.
For our purposes it suffices to consider clause sets only. Notice that S* is a
matrix. A path through a matrix is obtained by taking exactly one literal from
every clause. A connection is a pair of literals, which can be made complemen-
tary by application of a substitution; with each connection we associate a most
general unifier o achieving this. In order to realise step (iii), proof procedures for
connection calculi search for a substitution § such that every path through S*§
contains a pair of complementary literals (we say that ¢ closes S*). If such a &
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exists S must be unsatisfiable: take some arbitrary ground instance of S#§ and
observe that this set is propositionally unsatisfiable, because any possible way to
satisfy a conjunction of disjunctions is excluded by virtue of the complementary
literals.

For ¢, it is sufficient to search through the finite space of most general unifiers
making literals along paths (or branches) complementary (this guarantees the
termination of step (iii). See e.g. [H for a concrete procedure to decide if a § exists
which renders all paths complementary. For our purposes it suffices to rephrase
the underlying idea: let p1,ps,...,p, be any enumeration of all paths through
the current amplification. It can be shown by usual lifting techniques that there is
¢ which simultaneously renders all paths as complementary if and only if there
is a sequence p1d1, P20102,...,Pn01 -0y, Where §; is a most general unifier
associated with a connection in p;d; ---d;—1. In other words, by defining § :=
01 - -+ 0, one recognises that § can be computed incrementally. Notice, however,
that the “there is” quantification is to be translated in a backtracking-oriented
procedure.

Ezample 1 (Connection Method). Consider the following unsatisfiable clause set:
S = {P(X)\/Q(X)v _'P(C)a _'P(a)\/_'P(b)a _'Q(a)v _'Q(b)}

Weﬁlwrite a matrix as a vertical sequence of clauses. Hence S' and S? look like
thisl:

S2: P(XYHvQXx?h

St P(XY) v QXY P(X?*) v Q(X?)
~P(c) ~P(c)

~P(a) V ~P(b) —P(a) vV —-P(b)
~Q(a) ~Q(a)
=Q(b) —Q(b)

A path is obtained by traversing the matrix from top to bottom, picking up one
literal from every clause.

The Procedure starts with u = 1, i.e. with S*. By looking at the path through
S' which passes through P(X') one recognises that there are three candidate
MGUs §f = {X1/a}, 63 = {X'/b} and 65 = {X'/c}. Since none of S5}, S'43
and S163 is propositionally unsatisfiable, The Procedure has to consider S%. An
incremental computation of a substitution § which closes S? might proceed as
follows: it starts by considering the connection (P(X?!),—P(c)) which results
in 67 = {X'/c}. The next connection would be (Q(X?),-Q(a)) with MGU
82 = {X?/a}. The combined substitution 6765 = {X*! /¢, X?/a} does not close
the matrix, neither will 6763, where 83 = {X?/b}. Hence, backtracking occurs
until eventually the “right” substitution 6 = {X*!/a, X?/b} is computed, which
closes S2.

3 In the literature, matrices are also written horizontally.
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Proof Search with Tableauz. Typically, the search for ¢ in step (iii) is organised
as the construction of a free-variable tableau where a branch in a tableau stands
for a path through the current amplification.

For space efficiency reasons it is prohibitive to explicitly represent in step
(iii) all paths through S* in memory. For example, only 15 clauses consisting
of 3 literals result in more than 14 million paths. A respective tableau thus
has in the worst case the same number of branches. Hence, one possibility for
step (iii) is to only keep in memory one path p (or branch in a tableau) at a
time. A closing substitution d, is guessed, and if §, cannot be extended to a
substitution § which simultaneously closes all paths, then backtracking occurs
and a different candidate J, is guessed. If all that fails, then a completely new
tableau construction is started when entering step (iii) in the next round.

We emphasise that this is a common idea in all proof procedures for free-
variable tableaux and connection calculi we are aware of. It is an intrinsic weak-
ness and it seems that it is not solved by the many improvements that are around
for tableau and connection calculi now.

2 A Confluent Connection Calculus

In this section we indroduce the confluent version of a connection calculus. For
this we briefly have to set up the usual prerequisites. After indroducing the
calculus together with an abstract notion of fairness, we show how this fairness
can be realised and finally we prove strong completeness.

2.1 Preliminaries

For a literal L we denote by |L| the atom of L, i.e. |[A|] = A and |-A| = A for
any atom A. Literals K and L are complementary iff K and L have different
sign and |L| = |K].

By var(object) we denote the set of variables occurring in object, where object
is a term, a literal, a clause or a set of one of these. Our notion of a substitution is
the usual one [i], and, as usual, we confuse a substitution with its homomorphic
extension to terms, literals, clauses and clause sets. For a substitution o, we
denote by dom(c) the (finite) set {X | Xo # X}, by cod(o) the set {Xo |
X € dom(o)} and by vecod(o) the set var(cod(c)). Substitution v is a ground
substitution iff vecod(y) = 0; it is a ground substitution for object iff additionally
var(object) C dom(v). A substitution o is idempotent, if Xoo = Xo for each
variable X. This is the case iff dom(c) Nveod(o) = 0.

A clause is a finite disjunction of literals. In the following, S is the given
finite input clause set, and M is a matrix for S5, i.e. a set of clauses, each of
which is an instance of a clause from S. It is worth emphasizing that in a matrix
we consider clauses not to be individually universally quantified. That is, all
variables are free, and thus applying a substitution, say, {Y/a} to the matrix
{=P(Y), P(Y)V Q(Y)} would affect all occurrences of Y.

A connection with substitution o is a pair of literals (L, K) such that Lo and
Ko are complementary. A connection is a pair of literals that is a connection with
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some substitution. In these definitions, we replace “substitution ¢” by “MGU ¢”
only if additionally o = unify({|K]|, |L|}), where unify returns any most general
unifier of its argument. Below we make use of the following assumption:

Assumption 1. If a set @) of atoms is unifiable, then unify(Q) returns an idempo-
tent most general unifier o with (i) dom(o) C var(Q) and (ii) vcod(o) C var(Q).

Notice that this is a very mild assumption: (i) says that o operates on the
variables of @ only, and (ii) says that o must not introduce new variables. Clearly,
this is satisfied by any “standard” unification procedure.

A path through a matrix M is a set of literals, obtained by taking exactly
one literal from each clause of M. A path is closed iff it contains a pair of
complementary literals, otherwise it is open. A matrix is open iff there is a (at
least one) path through it that is open, otherwise it is closed.

Notice that there is exactly one path through the “empty” matrix {}, which
is the empty set {} of literals; notice further that this path is open. On the other
hand, if a matrix M contains the empty clause, then there is no path through
M, in particular no open path, and the matrix is closed.

2.2 The Calculus

We are going to define the calculus CCC (Confluent Connection Calculus). The
constituents are the inference rules, the notion of a derivation, and a fairness
condition for derivations.

Definition 1 (CCC Inference Rules and Derivation). The inference rule variant
step on M is defined as follows:

M 1. new(S) contains exactly one variant of each clause of S, and
if < 2. the members of new(S) are pairwise variable disjoint and

M U new(S)

each of them is variable disjoint with each clause in M.
The inference rule connection step on (K, L) in M is defined as follows:

1. there are clauses C € M and D € M such that C = K V Rk,
M . D =LV Rg, for some clauses Rx and Ry, and
MUMo if 2. {K,L} C p for some open path p through M, and
3. (K, L) is a connection with MGU o.

The set (M U Mo) \ M is called the set of new clauses (of this inference step).
If conditions 1 to 3 above hold for M and (K, L), we say that a connection step
is applicable to (K, L) in M or that (K, L) is a candidate for a connection step
in M.

We say that a connection step on (K, L) in M is progressive it M U Mo # M
(i.e. at least one clause in the conclusion is new). If M U Mo = M we say that
it is non-progressive.

Note that a connection step on a connection (K, L) with | K| = |L| is impos-
sible and therefore neither progressive nor non-progressive — any path containing
{K, L} would be closed, contradicting condition 2. above.
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Any sequence D = ({} = My),My,...,M,,... is called a derivation
from S, provided that M;,; is obtained from M;, which is open, by a single
application of one of the inference rules (for i > 0). A refutation is a derivation
that contains (i.e. ends in) a closed matrix.

Notice that we do not have inference rules that delete clauses. Thus, every deriva-
tion has the following chain property: ({} = My) € My C --- C M, C --- .
The inclusions are not strict, because non-progressive steps are allowed as well
(though they are not needed at all).

2.3 Example

Suppose the given input clause set is S = {=P(X), P(Y)VQY), -Q(2)}.
Clearly, S is unsatisfiable. We develop a refutation.

We have to start with the empty matrix My. Only a variant step can be
applied to My, hence M is just a copy of S (the left matrix in the figure below).
For each matrix M; we discuss the possibilities for one open path through M;,
which is indicated by underlining.

M;: ~P(X) (C1) M, ~P(X) (Ch)
P(Y)VQ(Y) (Cs) P(X)VQX)  (Caon)

~Q(2) (Cs) —~QZ (Cs)

PY)VQRY) (C2)

The underlined path in M; is open, and we carry out a connection step on
(=P(X), P(Y)). Suppose that unify returns o1 = {Y/X}. This step is progressive
and results in the matrix My (right side in the figure above).

Now there are two connections in the underlined open path in M5 to which a
connection step is applicable: (Q(X), ~Q(Z)) and (—Q(Z),Q(Y)). By applying
a connection step to the former we would obtain a closed matrix, thus ending
the refutation. In order to make the example more illustrative, let us instead
apply a connection step to (-Q(Z), Q(Y)) with MGU oy = {Y/Z}. This gives
us matrix M3, which is depicted below.

The underlined path in Ms offers three possibilities. First, the connection
(Q(X),—Q(Z)) is still a candidate for a connection step, but we disregard it
for the same reason as in the previous matrix. Second, the connection step on
(=Q(2),Q(Y)) with MGU {Y/Z} would not be progressive and therefore not
interesting (if unify returned {Z/Y} instead, the step would be progressive,
though). Third, a connection step on (=P(X), P(Z)) is progressive no matter
which of the two MGUs unify returns. Suppose that this step is applied with
o3 = {Z/X?}. The resulting matrix M, is depicted in the figure below as well.
Note that P(X) V Q(X) occurs twice in My. Since matrices are sets, deleting
one of these occurrences would represent the same set.
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Ms: ~P(X) (Ch) M, —~P(X) (Ch)
P(X)VQ(X) (C201) P(X)VQ(X) (C201)

—Q(Z (Cs) —Q(X) (Cs03)

P(Z)vQ(Z) (Ca02) P(X)VvQ(X) (Czo203)
PY)vQY) (C2) PY)VQY) (C2)

—~Q(Z) (Cs)

P(Z)vQ(Z) (Cao2)

My is closed because either path through the first three clauses alone is closed.
Hence we have found a refutation.

2.4 Fairness

Control strategies for any kind of rule-based system usually depend on some
notion of fairness, when several rules or rule instances are applicable and one of
them has to be selected for the next step. In matrix M> above, two connections
were candidates for progressive connection steps, and one of them was selected to
derive M3, while the other was disregarded. In M3 the disregarded connection
was again a candidate for a progressive connection step and was again disre-
garded. Fairness is a condition on the choices made by the strategy to prevent
that an applicable step is disregarded forever.

In many cases, especially with control strategies for logical calculi, fairness
can be defined very simply as erhaustiveness: every step that is applicable to any
state will ultimately be performed. There are standard text book procedures to
implement exhaustive strategies effectively; in particular, resolution calculi can
be treated this way.

This simple approach is sufficient if the underlying rules are commutative
in the following sense: whenever two steps are applicable in some state, each of
them remains applicable in the successor state produced by the other. If, on the
other hand, the rules are not commutative, then the application of one step might
destroy the applicability of the other. Such a phenomenon makes exhaustiveness
an inherent impossibility and turns fairness into a more difficult question.
Unfortunately, our system is of the non-commutative variety. As an example let

M; ={-P(a) VR, P(X), -Qa), QY)VPY) ..}

where the underlined path through M; is open. Both connections (—P(a), P(X))
and (—Q(a),Q(Y)) are candidates for progressive connection steps in M;. Dis-
regarding the former and applying the latter yields

M1 = {~P(@)VR, P(X), -Qa), Qa)VP(a), QY)VPY), ..}.

Now any path through M;,; containing the disregarded connection
(=P(a), P(X)) is closed. This is a consequence of the presence of the clauses
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—Q(a) and Q(a)V P(a) in M;1;1. Therefore a connection step on the first con-
nection, which would introduce the new clause P(a), is no longer applicable — the
second condition in the definition of a connection step can no longer be satisfied
for this connection. Note that other paths through M, are still open, though.

By the way, had we selected the other applicable step in M;, the next matrix
would have been

Mj, ={-P(a)VR, P(a), PX), -Qa), QY)VPY), ..}

in which the disregarded connection (—Q(a),Q(Y)) is still a candidate for a
progressive connection step as shown by the underlined open path through M; .
Selecting this connection next we can achieve that the new clauses of both steps
are present.

Should the presence of all of these clauses happen to be indispensable for
closing the matrix, it might be that the sequence My, ..., M;, M;;; cannot be
extended to a refutation whereas the sequence Mo, ..., M;, M], | can — this would
be a typical case of non-confluence. Fortunately, it turns out that our calculus is
confluent: in all such situations, either none or both sequences can be continued
to a refutation. The example illustrates why this is not a trivial property.

Coming back to fairness, the simple exhaustiveness definition is not possible,
and we need a more complex definition. With this definition we will prove below
our main result, that any fair derivation from an unsatisfiable clause set is a
refutation (strong completeness).

Definition 2 (Fairness). A derivation D = My, My, ..., M;, ... s fair iff it is a
refutation or else the following two conditions are satisfied:

1. For every ¢ > 0 there is a j > ¢ such that M;; results from M; by a variant
step.

2. For every i > 0 and every connection (K, L) with MGU o that is a candidate
for a progressive connection step in M; there is a 7 > i such that one of the
following is true:

(a) MiCT g Mj.
(b) Every path p through M; with {K,L} C p is closed.

Condition 1 simply requires variant steps to be performed “every now and then”.

Condition 2.(a) formalises that any progressive connection step that remains
applicable sufficiently long must ultimately be performed. More precisely, the
condition does not enforce that this very step be performed, but only that its
effect be achieved at some point — regardless whether by this step or by some
other.

In a nice case, if Condition 2.(a) holds, the connection (K, L) is irrelevant
from M; onward, because any connection step on (K, L) in some later matrix
would result in clauses that have been introduced up to M; anyway.

However, perhaps contrary to the intuition, this is not always so. The reason
is that the MGU o of the connection, say {X/Y}, may be applicable to clauses
containing the variable X that are derived only later in the derivation. Hence,
applying o at a later time may well be progressive. Condition 2.(a) covers this
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possibility: let the later time be ', then there must again be a time j' at which
the clauses that are new for M, have been introduced.

Condition 2.(b) captures the case that a connection step loses its applicability
because of other steps.

2.5 Achieving Fairness

Our notion of fairness — Definition Wl — is defined as an abstract mathematical
property derivations may or may not enjoy. In order to implement a proof pro-
cedure, however, we need not only the property, but an effective strategy for the
construction of a derivation that is guaranteed to have this property.

Fortunately, the existence of such a strategy can be demonstrated with a
fairly simple approach: use an iteratively increasing bound T that serves both as
a limit for the term nesting depth and as a trigger for the application of variant
steps.

More precisely, we call a progressive connection step T'-progressive, if at least
one (but not necessarily all) of its new clauses has a term nesting depth not
exceeding T. Building on this, we define an effective strategy as follows (in
contrast to The Procedure):

Procedure 2 (The CCC Procedure).

(i) Initialise M with the empty matrix and T with the maximum term nesting
depth of the clauses in S.
(ii) While M is open repeat:
(a) Modify M by applying one variant step.
(b) Increment T
(¢) Modify M by applying a T-progressive connection step.
Repeat this until saturation, i.e., until no such step is applicable any
more.

The sequence of values of M over time corresponds to the constructed derivation.
Let us denote these values by My, M1,..., M;, ...

Note that this strategy is indeed irrevocable in the sense described in the
introduction. It never backtracks to previous values of M or makes any other
provision for reconsidering alternatives at a later point in time. A subtle differ-
ence to The Procedure concerns the generated amplifications. One might think
that each iteration through (a) creates the next amplification S* of S. However,
during the application of T-progressive connection steps in phase (c), the cur-
rent M; is extended by new clauses yielding M, 1, whereas S* in The Procedure
would only be instantiated, but not extended. In a sense our connection steps
combine instantiation with (partial) amplification.

Theorem 1. Any derivation (from any finite input clause set) constructed by
Procedure @l is fair.

Of course there are certainly much better strategies. The procedure above is only
meant as a proof that fair derivations can be effectively constructed.

What remains, now, is to show that the fairness of derivations, no matter
how achieved, ensures confluence. This result is established in the next section.
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3 Completeness

Definition 3 (Bounded Downward Closed Clause Set). Let S be a finite clause
set, and v be a ground substitution for S. Define a set of sets S | v as follows:
S |y ={50| Sdy = Sy for some substitution 6} .

That is, S | 7 is the set of instances of S, (including S, variants of S and Svy
itself) that can further be instantiated to S+ by +y itself. Notice that if S6’ € S | v
and S0’6"” v = S~ for some 6", then also S§’6” € S | v by simply taking § = 6’6"
In this sense S | v is “downward closed”.

Lemma 1. S | v is a finite set of finite sets.

Proposition 1. Let M be a matriz, p be a path through M, and v be a ground
substitution for M. Suppose that {K,L} C p (for some literals K and L), that
(K, L) is a connection with substitution v, and that (K, L) is a connection with
idempotent MGU o. Then M~y = Movy.

Definition 4 (Ordering on Clause Sets). Let M and N be finite clause sets.
Define M = N iff var(M) D var(N).

It is easy to see that > is an irreflexive and transitive relation, hence a strict
(partial) ordering. Obviously, since var(M) is always finite, it is well-founded as
well.

Lemma 2 (Path Extension). Let D = My, M,...,M,,... be an infinite
derivation from clause set S. Let M be a finite clause set, and suppose that
M C My, for some k. Then there is a path p through M such that for everyi > k
there is an open path p; through M; with p C p;.

That is, we can find a path p through M such that p will be part of some open
path as the derivation proceeds.

The main result of this paper is the following completeness theorem. Note
that it assures completeness, whenever fairness is guaranteed; hence we have
strong completeness and thus proof confluence.

Theorem 2 (Completeness). Let S be the given input clause set. If S is un-
satisfiable, then every fair derivation from S is a refutation.

Proof. By Herbrand’s theorem there is a finite set SY9 of ground instances of
clauses from S which is unsatisfiable. It can be presented as a finite set M of
pairwise variable disjoint variants of clauses from S and a ground substitution
v such that M~ = S9.

Now, let D be a fair derivation from S and assume contrary to the theorem
that D is not a refutation.

Since D is fair, the variant rule must be applied infinitely often. Recall that
we never delete clauses from matrices. Hence, at some time point, say [, it will
thus be that M C M; (and hence also M C |J;~,M;). W.l.o.g. we can assume
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that each clause in M is syntactically identical to one of the variants introduced
up to M;; otherwise rename M (and ~y) appropriately.

Now let N € M | v be a minimal set wrt. > such that N C J,~,M;. We
have to check that such a set N exists: since M C Ui>0 M; and it trivially holds
that M € M | v it is clear that M itself might be a candidate to be taken as V.
Now, since > is a well-founded ordering on finite clause sets, and the elements of
M | v are finite (cf. Lemma M), any chain (Ng := M) > Ny = -+ > N1 = N,
with Ny € M | v and N; C ;5o M; must be finite, and we set N := N,,
provided that this chain cannot be extended to the right. Thus, N is minimal
wrt. > restricted to the elements in (J;~q M;.

The proof technique now is to construct an N’ with N' € M | v and N’ C
UisoM; and N = N’, contradicting the minimality of N.

Since derivations have the chain property, the property N C | J,;~, M; implies
by the fact that IV is a finite set that

N C My, , for some k. (1)

Therefore we can apply Lemma [ll and conclude that there is a path p through
N such that for every ¢ > k there is an open path p; through M; with p C p;.
This result will be used further below — the immediate consequence that this p
is open will be needed in a moment.

Clearly, N+~ is an unsatisfiable ground clause set, because N € M | v means
by definition that N = M¢ for some § such that My = M, hence Ny = M+,
and M~ was assumed to be ground and unsatisfiable above. Consequently, any
path through N+ contains a pair of complementary literals. In particular, py
contains a pair of complementary literals, say K~ and L+, where

{K,L}Cp . (2)

In other words, (K, L) is a connection with substitution 7. But then (K, L) is
a connection with MGU o, where o is computed by unify. Then Proposition l
is applicable and we conclude that Noy = N~. The element No has the form
No = M(éc) because N = M. For this element we obtain by the previous
equation and by Ny = M~ the properties M (do)y = Ny = M+, which is just
the definition for

NoeM |~ . (3)

The next subgoal is to show that No is strictly smaller than N.

Since p is open and {K, L} C p it trivially holds that | K| # |L|. On the other
hand, o is a most general unifier of |K| and |L|. Hence there is at least one vari-
able, say X, in {K, L}
C p, for which Xo # X, that is, X € dom(o). Now p is a path through N,
therefore X € var(NV).

Obviously, it holds that var(No) C var(N)Uvcod(o). By Assumptionllvcod (o) C
var({K, L}) C var(N), hence var(No) C var(N).

The idempotence of ¢ implies dom(o) N veod(e) = @, thus X ¢ vcod(s) and
X ¢ var(No). So we have var(No) C var(NN), which means nothing but

N> No . (4)
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There remains to be shown that
No < UiZO M; . (5)
We distinguish two cases, each leading to the conclusion H.

Case 1: For every ¢ > k, it is not the case that (K, L) is a candidate for a
progressive connection step in M;.

As concluded above by the application of Lemma B for every i > k there
is an open path p; through M; with p C p;. With the fact that {K,L} C p
(obtained in Babove) it follows that {K, L} is a candidate for a connection step
in M;, for every i > k.

Together with the assumption of this Case 1 we obtain that for every i >
k a connection step on (K, L) in M; exists, but this connection step is non-
progressive. Hence, for every ¢ > k, M; U M;oc = M;. But then with N C M}, as
obtained in [l we get the following chain:

No Q MkCT Q Usz(MZUMZJ) = UszMZ Q UiZOMi .

Case 2: This is the complement of Case 1. Hence suppose that for some ¢ > k the
connection (K, L) is a candidate for a progressive connection step in M;. We are
given that the given derivation D is fair (cf. Def. H). In particular, Condition 2
in the definition of fairness holds wrt. the connection (K, L) and M;. Let j > i
be the point in time claimed there.

Assume that Condition 2.(b) is satisfied (this will yield a contradiction). This
means that every path p’ through M; with {K,L} C p’ is closed. But at the
same time, however, observing that j > k (since j > ¢ and ¢ > k) we concluded
further above by application of Lemma [l that there is an open path p; through
M; with p C p;. Since {K, L} C p (as by H) and thus {K, L} C p;, we arrive at
a contradiction to the just assumed by setting p’ = p;.

Hence Condition 2.(b) cannot be satisfied, and consequently Condition 2.(a)
must be satisfied. This means that M;oc C M. Recall that derivations have the
chain property. From ¢ > k we thus get My C M;. Together with N C My, then
No C M;o, and so No C M; follows immediately. Clearly, No C Ui>0 M; as
well. This completes Case 2.

Notice that in both cases we concluded with ll Altogether, [l l, and H con-
tradict the minimality of V.

Hence, the assumption that D is not a refutation must be wrong, and the
theorem holds. a

4 Conclusions

In this paper we discussed the drawback of naive connection methods, and, as an
improvement, defined a confluent connection calculus and The CCC Procedure
based on this calculus. We gave a strong completeness proof, and hence proved
proof confluence as well.

The CCC Procedure treats matrices, which are sets of clauses. Consequently,
the order of clauses does not play any role for fairness or completeness. Hence,
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more refined proof procedures are free to represent sets as (duplicate-free) lists.
A good strategy then would be to append new instances of clauses derived during
the saturation phase or during variant steps at the end of the list, because then
it is cheap to identify and represent those new closed paths that simply extend
previously closed pathsl.

Our calculus achieves confluence by taking into account only derivations
which obey a fairness condition. This condition is formulated as an abstract
formal property of derivations. It allows to formulate a strong completeness the-
orem, stating that any fair derivation leads to a proof, provided that a proof
exists at all.

The difficulty was to define the calculus in such a way that an effective fair-
ness condition can be stated. Defining an effective fair strategy is much less
straightforward than in resolution calculi (CCC is not commutative, unlike res-
olution).

That it is not trivial was observed already in [B]. There, a rigid-variable
calculus is defined and a strong completeness result is proven. However, the
question how to define an effective fair strategy had to be left open. Thus, our
new approach can be seen to address open issues there.

We came up with a strategy, which is based on a term-depth bound and we
proved that this strategy indeed results in fair derivations.

We are aware of the fact, that this effective strategy is only a first step
towards the design of an efficient proof procedure based on the CCC-calculus. We
expect improvements over “usual” tableaux based implementations of connection
calculi, which do not exploit confluence.

This article is a first step, a lot of work remains to be done. In particular the
saturation step within our strategy for achieving fairness needs to be turned into
a more algorithmic version. Another important topic is to avoid the generation of
redundant clauses. To this end regularity, as it is implemented in clausal tableaux
would be a first attempt. A further point would be to investigate under which
conditions the variant inference rule can be dispensed with, or how to modify
the calculus so that new variants of input clauses are introduced more sparsely.

Acknowledgments. We are grateful to Donald Loveland for comments on an
earlier version.
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Abstract. In application areas like formal software verification or in
connection with lemma use, the success of automated theorem provers
strongly depends on their ability to choose from a huge number of given
axioms only some relevant ones. We present a new technique for deleting
irrelevant clauses for model elimination proof procedures which is based
on the use of abstractions. We analyze general conditions under which
abstractions are well-suited for choosing useful clauses and investigate
whether certain abstractions are applicable. So-called symbol abstrac-
tions are further examined in a case study which, e.g., introduces new
techniques for the automatic generation of abstractions. We evaluate our
techniques by means of experiments performed with the prover SETHEO.

1 Introduction

Automated theorem proving (ATP) systems have achieved impressive results in
many mathematical areas. But normally, these results are obtained in domains
where the specifications are nearly ‘minimal’. This means that a high degree of
the clauses which constitute the proof task are actually ‘relevant’ for a proof. In
many practical application areas like formal software verification this is not the
case. Normally, hundreds of axioms have to be handled and an ATP system is
overwhelmed by the large amount of (mostly irrelevant) data. Similar problems
occur when (possibly irrelevant) lemmas are used in addition to the given clauses.

Thus, a notion of relevancy and the estimation of whether a clause is relevant
for a proof task are essential for the practical success of an automatic prover.
The aim is to provide criteria which allow the deletion of certain clauses without
affecting the completeness of a prover. An even more refined goal is to delete
not only clauses which do not occur in a proof but to delete clauses which do
not occur in proofs that can be found quickly by a proof system. Thus, we want
to deal with the development of a search-based notion of relevancy and with
techniques for deleting clauses irrelevant regarding this notion. Since different
ATP systems carry out different kinds of searches regarding their calculi (e.g.,
iterative deepening search or breadth-first search methods) we have chosen one
specific calculus and one specific search method. We deal with the connection
tableau calculus (CTC) and iterative deepening search methods.

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 344l 1999.
© Springer-Verlag Berlin Heidelberg 1999
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The first main contribution is a notion of relevancy which considers the it-
erative deepening method to be applied. Clauses are considered relevant w.r.t.
finite parts of the search space defined by a so-called completeness bound. Then,
we deal with methods for excluding clauses which are not relevant. In contrast
to [BH] where we developed heuristical methods for filtering clauses based on
so-called partial evaluation techniques we now develop ezact criteria using ab-
stractions.

The use of abstractions has a long tradition in the area of automated theorem
proving (e.g., [CCICAMN]). Abstractions have been used to guide the search
for theorems. Based on proofs of the abstracted proof task (which may be found
because of the small size of the abstract search space) the search for a proof is
controlled (which was often called mapping back). The application of abstractions
for relevancy testing for the CTC and iterative deepening search is novel.

We provide an abstraction-based framework for excluding irrelevant clauses
from a given theory. Abstractions which satisfy certain conditions can be used
for a reduction of the input clause set. We discuss the suitability of prominent
abstractions used in the past and newly introduced ones. We identify so-called
symbol abstractions as well-suited and conduct a detailed case-study regard-
ing the use of symbol abstractions. New principles and methods for an auto-
matic generation of abstractions are provided. Furthermore, we introduce partial
mapping-back techniques as new methods for an improved relevancy test.

The methods are evaluated by means of experiments with the model elim-
ination prover SETHEO [H]. We have experimented with proof tasks which are
augmented with lemmas (see [EE]). We could indeed identify a lot of irrelevant
lemmas and thus increased the performance of SETHEO regarding both run time
and number of solved problems.

2 Connection Tableau Calculus

A signature is a tuple sig = (P, F) where P and F are finite sets of predicate
and function symbols with fixed arities. Henceforth, V' is an enumerable set of
variables. Terms, atoms, literals, and substitutions over sig and V are given as
usual. The complement ~[ of a literal [ is ~A if [ = A and A if | = —A. Clauses
are disjunctions l; V...V, of literals l1,...,l,. f C =11 V...V, the literal [; is
denoted by (C, 7). If a clause C’ can be obtained from C by renaming the variables
of C then C’ is called a variant of C. If C' can be obtained by permuting the
literals of a variant of C', C" is a permutation variant of C. C' (properly) subsumes
D, denoted by C<D (C<1D) if there is a substitution o with Co C D (Co C D).
Wehave 4 V...V, C(Q)s1 V... Vs if {l1,...,ln} C () {s1,---,m}

2.1 Proof Objects

The CTC works on connection tableaux for a set of input clauses C. A tableau
T for C is a labeled tree (¢, A,t) where A\ maps all non-root nodes of the tree
t to literals and ¢ maps all nodes to sets of literals. A is called the literal and
¢t the context lemma label. Furthermore, if the immediate successors vy, ..., v,
of a node v of T are labeled (by \) with literals l1,...,l,, then Iy V...V,
must be an instance of a clause from C. We call [ V ...V, a tableau clause. A
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tableau is a connection tableau if each non-leaf node v has a leaf node v' among
its immediate successor nodes such that A(v) is complementary to A(v').

Nodes in a tree t are identified with positions. A position p is a finite sequence
over IN (p € IN*). The node v at the position p in ¢ is denoted by ¢|p. The root
node is at the empty position. The n successors of a node t|p, p € IN*, are
t|(p.1),...,t|(p.n). Pos(t) is the set of positions of ¢.

A marked connection tableau is a pair T = ((¢t,\,¢), u) where (¢, A,¢) is a
connection tableau and p a partial function from the leaf nodes of ¢ to the set
of nodes of t. A branch of T' is open if the leaf is not marked, otherwise it is
closed. s = A(v) at the leaf v of an open branch as well as v are called subgoals.
T|p identifies for p # () the literal A(t|p). T[p] is the tableau clause below t|p.

Trees t1 and ty are isomorphic w.r.t. isomorphism = if 7 is a bijective mapping
from the nodes of t; to the nodes of t5. Moreover, if v is a node in t; and
v1,...,V, are its immediate successors in t; then the immediate successors of
w(v) are w(vy),...,m(vn). Ty = ((t1,A1,¢1), 1) and To = ((t2, A2, t2), u2) are
isomorphic w.r.t. 7 if ¢; and t2 are isomorphic w.r.t. 7, u(7(v)) = w(u(v)) for
all v in ¢;, and there are no additional marks in To. T1 = ((t1, A1,¢1), 1) is
embedded in To = ((t2, A2, t2), p2) if t1 is isomorphic to a contraction t,, of to
(i.e., ta can be obtained from ¢, by attaching subtrees to non-leaf nodes of t})
w.r.t. isomorphism 7. Furthermore, p; is the function with the smallest domain
so that pg(v) = w A ', w' with 7(v') = v, m(w') = w implies p1(v') = w'.

2.2 The Calculus

A connection tableau calculus calc is defined by a set of inference rules, a set of
search space reduction techniques, and a subgoal selection function.

We introduce the inference rules start, extension (ext), reduction (red), fac-
torization (fac), and folding-up (fu). A set of inference rules T contains at least
start, ext, and red. We present the rules in form of transition relations. Let C be
a set of input clauses. Let T = ((¢, A, ¢), ) be a given marked tableau for C. All
rules produce a new marked tableau TV = ((t', X', //), p/).

We have T Fgpare,c T7 if T is the trivial tableau, i.e. one consisting of an
unlabeled node v and label (marking) functions with an empty domain. Fur-
thermore, ¢’ is obtained from ¢ by attaching for each of the literals of C' € C a
node below v which is labeled by X with the respective literal. x4’ has an empty
domain. ¢/(w) = @ for each node w of . Only start relevant clauses are needed
(e.g. ). Thus, we restrict start to some start clauses S C C where S contains
at least one start relevant clause (e.g., the negative clauses in C may be used).

Let v be a subgoal node in T and v an ancestor of v int. We say T Fregp0r 1"
if: A(v) is unifiable with the complement of A(v') or the complement of a literal
from ¢(v"). Let o be the respective mgu. We also have ¢’ = ¢, X' (w) = A(w)o and
! (w) = t(w)o for each node w in t. p1 is the extension of p by p'(v) = v'. We say
T Fegto,c T if there is a variant I1 V. . .VI, of a clause C' € C where ~\(v) and one
l;;i € {1,...,n}, are unifiable with mgu p. Furthermore, ¢’ is obtained from ¢ by
attaching new nodes vy, ..., v, below v. X'(v;) =l;p, 1 < j <mn, and /(v;) =0
for all j € {1,...,n}. For nodes v of ¢ we have X (v) = A(v)p and J/(v) = ¢(v)p.
u' extends p by p'(v;) = v. Factorization ([E]) allows the re-use of a solution
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of s = A(v') of a node v’ for solving the subgoal s = A(v). A factorization step
(F fac,v,0r) is possible if s and s’ can be unified and all inferences that can be
used to solve s’ are also possible to solve s (see [H] for details). Folding-up is a
pessimistic factorization variant (see [f]). Let v be a non-leaf node of T' which
is head of a closed subtableau. Then, let v' be the deepest ancestor node of v
used for reduction into the subtableau with head v or let v' be the root node if
such ancestor nodes do not exist. We say T ¢, , T" if t' = ¢, N = A. Moreover,
! (w) = t(w) for all nodes w # v" and /(v') = +(v) U {~A(v)}.
Search space reduction techniques exclude certain parts from the search space.
A search space reduction technique is a predicate on marked connection tableaux.
We consider the three techniques regularity (reg), tautology-freeness (taut), and
subsumption-freeness (subs) which are used, e.g. in the prover SETHEO. Let
T = ((t, A\, 1), u) be a marked tableau. reg(T) holds if T is regular, i.e. no nodes
on a branch have the same A-labels. taut(T) holds if no tableau clause contains
two complementary literals. Subsumption-freeness can be formulated as follows.
Let > be a total and acyclic ordering on the clauses to be refuted. Then, subs(T')
holds if T" does not contain a tableau clause which is an instance of an input
clause C7 and which is subsumed by another input clause Cy # C7 with C; > Cs.
The order in which open subgoals are used for inferences is controlled by a
subgoal selection function which assigns to each open marked tableau a subgoal.
Let C be a clause set and S be a set of start clauses for C. Let calc = (Z, X, R)
be a CTC where 7 is a set of inference rules, ' a subgoal selection function,
and R a set of search space reduction techniques. We say T Fcqicc.s T’ for two
marked tableaux T" and T” if T' is the trivial tableau and T Fgt4p¢,5 T' for S € S.
If T is not trivial, we have either T" ¢, 1" for a node v of T', T 1 w7y T’
for I € {red, fac} and a node v' of T, or T Feus s (1),c 1" for C € C. In all
cases cond(T") must hold for each cond € R. The search space is a search tree.
A search tree T = Tgqicc,s is a labeled tree, whose root is labeled with the
trivial marked tableau. Every node in 7 labeled with the marked tableau T" has
as immediate successors the maximal set of nodes {v1,...,v,}, where each v; is
labeled with a different marked tableau T; and T Feqiec,s Ti, 1 <@ < n.
2.3 Proof Search
In order to enumerate a closed tableau for C, i.e. a proof of C, normally iterative
deepening search with backtracking is employed. Iteratively larger finite initial
parts of the search tree are explored in depth-first search. The finite segments are
defined by so-called completeness bounds (see [AE2]). A completeness bound is a
function which maps a tableau to a natural number. Furthermore, the following
properties must be fulfilled. Let 7 = Z¢qic,c,s. Then, for each n € IN there is
only a finite number of tableaux in the search tree which are mapped by B to a
value smaller than or equal to n and T Fegiec,s 17 implies that B(T) < B(T").
757 is the initial segment of 7 which contains all tableaux which are mapped
by B to a value smaller than or equal to the resource n. Iterative deepening using
B starts with resource n € IN and iteratively increases n until a proof is found
within the (increasing) finite tree 757", B is label independent if B(T) < B(T")
for marked tableaux T and 7”7 where T is embedded in 7”. Many prominent
bounds like the depth and inference bound ([EAM]) are label independent.
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3 Relevancy-Based Clause Selection with Abstractions

At first we will introduce some notions of relevancy. Then, we deal with an
abstraction-based framework for selecting relevant clauses.

3.1 Notions of Relevancy

We want to refute a clause set C. Furthermore, let £ C C and M = C\L. We call
L the test set. Our task is to delete irrelevant clauses from £ resulting in a set
L. Then instead of M U L the set M UL’ is used. £ is a set which may contain
a lot of irrelevant clauses. The set M is considered a set whose relevance is not
doubted. E.g., M is the given theory and L a set of derivable lemmas. Naturally,
also £ =C and M = () may be used.

An intuitive notion of relevancy of a clause set £’ C L is “the clauses from
L are sufficient in order to obtain a proof for M U L together with some clauses
from M?”. This notion of relevancy, however, ignores the problem that a certain
proof has to be found in an acceptable amount of time. Thus, it is necessary to
include the specific search method in order to estimate the relevancy of clauses.

Our notion of relevancy considers the completeness bound which is used in
the final proof run. In each iterative deepening level defined by a resource n we
aim at selecting clauses from £ which can provide a refutation of C with resource
n. Furthermore, a relevant clause set should be in some sense minimal.

Definition 1 (Relevant Subset). Let C be a clause set, S C C a set of start
clauses for C, and L C C. Let M =C\L. Let calc = (Z,X,R) be a CTC. L' C L,
L' # 0, is a relevant subset of L for refuting C w.r.t. calc, S, a completeness
bound B, and resource n € IN if in T = (Tcalc,c,s)g’n there is a closed marked
tableau T and L' is the minimal subset of L which contains all clauses from
L which are needed to infer T. If there is no closed marked tableaw in T then
L' =0 is the only relevant subset of L.

In each iterative deepening level only a relevant subset of £ should be used in
addition to M. This normally results in large savings of unnecessary inferences
although we ignore the order in which tableaux are enumerated. Also a small
subset of £ which contains a relevant subset of L is often well-suited. This notion
of relevancy considers dependencies between clauses of L. We weaken the notion
of relevancy by considering single clauses from £ instead of subsets.

Definition 2 (Relevant Element). Let C be a set of clauses, S C C be a set
of start clauses for C, and L C C. Let calc = (Z,X,R) be a CTC. We sayl € L
is a relevant element of L for refuting C w.r.t. cale, S, a completeness bound B,
and resource n € IN if there is a relevant subset L' of L for refuting C w.r.t.
calc, S, B, and n, which contains l.

An alternative to our first method is to use during a proof run in each iterative

deepening level i only the set £ . C L of relevant elements from £ in addition
to M. Note that L] . is the union of the relevant subsets of £. Thus, L] . is

loc loc
sufficient to obtain a refutation in the given resource i although it is not of

minimal size. Normally, however, the size of £} , is much smaller than that of £.
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Both notions of relevancy are decidable. A “decision procedure” can be ob-
tained by enumerating all proofs in a given finite segment (Tcalc,c,s)B ®_ Then it
has to be examined which clauses from £ appear in closed marked tableaux. But
naturally this is not sensible since we are interested in determining the relevancy
of clauses from £ without performing a proof search with all clauses from L.

In B (Tearec.s)®™ is only partially evaluated and estimations of whether
certain clauses are relevant are given based on the traversed parts. Here we want
to use abstractions to provide exact criteria for the irrelevance of clauses. The
basic idea is to map the search tree of the so-called ground space to an abstract
search tree in the abstract space. By identifying different objects of the ground
space we aim at reducing its size. Then, proofs are searched for in the abstract
search space and information obtained in these proofs is used to judge whether
certain clauses are relevant for finding proofs in the ground space.

3.2 Abstraction-Based Clause Selection
An abstraction is intended to map a given search tree to another search tree.

Definition 3 (Abstraction). An abstraction @ is a 5-tuple (¢c, ¢s, @i, @g, Or)
of abstraction functions. ¢. and ¢s map a clause set in a signature to a clause
set in another signature. We demand that ¢5(S) C ¢.(C) for all clause sets S,C
with S C C. ¢; maps a set of inference rules to another set of inference rules,
g maps a subgoal selection function to another subgoal selection function, and
¢ maps a set of search space reduction techniques to another set of reduction
techniques. Let calc = (Z,X,R) be a CTC. The abstract connection tableau
calculus calcg is (¢i(2), pg(X), ¢r(R)). Let C be a set of input clauses and let
S C C the set of start clauses for C. Let T = Tcqiec,s be the search tree for C
and S. The abstract search tree 7% is given by Teales,do(C),ds(S) -

The Use of Abstractions for Relevancy Testing. We introduce general
principles regarding the use of abstractions for a relevancy-based clause selection.
We are going to define important properties of abstractions which have to be
fulfilled in order to provide a relevancy testing. In earlier work on abstractions
(cp. [H]) a proof preservation property has been needed. Abstractions have been
defined in such a manner that there is still a proof of an abstraction of an
inconsistent set of clauses in the abstract search space. However, the property
of preserving proofs alone is too weak in order to support a relevancy testing for
clauses. The following properties are needed.

Definition 4 (Global, Local Abstraction). Let calc = (Z, X, R) be a CTC.
Let B be a completeness bound. Let & = (P¢, ¢s, @i, dg, ¢r) be an abstraction.
& is a global (local) abstraction w.r.t. calc and B if the following holds for all
inconsistent clause sets C with start clauses S, and each m > 1 (m = 1). Let
T = Tealec,s be the search tree. Let T = ((t, A\, 1), p) be a closed marked tableau
in TB™ for a resource n. Let Cy,...,Cy, be clauses from C. Let py,...,pm be
positions in T such that C; AT[p;], 1 < i < m. Then, a closed marked tableau
T? = ((t®,2\2,02), u®) in (TP)B", positions q1, . .., qm in T?, and clauses C¥ €
b:({C:}) exist with CE AT?[q;], 1 <i < m.
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The basic idea of these notions is that an abstraction should not only guaran-
tee that an inconsistent set of clauses remains inconsistent in the abstract space
but also that for each clause ‘occurring’ in a proof an abstraction exists which
‘occurs’ in an abstract proof. Local abstractions can be used for selecting single
clauses based on our notion of relevancy. In order to support clause selection
based on the notion of relevancy of clause sets global abstractions can be used.

Procedure 1 (Input Clause Selection)

Input: clause set C, start clauses S C C, test set L C C, CTC calc = (Z, X, R),
abstraction @ = (P, ¢s, Gi, Oy, dr), completeness bound B, resource n € IN
Output: £' C L and R C ZLg

1. Let 7 = Tcqic,c,s be the search tree for calc, C, and S.

2. Enumerate all closed marked tableaux T1,..., T} in (72)8™. For all i €
{1, ey ]{3} let E = ((tl, )\7;, Li), .ul)

3. L/ ={CeL:TFie{l,. ... k} pec Pos(ty), C?<c ¢.{C}) with C? < T;[p]}

4. R={{C4,...,C4} C L£:Fie{l,...,k} and pairwise distinct p1,...,p; €
Pos(t;) such that Vj € {1,...,1} 3C? € ¢.({C;}) with CF QT;[p;] A Ap €
Pos(t;), p# pm (1<m <1), C € L, C? € ¢({C}) with C* S T;[p]}.

Theorem 1 ([F]). Let C be a set of clauses. Let S C C be a set of start clauses.
Let L C C. Let cale = (Z, X, R). Let T = Teqic,c,s be the search tree for C and S.
Let B be a completeness bound and n € IN be a resource. Let @ be global (local)
w.r.t. calc and B. Let R C 2% (L' C L) be the output of Procedure Bl applied to
C, S, L, cale, @, B, and n. Let O € 2°\R (C € L\L'). Then, O (C) is not a

relevant subset (element) of L for refuting C w.r.t. calc, S, B, and n.

We can use local abstractions in order to discard certain clauses from the test
set £ which are definitely useless in the given resource n. Thus, we can obtain a
subset of £ which is a superset of the set of all relevant elements w.r.t. n. This
set may be used for a refutation run within the given resource instead of L.

Global abstractions can further reduce the number of clauses to be used in
a proof run. We may employ one or many clause sets from the output R of
Procedure M instead of £ which can provide large search reductions. In practice
this can be done by partitioning the set R in [ subsets Ry, ..., R; and starting
[ provers Pi,..., P, where each prover P; uses the union of the clause sets of
R; instead of £. These provers can run in parallel or in succession (in the latter
case with small time-outs). Thus, a further gain of efficiency compared to the
use of £’ may be possible since we work with smaller clause sets. The globality
of abstractions is hence desirable. Obviously, global abstractions are also local.
The inverse relation need not hold as we will see now.

Prominent Abstractions. Henceforth, we consider two classes of abstractions:
generalization techniques as introduced in [ and so-called symbol abstractions
(see e.g. [EMH]). This study clarifies the relationship between the locality and
the globality property as introduced before. We also get some insights into the
way how ‘concrete’ abstractions must look like in order to fulfill our ‘abstract’
properties of abstractions.



Abstraction-Based Relevancy Testing for Model Elimination 351

An abstraction & = (¢¢, @s, @i, @g, ¢r) is a generalization abstraction if the
abstraction functions ¢. and ¢, look as follows. ¢.(C) for a clause set C =
{C1,...,C,} equals the set which is obtained from (J;_; ¢.(C;) after identifying
permutation variants of clauses. ¢.(C) for a clause C is given by a non empty
clause set D with D <C for all D € D. ¢4(S) is given by a subset of ¢.(S). This
restriction prevents an uncontrolled change of the size of the abstract search tree
compared to the ground search tree.

We consider variants of generalization abstractions. @ is a literal deleting
generalization abstraction if ¢/, maps a clause C' to a clause set {D} such that
D<C'. Furthermore, we have ¢, = ¢.. Other techniques based on generalizations
do not delete literals but split a clause in simpler subsuming clauses. The joint
subsumption abstraction of Plaisted (&) maps a clause C =11 V...Vl to a set
T in such a manner that a set of clauses {D1,..., D, } exists where the union
of the literals occurring in {D;, ..., D,} equals {l1,...,l;x} and for each clause
D;, 1 < i< n,thereis F € T and o with D; = Eo. Furthermore, ¢s = ¢..
A variant of such abstractions is defined in [H]. Splitting abstractions basically
realize the splitting of the tail literals of all so-called contrapositives of input
clauses (see [E]) instead of only the clauses. E.g., the clause p V ¢ V r is splitted
in {pVgq,pVrqVr}instead of {pV ¢,r} if we want to split ground clauses in
two-literal abstract clauses (see [H]).

Theorem 2 ([Z]).

1. There are a CTC cale, a label independent completeness bound B, and a lit-
eral deleting abstraction (joint subsumption abstraction) @ = (¢c, i, Pg, Or)
with T C ¢;(Z) and ¢.(R) =0 such that @ is not local w.r.t. calc and B.

2. Let & = (¢c, ¢s, @i, bg, r) be a splitting abstraction. Let calc = (Z, X, R).
Let fu, fac € T. Let B be a completeness bound which is label independent.
Let T C ¢i(T), ¢-(R) C R. Let subs € ¢.(R). Then, P is local w.r.t. calc
and B. But in general @ is not global w.r.t. calc and B.

3. Let calec = (Z,X,R). Let fu € T or fac € Z. Then there are a label in-
dependent bound B and a splitting abstraction & = (¢c, ¢s, ¢i, g, Or) with
T C ¢i(Z) and ¢(R) =0 such that ® is not local w.r.t. calc and B.

As one can expect literal deleting abstractions cannot be used for relevancy
testing since the deletion of literals excludes certain subdeductions from abstract
proofs. But also the prominent joint subsumption technique cannot be used for
a relevancy testing although no literals are deleted. The abstraction is even
not local if we do not restrict the start rule in the abstract search space and
use ¢5(S) = ¢.(C) (cp. [A). Splitting abstractions are local if we do not use
factorization techniques. The splitting of ground deductions into several abstract
deductions which is performed by splitting contrapositives, however, makes a re-
use of solutions of subgoals, as required by factorization, impossible (see [@]).
Analogously, the splitting of deductions damages the globality property.

Since the use of factorization is desirable we want to consider two abstraction
types in more detail which do not change the size of clauses and preserve the
structure of proofs. We introduce another type of generalization abstraction,
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namely clause size invariant generalization abstractions. Furthermore, we deal
with symbol abstractions.

@ is a clause size invariant generalization abstraction if ¢!, maps a clause
pi(tl, .. th )V Vpm(tT, ..t ) to a subsuming clause py (s, ..., sp,) V...V
Pm(sT, ..., 87 ) and ¢s = ¢.. An example is a function ¢, = ¢{**9 which maps
a clause C' to its most special generalizer whose maximal literal depth is limited
to a given value d € IN. E.g., for d = 2 we have ¢7"*9(p(a, g(b)) Vp(g(b), g9(a))) =
pla, X) V p(X,Y).

Symbol abstractions are induced by the specific function ¢.. We have ¢s =
¢c. ¢ defines equivalence classes on clauses by identifying some predicate or
function symbols. Let ~p be a relation on predicate symbols of the same arity.
Analogously ~x defines equivalence classes on the function symbols F of the
same arity. [p]., denotes {q: ¢ ~p p}. Analogously we use [f]~ . Terms over F
and variables V are mapped as follows using a function ¢/, on terms. ¢.(t) = X
1= X € Vand git) = [l (@L(01), ... 6(tn)) i £ = fltr, ... bn). ) is
extended to atoms, literals, and clauses in a natural way. ¢.(C) of a clause set
C is obtained from the set of the abstractions of its elements by identifying
permutation variants. Technically, we introduce for each equivalence class a new
symbol and thus the clauses are mapped to a new signature. E.g., let P = {p}
and F = {a,b,c}. Let ~p=0 and a ~# b. We introduce a new symbol -, ; for
the class {a, b} and have ¢!(p(a)) = ,(p(b)) = p(-a,s) and &(p(c)) = p(c).

Since these two abstraction types can maintain the structure of a tableau we
use a notion of an abstraction of a tableau (defined in [[]). Intuitively a tableau
T? is an abstraction of a tableau T of the ground search tree if 7% is created
by an inference chain involving abstract clauses which completely corresponds
to the inferences performed to create T'. E.g., if for each C =13 V...V € C the
clause ¢’ = ¢/ (C) =1} V...V 1} is part of ¢.(C), then all inferences to infer T
are also performed in the same order and to the same positions in order to infer
T®. The only difference is that the use of a clause C is replaced by the use of
C’. In the case where only a permutation variant of ¢.(C) is in ¢.(C) inferences
have to be performed to ‘corresponding’ positions (details can be found in [H]).

While there is at most one abstraction of a tableau in the abstract search
tree many tableaux of the ground space may be abstracted to one tableau which
reduces the branching rate of the search space. We should note, however, that
the subgoal selection function which is used in the abstract proof run can make
it impossible to perform the inferences needed to infer an abstraction of a ground
proof. This is no problem if folding-up is not used as Theorem H states.

Theorem 3 ([&]).
1. Letcalc = (Z,X,R). Let fu € Z. Let D = (¢, Ps, Gi, Og, dr) be a clause size

invariant generalization (symbol) abstraction. Let B be a completeness bound
which is label independent. Let T C ¢;(Z). Let ¢»(R) C R and subs &€ ¢(R)
(6-(R) =0). Then, @ is global w.r.t. calc and B.

2. There are calc = (Z, X, R) with fu € T, a clause size invariant generaliza-
tion (symbol) abstraction = (P, Ps, Gi, Pg, Or) with ¢;(I) DI, ¢(R) =0,

and a label independent bound B such that @ is not local w.r.t. calc and B.
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Thus, if we do not use folding-up (and take care when using search space
reduction techniques) we can guarantee the globality property. Specifically, we
can derive tableaux which are equivalent (modulo renaming variables) to ab-
stractions of each ground proof in the abstract space (see [1]).

A simultaneous use of folding-up and a dynamic choice of subgoals is in gen-
eral not assisted. But when “associated” subgoals are chosen in certain marked
tableaux of the ground search space (which are on a path to a proof in the search
tree) and their (isomorphic) abstractions in the abstract search space, at least
an abstraction of one closed tableau can be derived (see [f]). Then, Procedure
B can provide the selection of a superset of a relevant subset of £. In order
to avoid the deletion of relevant elements from £ the conditions must be even
more restrictive (see [A). Specifically, this may even be impossible if the subgoal
selection function of the ground space does not show a certain behavior.

However, it is normally sufficient to select clauses occurring in one specific
proof. Nevertheless, it is unclear which subgoal selection function should be used
in the abstract space. When using clause size invariant generalization abstrac-
tions, the same function as in the ground space is normally no good choice. Often
weighting functions are used which judge the complexity of a literal regarding its
syntactical structure (see e.g. [H]) and choose the most complex subgoal. Then,
the order in which subgoals are tackled is usually different between tableaux of
the ground space and their abstractions. If we employ symbol abstractions and
weighting functions on literals for subgoal selection in the ground and abstract
space we can often derive an abstraction of a ground proof. This is because the
computation of the literal weight is not influenced by the abstraction. The only
problem is that conflicts between equally weighted subgoals may differently be
resolved in the ground and the abstract space. But it is likely that at least the
abstraction of one proof can be derived. Due to this advantage we have used
symbol abstractions in the following case study.

4 Case Study: Symbol Abstractions

In order to make the application of symbol abstractions viable we consider some
new aspects concerning abstraction generation and clause selection.

4.1 Automatic Generation of Symbol Abstractions
Basically, in order to use an abstraction for clause selection the abstract search
tree should be considerably smaller than the original search tree. Otherwise,
a search in the abstract search tree offers no gain of efficiency. Moreover, the
abstraction should be “exact” enough in order to exclude abstractions of many
ground clauses from proofs of the abstract search space. Otherwise too many
irrelevant clauses may be maintained when selecting clauses with Procedure [l
In (M it is shown that under certain conditions (see above) for each closed
marked tableau T = ((t, A, 1), 1) of the ground search space a tableau T® =
(t%,22,1®), u?) (equivalent to the abstraction of T') can be derived where for
each node v of t holds ¢/.(A(v)) = (A?((v)))u for a variable renaming p and an
isomorphism 7 (see [d]). Using this property we refine our two general claims on
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sensible abstractions and demand the following for the construction of symbol
abstractions. The size of the abstract input clause set should be smaller than
that of the original input clause set. Then, the size of the search tree may be
decreased. Furthermore, there should be only few abstract proofs T’ which are
not equivalent to abstractions of ground proofs. Such marked tableaux 7" are
called false proofs and are responsible for the selection of unnecessary clauses. We
may also select a high number of clauses from £ although we have only few false
proofs. This can happen if many clauses from £ are mapped to an equal abstract
clause which occurs in an abstract proof. Thus, different clauses from £ should
be identified very carefully. All in all, three different aspects are important: a
reduction of the number of input clauses, a prevention of false proofs, and the
ability of distinction between the clauses whose relevance should be investigated.

We merely sketch our algorithm for abstraction generation (see [H] for details).
A sensible choice of ¢4, ¢, and ¢; is no problem. ¢,(R) = () should be chosen.
Furthermore, ¢;(Z) = 7 and ¢4(X) = X' is sensible. Thus, in the following we
are only looking for the optimal choice of ¢, for a set C of input clauses.

Basically, we aim at constructing the relations ~p and ~x with a quality
function qual where a small value indicates a high quality of the induced ab-
straction. qual is a linear combination of three quality functions qual,cq, qual sy,
and qualg;s; which judge the reduction, false proof prevention, and distinction
capabilities of a symbol abstraction, respectively. qual,¢q(¢.) is simply given as
the size of the set ¢.(C). The false proof prevention capability qual s, (¢.) counts
how many different symbols are identified by the abstraction (see [@]). The dis-
tinction capability qualg;s; computes the size of the maximal subset of C where
all clauses in the subset are mapped by ¢. to permutation variants of each other.

Now we want to construct abstractions with an optimal quality value. An
explicit construction of all abstractions is not sensible due to complexity reasons
(see H]). Thus, we use an agglomerative approach which successively creates ~p
and ~r by identifying certain symbols with the same arity. We start with ~p
and ~z such that [p]., = {p} and [f]~, = {f} for each predicate or function
symbol p or f, respectively. Then, successively ~p or ~ is changed by ‘merging’
the two equivalence classes such that the resulting abstraction is the best one
obtainable by merging two equivalence classes.

The quality of the abstraction is judged using qual,cq, quals,, and qualg;s:.
Implicitly we employ quals, due to the agglomerative approach. qualg;s: is used
without any change. But we slightly change qual,.q. Merging two equivalence
classes alone may not lead to an identification of input clauses and the need
for the identification of certain symbols can only be recognized after identifying
further symbols. Thus, we perform some ‘preview’” and look whether ‘structural
distances’ between clauses (which can be identified by identifying symbols) are
reduced by merging two classes (see [H]).

The algorithm stops if a maximal size of an equivalence class w.r.t. ~p or ~x
(maximal cluster size) is reached. Using this algorithm we can often approximate
the minimization of qual in a rather well-suited manner.
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4.2 Improved Clause Selection Using Partial Mapping Back

Now, we strengthen the method of Procedure [l So called partial mapping-back
methods reduce the number of selected clauses. We try to replace some tableau
clauses of an abstract proof by clauses of the ground space. For simplicity reasons
we only consider calculi where no factorization techniques are used.
Definition 5 (Partial Mapping Back). Let T* = ((t®,\?,1?), u®) be a proof
in the abstract tree T®. Let £ = (Fy,...,E,) be a list of clauses where each
E; is part of the test set L C C. Let (p1,...,pn) be a list of positions in t*
such that ¢L(E;) < T®[p;]. Let ® be a mapping where 7(p;) is a permutation
variant of E;. Let k € IN and k' = min({k, |Pos(t?)| — n}). We say T?, &,
and (p1,...,pn) can be partially mapped back with degree k if for all pairwise
distinct q1, . . ., qp € Pos(t®)\{p1,...,pn} thereis an extension of m with w(q;) is
a permutation variant of an element from C, and a substitution p with: T®[p;] =
ou(m(pi)p), 1 < i < n, T?[q] = ¢.(n(qi)p), 1 < i < k', and for all p,q €
{p1, Py Qs - -+ Qrr  where tP|(p.i), i € IN, is marked with t*|(q.5), j € IN,
it holds that (w(p)p, ) is complementary to (m(q)p,J).

Ezample 1. Let C = {=p(X,Y),p(X,Y) V =p(X, Z) V =p(Z,Y), p(a, b), p(b, d),
ple,d)}. Let £ = {p(b,d),p(c,d)}. Let b ~x c. The following abstract proof
T? = ((t?,\?,1?), u®) exists where [b], is denoted by the new symbol e.

~F

Let &1 = (p(c,d)) and let &2 = (p(b, d)). Let p1 = pa = (1.3). Instances of the
abstractions of p(c, d) and p(b, d) occur at the positions p; and pe. TF, &, and
(p2) can be partially mapped back with degree 2. But T, &, and (p;) cannot
be partially mapped back with degree 2. For ¢; = (1) and g2 = (1.2) there are
no permutation variants C'; and Cs of clauses from C, and no substitution o
with: ¢L(C10) and ¢L(Ca0o) equal T?[q;1] and T?[ga], respectively, ¢.(p(c, d)o) =
T?[p1], and (C10,2) and (Ca0,1) as well as (Cy0,3) and (p(c, d)o, 1) are com-
plementary. Thus, it can be detected that no connection tableau of the ground
space which contains p(c, d) at position p; can be abstracted to T%.

The relevancy estimation can be improved when employing such partial map-
ping back mechanisms. We can easily define an extension of Procedure Ml where
the result sets £ or R contain only clauses or clause sets whose abstractions
occur in proofs T'? such that a partial mapping back exists for 7¢, the consid-
ered clauses, and the positions they occur in. Additionally a partial mapping
back test can be performed during the proof run for a tableau, an empty list of
clauses, and an empty list of positions. Then, a high number of false proofs may
be prevented and we obtain an appropriate control during the proof run. (This
is opposite to approaches which use hierarchies of abstract spaces, e.g. [E0H]).
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5 Experiments with Lemma Selection

Our new techniques should support a clause selection in large theories. Thus,
we have experimented with clause sets from mathematical domains which are
augmented with lemmas (see e.g., [E3H]). Since we want to apply symbol ab-
stractions we have chosen test domains which contain many predicate or function
symbols. Then, we may reduce the size of the input sets by identifying different
symbols. The domains FLD, GEO, NUM, and SET of the library TPTP v.2.0.0
met the above mentioned conditions. Henceforth, we consider abstractions which
only identify function symbols. All problems unsolvable with the prover SETHEO
using a time-out of 10 seconds on a Sun Ultra 2 constitute our test set.

In order to solve a given problem with our abstraction controlled prover
SETHEO/ABS we use the following procedure whose accumulated run time must
not exceed T seconds.

At first the calculus and the completeness bound of SETHEO are configured
using certain problem characteristics (cp. [H]). Then unit lemmas are generated
as described in [, i.e. systematically all lemmas are generated whose proof
depth is smaller than 4. We use an upper bound of 800 unit lemmas. The set
CUCy, which consists of the ‘old’ input clause set C and the lemma set C;, forms
the new clause set to be refuted. After that the abstraction of the clause set
CUCy is computed. This step is parameterized with a value N,; for the maximal
cluster size. Then, abstract proof runs, clause selection, and proof runs in the
ground space are interleaved in a cyclic process. In the first cycle a start resource
n € IN is used.

The first step of a cycle is a proof run with the abstraction of C U Cr. We
enumerate all closed tableaux in the abstract search tree defined by the resource
n until either the segment is completely explored or a time limit T, is exceeded.

Now, input clauses are selected. If all proofs of the current abstract segment
have been enumerated, £ = C U Cr, serves as test set. Let £ C L be the output
of Procedure ll which additionally uses a mapping back value k. The new input
clause set for a ground proof attempt is C' = L’. If the abstract proof run has
stopped because the given time limit 755 has been reached, we use as test set
L = Cr. Since it is not guaranteed that an abstraction of a ground proof has
been enumerated we maintain all original clauses. Again we select clauses from £
with Procedure llresulting in £ C L. The set of remaining clauses is C' = CUL'.

In the last step of the cycle we try to refute the clause set C’ using resource
n. If a proof can be found before the global time limit of T" seconds is reached
we can stop. Otherwise, if we have unsuccessfully enumerated all tableaux in the
ground segment, n is increased in an appropriate way (see [ZH]) and the cycle
starts again. The exact parameters used in our experiments are given shortly.

We experimented with SETHEO/ABS, a version of SETHEO which does not
employ lemmas, and the system SETHEO/A which uses all generated lemmas.

At first we analyze the results obtained in FLD where our method has worked
best. SETHEO/ABS has been configured as follows. The time-out T,ps for an
abstract proof run was Tgps = 10 seconds. The degree of mapping back was
k = 1 and the maximal cluster size N, = 3. In Table ll we depict the run



Abstraction-Based Relevancy Testing for Model Elimination 357

Table 1. Experiments in the TPTP library

[ problem ||SETHE0|SETHEO/A|SETHE0/ABS||\CUCLHM) (cucllIcT]

FLD005-1 183's 23's 829 54 377
FLDO008-3 — 5s 7s 264 53 64
FLDO022-3|| 76 s 1s 33 s 832 128 262"
FLDO027-3 — 11s 28 s 831 101 201*
FLDO028-3|| 107 s — 151 s 833 104 33
FLDO031-1 — — 225 s 830 218 66
FLDO032-1 — — 98 s 830 216 55*
FLDO041-3 — — 38 s 830 103 156
FLDO060-2(| 110 s 1s 22's 834 129 75*
FLDO066-3|| 124 s — — 112 55 40
FLD [SETHEO[SETHEO/A[SETHEO/ABS|] GEO [SETHEO[SETHEO/A[SETHEO/ABS
< 10s 0 18 4 <10s 0 3 2
< 1 min 5 19 23 < 1 min 10 5 9
< 5 min 14 20 26 < 5 min 17 7 17
NUM [SETHEO[SETHEO/A[SETHEO/ABS]| SET [SETHEO|SETHEO/A[SETHEO/ABS
< 10s 0 0 0 <10s 0 9 0
< 1 min 0 0 1 < 1 min 18 11 15
< 5 min 0 0 2 < 5 min 36 21 41
times of selected problems (see [H for a complete list). ‘—’ shows that a problem

could not be solved in 300 seconds. Additionally we give the number of clauses in
CUCy, the size of the abstraction of CUCr, and the number of clauses from C’. C’
contains the clauses which are used in the last ground proof attempt where either
the goal is proved or a time-out fail occurred. If this number is marked with “*’
all existing abstract proofs of the considered segment have been enumerated.

A significant increase of the performance of SETHEO can be obtained using
abstractions. The number of abstract clauses is much smaller than the num-
ber of ground clauses. In many cases this leads to a very small segment of the
abstract search tree which contains an abstraction of a proof. In many cases
we can exhaustively enumerate this segment in 10 seconds, even for non-trivial
problems like FLD005-1 and FLD032-1. In the other cases a more detailed anal-
ysis shows that the abstract run time is sufficient to enumerate tableaux which
are equivalent to abstractions of proofs in the ground space.

Also in the other TPTP domains satisfying results could be obtained. In
Table [ll we depict the number of problems which can be solved with SETHEO,
SETHEO/A, and SETHEO/ABS. We show the number of problems which could
be solved after 10 seconds, 1 minute, and 5 minutes. We used a mapping back
degree value k = 1. The cluster size was limited to a value of N, = 3 in the
FLD, GEO, and SET domain. In NUM a value N, = 4 yields the best results.
Again we can see that a use of abstractions increases the efficiency of SETHEO.
Only in GEO we could not improve on the conventional system but can at least
obtain the same results whereas an unbounded lemma use entails bad results.

In all of our test domains a spare identification of symbols significantly re-
duces the number of input clauses. This is due to our specific theories because
the systematically generated lemmas (see [EIH]) normally have a similar struc-
ture such that the identification of function symbols leads to an identification
of clauses. Thus, we could automatically derive abstractions which decrease the
search space but are still ‘exact’ enough to exclude many unnecessary clauses.
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6 Discussion and Related Work

Abstractions have been widely used in ATP with moderate success (see [ELEIM]).
For an overview we refer to [A]. Abstractions have mainly been used to guide the
search for proofs of the ground space. Our application of relevancy testing for
the CTC has not been investigated in the past.

The closest relationship to our work has the work done by Plaisted (cp.
[EEEAEY]). Among other techniques generalization and variants of symbol ab-
stractions have been used to guide resolution proofs. In contrast we deal with
relevancy testing for the CTC and iterative deepening proof procedures. We have
introduced new notions of relevancy and a general framework regarding the use
of abstractions for relevancy testing. Furthermore, we have investigated specific
problems when using the CTC. Specifically, the use of factorization techniques
together with a free subgoal choice turns out problematic. A further novel aspect
of our work is the automatic generation of abstractions. The newly developed
partial mapping back techniques are very promising for future developments.
The use of constraints which represent allowed bindings for symbols together
with fast consistency tests which check a subset of the given constraints may
provide efficient abstract proof runs where only few false proofs are generated.
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Abstract. Mating search is a very general method for automating proof
search; it specifies that one must find a complete mating, without speci-
fying the way in which this is to be achieved. It is the foundation of TPS,
an automated theorem-proving system for simply-typed lambda-calculus,
and has proven very effective in discovering proofs of higher-order theo-
rems. However, previous implementations of mating search have all relied
on essentially the same mating search method: enumerating the paths
through a matrix of literals. This is a depth-first strategy which is both
computationally expensive and vulnerable to blind alleys in the search
space; in addition, the incremental computation of unifiers which is re-
quired is, in the higher-order case, very inefficient. We describe a new
breadth-first mating search method, called component search, in which
matings are constructed by taking unions from a fixed list of smaller
matings, whose unifiers are stored and manipulated as directed graphs.
Component search is capable of handling much larger search spaces than
were possible with path-enumeration search, and has produced fully au-
tomatic proofs of a number of interesting theorems which were previously
intractable.

1 Introduction

The mating search (connection) method [ERGXIENRT)] is the foundation of TPs,
an automated theorem-proving system for Church’s simply-typed A-calculus
[E5575 . It has proven very effective as a component of a procedure for discov-
ering proofs of higher-order theorems. The salient feature of this method is that
it requires consideration of the vertical paths through a two-dimensional matrix
of literals. This matrix, also called a jform, represents the negation-normal form
of the Skolemized negation of the theorem to be proven. Specifically, a proof is
represented by a set of pairs of literals (a mating) with a substitution that simul-
taneously makes each of these pairs complementary, and such that every vertical
path through the matrix contains at least one of these pairs (i.e. is spanned by
the mating; a path which is not spanned is said to be open). Such a mating is
said to be complete.

This characterisation of a proof suggests an algorithm for proof search: given
such a matrix, begin with the empty mating and an empty substitution. At each
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step, given a mating M, find the leftmost open path in the matrix, and attempt
to span it by adding a new pair of literals (connection) to M and verifying that
the result is unifiable. If there are no open paths, then M is complete and we have
succeeded. If there is an open path but it cannot be spanned, then backtrack by
removing the most recently added connection in M. If we attempt to backtrack
when M is empty, then fail.

The above method was the basis of every search procedure in TPs. (Of course,
the method as presented is both naive and incomplete; a full discussion of pos-
sible optimizations, or of the modifications required to allow for quantifier du-
plication and set-variable instantiation, is beyond the scope of this paper. We
refer the reader to [AandCARIZOANUU] for more details.) We shall refer to
such a search as a path-enumeration search. However, mating search is a very
general method for automating proof search; note that it specifies only that one
must find a complete mating, without specifying the way in which this is to be
achieved. It is therefore possible to define alternative mating search procedures
which do not rely on path enumeration; one such procedure is presented in this
paper. We first discuss the reasons why one might want to define an alternative
search method, and then sketch the details of the new procedure.

Firstly, determining the leftmost open path in a matrix is computationally
quite expensive; it would be more efficient to have a search algorithm which could
add connections to a mating without searching for open paths, thus separating
the construction of the mating from the check for completeness. Furthermore,
path-enumeration search becomes increasingly inefficient for large search spaces,
since it is essentially a depth-first search of the space of possible matings. The
order in which these matings are enumerated depends critically on the order in
which vertical paths are enumerated, and hence upon the arrangement of liter-
als in the matrix. In the worst case, if the very first connection which is added
is wrong, we must explore all matings which contain this connection before fi-
nally backtracking and beginning again essentially from scratch. To compound
the problem, one of the best strategies for duplication of quantifiers in a path-
enumeration search says (more or less) “don’t backtrack until you've tried du-
plicating all the quantifiers on the current open path”; this makes it even more
difficult to backtrack out of blind alleys in the search.

In the higher-order case, unification is also a major problem. Higher-order
unification is both undecidable and branching, and in a higher-order mating
search the vast majority of the search time is spent on unification rather than
mating search. Since our unification algorithm can also introduce negations, uni-
fication only gives very weak constraints on the connections which can be added
to a mating (essentially, we can unify any connection in which one literal has a
higher-order flexible head). This observation, together with the absence of most
general unifers, prevents us from introducing many of the control mechanisms
and reduction operations which have recently been described in first-order con-
texts (see, for example, [RREZOM TG ).

The above remarks suggest several problems which our new procedure should
address: the problem of devising a breadth-first search strategy (preferably one
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which is impervious to rearrangements of the matrix), the problem of how to
store and reuse as much information as possible (particularly information about
higher-order unification), and the problem of avoiding the more expensive parts
of the search wherever possible.

In this paper, we describe a search strategy in which small matings containing
only a few connections are computed and stored along with their unifiers, and
then these units (known as components) are combined into larger matings until
a complete mating is found. We refer to this strategy as component search. We
will accept a somewhat inefficient search algorithm in exchange for a much more
efficient unification method: instead of incrementally unifying after each con-
nection is added, we unify whole components, store their unifiers as a directed
acyclic graph, and then compute the unifiers of larger matings by combining
these graphs in an appropriate way. Thus, the main application of component
search is to the higher-order case, since in the first-order and propositional cases,
this trade-off between unification and search makes little sense: first-order unifi-
cation can produce a most general unifier, if one exists, in linear time.

Components are similar to the hyper-links of [EBSZ] (which work only for
first-order resolution-based search), while the unifiers of a component can be
stored and combined in a manner similar to the ordered binary decision dia-
grams of [Brva]. Component search is (almost) breadth-first, avoids path enu-
meration wherever possible, and can handle many more quantifier duplications
than previously possible. Furthermore, the new unification method allows for
unification modulo a bounded number of applications of some arbitrary equality
rules, a feature not previously available in TPs. In defining component search,
we have attempted to separate decisions affecting the search space itself (such
as quantifier duplications and set-variable substitutions) from decisions affecting
the search for a mating (such as which connection to consider next).

2 Component Search

The following is a well-known result:

Lemma 1 (The Disjunction Heuristic). If J is a jform containing a dis-
junction AV B, and M is a complete and minimal mating for J which uses some
literal in A, then M must also use some literal in B.

Proof. Suppose ¢ € M is a connection which uses some literal in A. Since the
mating is minimal, there must be some vertical path P through J on which
¢ is the only connection (if there were no such path, then M \ {c} would be a
complete mating, contradicting the minimality of M). Let P’ be a variant of this
path which is identical to P outside of A, but which passes through B instead of
A. Since M is complete, P’ must also be spanned by some connection ¢’ € M,
and clearly ¢/ # ¢ since ¢ cannot span P’. If ¢’ does not use any literal from
B, then ¢’ spans P, contradicting the assertion that ¢ is the only connection
spanning P. Hence ¢/ must use a literal from B. a

This lemma gives us a simple method for extending many matings, and it
will form the basis of our search procedure. We now formalise this idea.
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Definition 1. Given a jform J, we define an equivalence relation ~, on the

literals of J by: A ~, B iff A and B lie on all the same horizontal paths (i.e.
every horizontal path through either A or B passes through both A and B).

It is clear that ~, is an equivalence relation, and we will refer to the equiva-
lence classes of ~, as the fragments of J. For example, if J were in clause normal
form, the fragments would correspond exactly to the clauses.

In order to define a search algorithm which is based on fragments, we will
require the concepts of touching and blocking, which we now define.

Definition 2. Let J be a jform, F' a fragment of J, M a mating, and L the set
of literals occurring in M. Then

— F is touched by M iff F N L # (.
— F is blocked by M iff F C L.

We now have the following trivial but essential lemma, which follows imme-
diately from the disjunction heuristic and the definition of ~;:

Lemma 2. If M is a minimal complete mating for some jform J, then every
fragment touched by M is blocked by M.

Lemma B is the major motivation for the new search procedure, which we
shall now outline informally.

Suppose that we are given a jform J, and that there exists some complete
mating for J. Suppose further that we have somehow enumerated the acceptable
(i.e. unifiable) connections of J, and also that we have enumerated, for each
fragment of J, all of the minimal matings which block that fragment.

If we are then given a mating M, we may attempt to extend it to a larger
mating by computing the list of fragments fi,..., f,, which it touches but does
not block. By Lemma B these fragments must be blocked in any minimal com-
plete mating which extends M. Since we have enumerated all of the minimal
matings which block f1 (suppose they are C1, ..., Ck), we may simply generate
the new matings M UC1, ..., MUCY, discarding any new matings which are not
unifiable. Each of these new matings is clearly strictly larger than M, and hence
if M is in fact a subset of a minimal complete mating, we are guaranteed that
one of the new matings is a larger subset of the same minimal complete mating.
We may then repeat this process with each of the new matings, until we either
reach a complete mating or fail.

Unfortunately, it is possible that there are no fragments which M touches
but does not block. This is a necessary (Lemma B again) but not sufficient
condition for M to be minimal and complete, so at this point we should check
for completeness. If the mating is complete, we can stop; if not, we can always find
an open path, and we can certainly enumerate all of the connections cy,...,ck
which block it, and so we can generate M U {c1},..., M U{cx} and continue as
before. (In fact, we can do a little better than this in some cases, but finding
and blocking an open path will remain our last resort.)
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If we can somehow get this process started, then we have all the makings of
a sound and complete search procedure. To start, we may (for example) pick a
fragment using the set of support strategy, and begin with all the minimal sets
which block it. If this fragment is touched by any minimal complete mating,
we will eventually find a complete mating; if not, then we will eventually fail
everywhere, in which case we may choose a new fragment and start again.

Definition 3. A component is a mating M which blocks at least one fragment.
A component M is said to be minimal for the fragment F' iff M blocks F' and
no proper subset of M blocks F'. A minimal component is one which is minimal
for some fragment.

Our search algorithm will use the following as a check for completeness of a
mating M:

1. If there is a fragment which is touched but not blocked, then the next step
of the algorithm should be to block one such fragment.

2. If all the touched fragments are also blocked, it may still be possible to use
Lemma [ll to determine some list of fragments, at least one of which must
be blocked in any minimal complete mating extending M. (For example, if
the jform contains AV (B A C), where A, B and C are fragments, and A is
blocked, then either B or C' must also be blocked.) If we can find such a list,
we return it, and at the next step the algorithm should attempt to block all
of the given fragments.

3. Otherwise, find an open path and return that. If there is no open path, then
M is complete; return success.

The first and third steps are essential; the former distinguishes component
search from path-enumeration search, and the latter makes sure that component
search is complete. We will not discuss the second step further in this paper, for
reasons of space. In any case, the second step is non-essential, and its omission
will simply mean that one case in the following algorithm never occurs.

The basic search algorithm for a jform .J is as follows:

1. Fix all of the search bounds (unification depth if the problem is higher-order,
number of quantifier duplications and so on). Amplify J, by applying set-
variable substitutions, duplicating outermost quantifiers, and (optionally)
hiding any equalities which can be handled by the unification algorithm (see
the remarks following Definition ), to produce a new jform J'.

2. Check each potential connection in J’ for unifiability. If it is not unifiable, it
will never be considered again; if it is unifiable, then store it as an acceptable
connection.

3. Divide J’ into fragments, and enumerate all of the minimal components for
each fragment, discarding any which are not unifiable.

4. Choose one fragment f which has at least one unifiable minimal component.
Let current be the list of all minimal components for f, and let stored be
the list of all other components.
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5. For each element c of current, apply the completeness checker to c:

(a) If it returns success, we have a complete mating; return c.

(b) If it returns a list of fragments which are touched but not blocked by ¢,
choose one such fragment. Produce a list of new components by taking
the union of ¢ with each of the stored components which blocks this
fragment; discard any elements of this list which are not unifiable.

(c) If it returns a list of fragments at least one of which should be blocked,
then combine ¢ (by taking unions, as above) with each of the stored
components which blocks any one of these fragments.

(d) If it returns an open path, combine ¢ with each of the acceptable con-
nections on this path.

6. If some new components were produced in step 5, set current to be the list
of components produced, and return to step 5.

7. Otherwise, no minimal complete mating can involve the fragment chosen in
step 4. Delete all components touching this fragment, and return to step 4
to choose another starting fragment (unless no components remain, in which
case either fail or return to step 1 and expand J' further).

A naive implementation of this algorithm would be extremely inefficient,
and the reader may well wonder why it works at all. The improvements to the
unification method will be discussed in Section & in the following, we concentrate
on the search algorithm itself. Firstly, we attempt to avoid making more than
one pass through the outermost loop, by amplifying J many times at step 1; this
creates many copies of each quantifier and so we must also introduce methods
for controlling the resulting redundancy in the search space, which are discussed
in Section B

In step 4, we are required to choose a starting fragment; since this fragment
will occur in all of the components generated by step 5 (until we either reach
step 7 or find a complete mating), we would like to choose a fragment which is
very likely to be involved in a minimal complete mating in J'. If we can choose
such a fragment, then the loop which begins at step 4 will be completed in one
pass. The set of support strategy is one appropriate method for choosing such
a fragment. If there are several good candidates, we will choose the one with
fewest minimal components, since this will reduce the branching of the search.
We also avoid (if possible) choosing any fragment which lies below a set-variable
substitution, since this would initially restrict our search to only those matings
involving that substitution.

Step 5 of the algorithm above is a strictly breadth-first search; given a mat-
ing, it will consider all extensions of that mating during the next step of the
procedure. By assigning a weight to each component as it is created (with the
intention that a larger weight represents a more promising component, in some
sense), and modifying the above algorithm so that only components of maximal
weight are extended in step 5, we may force the search procedure to explore the
more promising parts of the search space first. This helps to prevent combina-
torial explosion of the number of components in the early stages of the search,
although the resulting search is of course no longer strictly breadth-first. There
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are many possible choices for such a weighting, but one which has proven effec-
tive in a wide variety of searches is weight(C') = number of fragments blocked
by C.

During step 5(b), we must select one fragment which is touched but not
blocked. If there is more than one such fragment, then it seems reasonable to
select the one which will cause the least branching in the search, which is the
one having the fewest minimal components. In practice, we need to take account
of the fact that some fragments may be duplicate copies of other fragments,
and so we also prefer any original fragment to any duplicate copy, and any nth
duplicate copy to any (n + 1)st duplicate copy.

Finally, we observe that if we are forced to return to step 1 after failing
everywhere, it is both possible and desirable to preserve and reuse information
from the previous iteration of the search. The information which can usefully
be preserved will depend on the exact way in which the search bounds are
to be changed in step 1; in particular, if there are changes to the bounds on
unification then much less information can be preserved than if the unification
bounds remain fixed.

We now turn to the soundness and completeness of this algorithm. For the
remainder of this chapter, we assume that unification contains no equality rea-
soning, and hence that no equalities are hidden by step 1. We also assume, for
the sake of clarity in the proof of completeness, that if we reach step 7 and no
components remain, we will choose to fail.

Theorem 1 (Soundness). The above algorithm is sound.

Proof. If the algorithm terminates without failing (which can only happen at
step 5), then the result is a complete and unifiable mating. Hence the procedure
is trivially sound, by previous results about the matings method. a

Theorem 2 (Restricted Completeness). The above algorithm is complete,
in the sense that it will find a complete mating in J' if there is one to be found
within the given search bounds.

Proof. (Sketch) At each stage, each component C' in current is replaced by a set
of new components, each of which contains a proper superset of the connections
of C. If C was a subset of a minimal mating in J’, then at least one of the
new components will be a subset of the same minimal mating. Hence it is not
possible to repeat step 5 forever; either we will eventually find a complete mating,
or we will discard every component that is generated. In the former case, we are
done; in the latter case, we will return to step 4. Since, by hypothesis, there is a
complete mating M in J’, step 4 must eventually choose some fragment f which
is blocked by M. a

Note that since there are bounds on the depth of unification, the number
of quantifier duplications, and so on, and since we have chosen to fail at step 7
rather than return to step 1, the algorithm is not complete in the more general
sense. However, if we suppose that we always opt to return to step 1 (instead
of failing), and that all the search bounds are relaxed each time we pass step 1,
then we have the following;:
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Theorem 3 (Completeness). If there is a complete mating in some expansion
of J, then the above algorithm will terminate with a complete mating.

Proof. (Sketch) Let J* be the smallest expansion of J in which a complete
mating can be found. By soundness, if J’ contains no complete mating then the
algorithm will eventually return to step 1 and replace J’ by some J”. If we have
relaxed the search bounds in an appropriate way, then eventually we will reach
some jform J(™ which contains a copy of J* and for which there is a complete
mating within the search bounds. Then, by the restricted completeness theorem
above, a mating will be found. ad

3 Unification

In all of the path-enumeration searches in TPs, unification is performed after
each new connection is added. This has the advantage of potentially making
unification less expensive (in that the new connection may already be unified, or
nearly unified, by the substitutions already generated). However, it also means
that the same connection may be unified many times, in many contexts. It also
requires unification to backtrack when a connection is discarded. Lastly, very
little of the information generated by unification can usefully be stored, since it
generally refers only to the immediate situation, which will not recur during the
search.

Because of the undecidability of higher-order unification [HueZifZalXi], we
must have bounds on unification during the search. In TPS, these bounds were
originally on the depth of the entire unification tree; however, it has been dis-
covered that a uniform bound on the complexity of the substitution for each
free variable is a much more efficient approach. It is generally not possible to
increase these bounds during the search, since doing so would require reconsid-
ering almost every connection and mating which had previously been discarded
on grounds of non-unifiability.

Given this constraint, we can enumerate all of the possible ground substitu-
tions for a given free variable before we even begin the search, using a variant
of Huet’s algorithm [EueZd5GXY]. This enumeration is possible since we know
the maximum depth of any substitution, the types of all the free variables, the
constants which occur in the search space, and any new constants that might
be required by unification (we will need at most one new constant at each base
type, to complete the unification of any remaining flex-flex pairs).

The ground substitutions are used to determine unifiability of a connection
in the initial stages of the search. The set of unifiers for a connection or a mating
is stored as a directed acyclic graph; when we combine components to produce a
larger mating, we can also combine their unification graphs in a natural way to
produce a graph containing the unifiers for the larger mating. We now outline
the method by which this is achieved.

We assume that a total ordering of the free variables of J is fixed in step
1 of the algorithm. Since we have enumerated the possible substitution terms
t1,ta, ..., ty, we may refer to them by their numbers; we use the number 0 to
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mean “no substitution”. For example, given the variable ordering (z, 2’, 2”’), we
write (41,72,0) for the substitution {z + t41,2" — t72}. There are of course
typing restrictions to be satisfied, and the substitutions which occur should be
understood to be appropriately typed.

Lemma 3. Given a variable ordering (v1, ..., vy), two substitutions (ny, ..., ng)
and (my,...,my) are compatible iff for all 1 < i <k, either n; = m; or nym; =
0.

Proof. Since all of the non-zero substitutions are ground, they are pairwise in-
compatible. Hence two substitutions can only be compatible if they are the same,
or one of them is zero. ad

Definition 4. Given a variable ordering V. = (v1,...,v,) and a list of substitu-
tions S for (some of ) the variables in the ordering, the unification graph U(V, S)
is an arc-labelled directed acyclic graph defined inductively as follows:

— Ifn=0 (V is empty), then U(V, S) is a single node L with no descendants.
— Otherwise, define the equivalence relation ~, on S by o ~, 7 iff o(v1) =

T(v1). Let Si,...,S; be the equivalence classes of S under ~,, and for

1 <i < j, let m; be the value of o(v1) for every o in the equivalence class
Si. Let V! = (va,...,v,). Now U(V,S) is a node labelled vy, with j descen-
dant arcs, labelled m1, ..., m;, leading to the nodes U(V',S1),...,U(V',S;)

respectively.

We take a fixed variable ordering V' of the variables of the jform, and con-
struct a unification graph for each connection C, taking S to be the set of
unifying substitutions for C'. Each path through a unification graph from top to
bottom represents a substitution for V. Our implementation ensures that two
unification graphs are equal iff they are the same graph (i.e. eq in Lisp), which
both saves space and speeds up the search.

For example, suppose V = (z!, 22, 23) and C; and C5 are two connections for
which the unifiers are given by S¢, = {(1,3,7), (1,4,6),(1,6,8),(2, 3,6), (2,4,8)}
and Sc¢, = {(1,0,7),(2,3,7),(2,4,0), (3,5,0)} respectively. Then U(V, S¢, ) and
U(V,Sc,) are as shown in Figure ll

We use Lemma B to define the merge of two unification graphs, which is the
intersection of the sets of substitutions they represent. In particular, if C; and Cy
are two components having unification graphs U; and Us, then the component
C7 U C9 has unification graph merge(Uy, Us). For example, taking Cq7 and Cy
as above, the unification graph for the mating {C7,C3} is the merge of the
unification graphs for Cy and Cy, as in Figure ll

Unification graphs are very similar to levelized ordered binary decision dia-
grams, and the algorithm for merge is essentially the same as the apply algorithm
(for the boolean function A) given in [Brv3(]. The details of the algorithm are
omitted for lack of space.

Since unification is done before the mating search begins, we also have a
convenient way to unify modulo (some bounded number of applications of) an
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A=U(V,Sc,) B=U(V,5¢c,) merge(A, B)

Fig. 1. Some examples of unification graphs.

arbitrary set of equalities. We now outline a method for unification with equali-
ties; the implementation details, and proofs of their correctness, are beyond the
scope of this paper.

Definition 5. Let J be a jform, and A = B an equalitl which occurs positively
in J as Vq.[~ qA] V ¢B. If every vertical path through J passes through either
the literal ~ qA or the literal ¢B, we say that A = B is global. If A = B is not
global, but every vertical path through a literal L passes through either the literal
~ qA or the literal ¢B, we say that the equality is local to L.

When we are performing a search with unification modulo equalities, we will
remove all of the global equalities from the jform and restrict the search to what-
ever literals remain. This can dramatically reduce the size of the search space,
the number of quantifier duplications required for a proof, and the minimum
unification depth required. We can do this because of the way in which the uni-
fication routine is applied: given a pair of literals Ly and Lo representing wifs s
and t, apply all of the potential unification substitutions ¢ to the disagreement
pair (s,t) in the usual way. Now, instead of rejecting any o for which os # ot,
take the two ground terms os and ot and attempt to find a common rewrite for
them using (ground instances of) the global equalities and the equalities which
are local to both L and Ls. If a common rewrite can be found within the search
bounds that have been given, we will accept (L1, L2) as a valid connection. In
fact, we will implicitly have a chain of connections which begins at L; and passes
through some number of equalities before eventually reaching Lo; using the defi-
nitions of global and local equalities, we can show that this chain of connections
will span every path which is spanned by the pair L, Ly. When the mating is
complete and we attempt to translate it to a natural deduction style proof using
the methods of EieX1], this chain of connections must be made explicit in order
for the translation to work.

! Recall that TPs expands equalities using Leibniz’ definition: A = B iff Vq.qA D ¢B.
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4 Duplication and Set-Variable Instantiation

Previous search procedures in TPS have had two possible approaches to du-
plication: older procedures waited until all matings had been tried and then
duplicated all of the outermost quantifiers, while the newer procedures used
path-focused duplication [l in which the quantifiers on a particular vertical
path would be duplicated if there was no other connection available on that path.
Path-focused duplication has proven more effective than the older method, but
neither approach can handle more than a few quantifier duplications because of
the depth-first nature of path-enumeration.

In component search, we perform many duplications (specifically, all the du-
plications that fall within the search bounds set by the user) before we begin
to search for a mating. So, for example, we might duplicate all outermost quan-
tifiers k times before beginning the search. It may appear that, as a strategy
for duplication, this is no better than the worst of the former stategies, but in
the context of a component search we can control the way in which the new
duplications are allowed to appear in a mating, and hence recover the benefits
of duplication by need without also recovering its disadvantages.

We distinguish the original copy of a fragment from the first duplication, and
that from the second duplication, and so on, and require that a component must
touch the first & copies before it is allowed to touch the (k4 1)st copyl. In this
way, we recover the idea of “duplication by need”.

We also introduce the concept of equivalence between matings; essentially,
two matings M; and My are equivalent if there is a permutation of the instances
of each quantifier in the jform such that under the induced permutation ¢ on
literals, we have o(M;) = Ms. We then modify the search algorithm to discard
new components which are recognisably equivalent to known components (the
condition in the previous paragraph is a specific case of this more general restric-
tion). The proof that mating equivalence is well-defined, and that the resulting
restrictions on the search algorithm do not affect completeness, are omitted for
reasons of space.

We handle set-variable instantiations [RASGNARLITOH in much the same way
as duplications. All of the set-variable instantiations that are to be tried are
applied simultaneously at the beginning of the search, and to avoid a combina-
torial explosion, the number of such instantiations that can be touched by any
particular component is restricted, usually to one or two.

5 Results

Component search was tested on 56 first-order problems which had already been
solved by path-enumeration search in TPs. Most of these searches took less than

2 In fact, a more complicated condition — which we do not have the space to justify in
this paper — is necessary: a duplicate fragment created by duplicating some variable
x may be touched only if, for every earlier duplicate copy of x, some fragment below
that earlier duplicated quantifier has been touched.
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a second for both procedures; path-enumeration was generally slightly faster.
This was expected, since component search has to spend time enumerating con-
nections and minimal components before it even begins searching.

Results were also compared for 17 previously-solved higher-order problems;
component search performed a little better on these problems than did path-
enumeration search. However, component search spent a significantly smaller
proportion of the total search time on unification than did path-enumeration
search (46% of the total time, as opposed to 82% for path-enumeration).

To summarise the results above: on the theorems which could already be
proven by TPS, component search is comparable to path-enumeration search.
However, the motivation behind component search was to tackle larger search
spaces which are intractable for path-enumeration search. The following theo-
rems., all proven completely automatically by component search, are intractable
for the path-enumeration searches in TPS. All the timings quoted below repre-
sent the time taken to find a complete mating on a Dell System Workstation
400MT, with dual 300 MHz Intel Pentium II processors, running TPS under
Allegro Common Lisp 4.3 for Linux.

THM126: Vh}ﬁVhiﬁVAmVfA%WVBOﬁVfE,MVC’megaa.HOM2 h*AflBf?
A HOM2 h?Bf?C f3 D HOM2 [h? o h1|AfLC f3 (18.27 seconds)
HOM2 hAfBg is an abbreviation for “the set A is closed under the binary
operation f, likewise B is closed under g, h maps A into B, and for all z and y in
A we have h(f(z,y)) = g(h(x), h(y))” This theorem states that the composition
of two homomorphisms is a homomorphism; an interactive proof of a version of
it (formulated in the first-order set theory of von Neumann, Godel and Bernays)
was the central theorem of [RLMIRE]. A simpler version, THM133, in which
the sets A, B and C are replaced by types «,( and v (making the closure
assumptions unnecessary) is easily provable by TPs, but the search space of
THM126 is much larger than that of THM133.

THM145: VR,0aVUa(oa)- TRANSITIVE R AVsoa[V2a[sz D Rz.Us| A
Via-Vka[sk D Rkj] D R[US]j] D Vfaa-YroVyo[Rxy D R[fx].fy] D
Jwa.Rw[fw] A R] fw]w (59.2 minutes)
This is the Knaster-Tarski fixed point theorem for lattices [RRaZd]|, in a for-
mulation due to Coquand. It states that in a complete lattice, every monotone
function f has a fixed point. U is is the least upper bound of the set s, and R is
the ordering on the lattice. TPs finds the fixed point U[Az.Rz[fx]].

THM146: Vr,, Vz,Vy, Vo, [r C g AVu,Yv,Yw,[quv A row D quw] D qry] =
Vp.r C p ATRANSITIVE p D pxy (22.5 minutes)
This theorem states the equivalence of two definitions of the transitive closure
of a relation r; it was suggested by Dana Scott. It requires a set-variable instan-
tiation for p of Aulv.Vw[ruw D qrw] D qzv.

3 Some remarks about the notation used in TPS: o is the type of truth values, ¢ is
the type of individuals, and («8) is the function type often written 8 — a. A dot
corresponds to a left bracket whose mate is as far to the right as is consistent with
the brackets already present.
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THMZ270: Vf3,Y9¢aVhes Vo h[f2] = gz] A Vys3z[fz =y] A
GEN-HOM f A GEN-HOM g D GEN-HOM h (0.53 seconds)
In this theorem, GEN-HOM is an abbreviation for Af,,Va, Vy,.f[*;-r2y] =
*ooo|fx]. fy. Suppose that «, § and £ are types representing three sets, equipped
with binary functions *qaa, *ggs and *gee. If faa, gea and heg are functions such
that f is surjective, ho f = g, and both f and g are homomorphisms with respect
to the appropriate functions *, then h is also a homomorphism. This problem
was suggested by Erica Melis.

CR-THEOREM: VR,.,.REFLEXIVE R A TRANSITIVE R ADIAM R
DVM,VN, EQ* RMN > COMMON-REWRITE RMN (5.08 minutes)
This is one formulation of the Church-Rosser theorem [EEE34]: if R is a reflexive
transitive rewrite relation satisfying the diamond property (DIAM: for any A,
if A has two rewrites B and C, then B and C have some common rewrite D),
and M and N are related by the equivalence closure of R (EQ* R is defined as
AL AYVPyrr. R € PASYMMETRIC PAVA, VB, [Fw,[PAwAPwB] D> PAB] D
Pzxy), then M and N have a common rewrite. This formulation is a variant of
Theorem 3.1.12 of [BaxXd]. The variable P in the definition of EQ* requires
a set-variable substitution of the form Azl A\z2 COMMON-REWRITE p,,z 22,
which TPs discovers using the set-variable instantiations of [EATH].

GRP-COMM2: Vz,[P,,.e,x = x| AVy,[Pye = y] AVz,[Pzz = €] AVaVyVz
[P[Pxy]z = Px.Pyz] D Ya,¥b,.Pab = Pba (20.97 seconds)
If every element of a group is self-inverse, then the group is Abelian.

LATTICE THEORY: Using unification modulo equalities, component
search has proven a number of examples in lattice theory (axiomatised in first-
order logic with equality), taken from [Rzabd]. For Tps, these are good examples
of very large search spaces, since the definitions of “lattice”, “Boolean algebra”,
“pentagon” etc. contain many axioms.

1. (Schréder; Thm. 28 of [szakd]) Join distributes over meet iff meet distributes
over join (8.2 min).

2. ([5zakd], p. 122) In a Boolean algebra (complemented distributive lattice),
the complement is uniquely defined (4.2 min).

3. (Jordan; Thm. 30 of [§Z25d]) The equivalence of two definitions of modularity
(6.9 min).

4. (Dedekind; part of Thm. 32 of [EZ5%4]) A lattice is not modular if it contains
a pentagon (6.2 min).

5. (Birkhoff; part of Thm. 33 of [5zakd]) A lattice is not distributive if it con-
tains three points which (taken pairwise) have the same meet and join (5.3
min).

6 Conclusions and Further Work

We have described the component search method, a new mating search al-
gorithm which appears in many cases to be a more powerful search method
than path-enumeration search. We have also outlined, as a part of the compo-
nent search procedure, a graph-based method for storing and manipulating sets
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of higher-order unifying substitutions. Component search is effective for much
larger higher-order search spaces than were previously tractable, since it is less
vulnerable to blind alleys in the search space and spends significantly less time
on higher-order unification. A more detailed discussion of component search can
be found in [BEGY)].

Component search seems particularly appropriate for problems in which there
are significant parts of the search space which are entirely redundant (for exam-
ple, proofs from a fixed set of axioms in which some of the axioms are unused in
the proof). We make use of this property of the search in applying, before the
search begins, many quantifier duplications and set-variable instantiations.

For future work on component search, there are several promising lines of
investigation. Improved methods for identifying and pruning redundant matings
would allow still larger search spaces to be considered, as would a more intelligent
method for choosing a fragment (in the places where the algorithm gives one
a choice). There are presumably also better possible weighting functions for
components, which would make the search more effective. Even the relation ~,
which defines the fragments can be changed — under the definition in this paper,
there exist jforms in which every fragment contains exactly one literal; a different
choice of ~, would seem to be called for in these cases.

There are a number of other possible optimizations to the unification proce-
dure, some of which have already been implemented. The definition of variable
ordering has been generalised to allow one arc of the unification graph to repre-
sent many substitutions, but the influence of the choice of variable order on the
search has not yet been studied in any detail. If the analogy with ordered binary
decision diagrams is valid, then one would expect the choice of variable order to
have a considerable effect on the efficiency of the search.

Lastly, the search algorithm looks like a good candidate for OR-parallelism,
in which several processors cooperate on a proof using some kind of blackboard
architecture to communicate results about unification graphs and partial mat-
ings.
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“Progress in science is only achieved through careful analysis of
methods and their power. Designing without analysis is idle spec-
ulation. Implementation without analysis is tinkering. Alone they
have no research value. All too often we read of major pieces of
ATl work that stop with the engineering steps. But we need to know
how the implemented program embodies the designs and that the
program works well because of the design.” B.G. Buchanan [Ri=d]

1 Introduction

It has become a tradition at CADE to run a competition for first-order auto-
mated theorem provers based on the TPTP problem library. This competition
(CASC) [EuSn¥d] aims at fully automatic ATP systems and provides various
categories dedicated to different problem classes of first-order logic. The number
of problems solved and the runtime is used to assess the winners in the individual
categories of the competition.

In the past considerable effort has been spent to discuss the issues of an
inductive theorem proving competition but problems intrinsic to inductive rea-
soning have prevented a CASC-like competition. Inductive reasoning introduces
additional search control problems to those already present in first-order theorem
proving. The need for the selection of an appropriate induction order or for the
speculation of intermediate lemmata results in infinite branching points in the
search space because (technically speaking) the cut rule cannot be eliminated in
inductive theories. As a consequence, all current inductive theorem proving sys-
tems are necessarily more or less interactive systems. For instance, recursively
defined functions can be used to introduce new well-founded orderings to the
prover, necessary intermediate lemmata have to be proven as theorems before-
hand in order to make them known to the prover. Furthermore, many systems
allow the user to complement the problem description by additional strategic in-
formation (like the so-called hints in NQTHM [RadaZt]) or allow him to build
up a proof in an interactive way. In contrast to first-order theorem proving,
inductive theorem proving still depends on the users help. Proving complex in-
ductive theorems depends on the experience and the skills of the human user.

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 374 1999.
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Thus besides their degree of automation, inductive theorem proving systems
should also be judged on their abilities to assist the user in the organisation and
tracking of complex proof systems [ExSiSa].

The time which is necessary to adjust the problem set to the individual in-
ductive theorem provers, to perform the proofs, and to evaluate the results, im-
plies that the competition must take place already before the CADE-conference.
Thus, the contest is held over the internet. Various problem sets are emailed to
the contest participants. Each participant of the competition treats the prob-
lem sets individually and has to provide a detailed report on the behaviour of
its system wrt. the individual problems. Each team is also expected to write a
detailed report explaining their results and allowing to compare the abilities of
the systems wrt. different issues.

The success of an inductive theorem proving system depends on the appro-
priate formulation of the problems. Different systems provide different aids for
the user to control the proof search. They also value differently the individual
issues in automating inductive theorem proving. As a consequence, there is no
winner of the competition since it seems to be impossible to weigh the different
degrees of help, the user has given the system by his individual formulation of the
problems. Instead the competition results in a detailed comparison of the par-
ticipating systems with respect to the several issues. During the FLoC-workshop
13 “Automation of Proofs by Mathematical Induction” selected problems are
tackled again (online) by all of the systems in order to study the behaviour of
the systems in more detail.

2 Problem Selection and System Evaluation

The competition aims at an evaluation of the capabilities of inductive theorem
proving systems with respect to various research problems. A “perfect” system
would have to cope with a large variety of issues, such as for instance program
synthesis, proving the termination of programs, or providing a sophisticated
human-computer interface. Since existing systems usually support only parts of
these issues, the selection of specific problem classes to be part of the competition
would seriously affect the result of the competition. Hence the design of the
competition takes this problem into account by the following means:

The problem set is divided into two categories. The first category aims at
“core” issues common to all inductive theorem proving systems. This comprises
the selection of an appropriate induction scheme or case analysis and the guid-
ance of the resulting inductive proof obligation. These problems are adapted
from a modified version of the NQTHM-92 release. This corpus is based on
an J-quantifier free language and does not incorporate any synthesis problems.
Within this category, about a hundred problems from this database are chosen
to measure the automation of the various systems. The competition focuses on
the number of problems which are solved automatically by the systems and the
time they require to solve them.
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The second category is dedicated to specific issues of inductive theorem prov-
ing mentioned earlier in this paper. Examples are program synthesis (or proving
existentially quantified formulas respectively), proving the termination of pro-
grams, computing appropriate case analyses and induction schemes, or general
issues of first-order theorem proving within inductive proofs. The competition
provides specific (but small) problem sets dedicated to these problem classes. In
contrast to the first, this category focuses on a comparison how different sys-
tems tackle these problems. Therefore the participants are requested to fill in a
detailed questionnaire to illustrate the degree of automation, the used heuristics
and methods, and the limitations of the chosen approach.

3 Problem Presentation

As mentioned before, the competition aims at a variety of different issues in
inductive theorem proving. In order to cope with such problems (e.g. computing
induction schemes, lemma speculation or proving the termination of algorithms),
strategic knowledge of the user is incorporated into the way a particular problem
is specified inside a system. Unfortunately the systems vary on the way how (and
how much) proof knowledge is given to them. Additionally different provers are
based on different logics. While for example NQTHM [RabMaZl] is based on
a non-sorted logic, CLAM [RuHHESUI| uses Martin-Lof type theory. There is
no uniform language which suits all of the provers. Thus, the participants are
allowed to translate the problem sets into a logic accepted by their system but
they are also requested to record this translation in their report.

3.1 Input Language

The principle of induction is strongly correlated to the semantic notion of gen-
erated algebras. These generated algebras are typically specified by providing
a signature (a set of so-called constructor functions), the terms of which define
the objects under consideration. In case of freely generated algebras two differ-
ent (constructor-) ground terms always denote different objects. For instance
natural numbers or lists are typically specified as freely-generated datatypes
(based on the signatures {0, s} and {nil, cons} respectively). The specification
of other datatypes like integers or finite sets requires the identification of differ-
ent constructor-terms. Dealing with non-freely generated datatypes complicates
the search for well-founded orderings which is one reason why only a small num-
ber of systems allow for these datatypes. Therefore in the first problem category
the contest is restricted to freely-generated datatypes. For similar reasons mu-
tually recursive data structures (like for instance terms and termlists) are not
used within this category. Nevertheless there are special problems in the second
category which are dedicated to these problems.

Inductive theorem proving systems have to create appropriate induction
schemes for the given proof obligations. In general this constitutes an infinite
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branching point. In order to overcome this problem many systems use the re-
cursion ordering of constructively defined functions to formulate appropriate
induction schemes. Thus these systems provide schemes to specify functions in a
constructive way which provides the systems with both, a set of logical axioms
and a specification of well-founded orderings if the denoted algorithm can be
proven to be terminating. Although the problem sets makes no use of such spe-
cific definition principles but consists of first-order axiomatisation, most of them
can be encoded into such a framework. The participants are free to use such
definition principles but again have to state this translation in their reports.

4 Conclusion

The CADE-16 contest on inductive theorem proving system is a first approach
to compare and evaluate the different systems in this area. The motivations for
running such a competition are to evaluate inductive theorem provers, to identify
possible improvements and open research problems, and to construct a problem
library for inductive theorem provers. Although we are aware of the limitations
of this contest we see a clear potential for future competitions which will be
improved with respect to the problem library and also with respect to a more
granular evaluation of the experimental results.

Acknowledgements. We would like to thank David McAllester for initiating
the discussion about a contest and for providing a first version of the problem
library. We are also indebted to Ian Green who translated this first version of a
library into a sorted language.
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Abstract. SpAsS is an automated theorem prover for full first-order
logic with equality. This system description provides a rough overview
over recent developments.

1 Introduction

SPASS is an automated theorem prover for full sorted first-order logic with
equality that extends superposition by sorts and a splitting rule for case anal-
ysis (Weidenbach, Gaede & Rock 1996). The prover is implemented in C. We
provide binaries for many platforms and the prover should be portable to any
platform where a C-compiler is available.

SPASS is meant to be useful for two groups of users. People using it as a tool
and people using it as a development platform. Many of our recent efforts went
into improving ease of use for both groups.

2 New Features

Compared to the version of SPASS described earlier by Weidenbach et al. (1996)
nearly all existing code was re-implemented or adjusted and among others we
added the features described below.

2.1 Code Development

One of our long term goals is to provide as much as possible of the functionality
of SpAss in form of a documented C-library. Towards this end, we improved
modularization, debugging support and code documentation. Except from the
documentation contained in the code, there is currently not much extra docu-
mentation available, except for our memory management module. The module
allocates memory in pages of uniform size that are then cut into appropriate
pieces. In addition to a gain in performance, the module supports many debug-
ging features that are otherwise only supported by commercial software. For
example, it can detect writes over memory blocks or can point to memory leaks.

For SpAss we have now adopted the GNU command line options package for
C. So all SpAss options can now be given as command line options to SpASS. In
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addition to options selecting inference or reduction rules, the selection of various
strategies like, e.g., set of support and various possibilities to influence the way
SpASS’s output looks like, there is the possibility to feed SPASS via pipes and
to use the prover in a kind of interactive way: First, a set of axioms is given
to SPASS and then the prover can be subsequently given conjectures to prove
with respect to such an axiom set. This is particularly useful in a context where
SPASS is integrated as an inference engine for some other system.

We added an abstract ordering interface module to SPASS, where in particular
the lifting of an arbitrary reduction ordering to literals/clauses is implemented.
In addition to the Knuth-Bendix ordering (KBO) implemented in Version 0.42,
we added an implementation of the recursive path ordering with status (RPOS).

The input language of SPASs was changed to DFG-Syntax that can represent
formulas, clauses and proofs (Hahnle, Kerber & Weidenbach 1996). A descrip-
tion of the syntax together with some example/benchmark problem libraries is
available from the SPASS homepage (see ).

2.2 Clause Normal Form Translation

SpASs now has the clause normal form translation built in, so it can be directly
applied to first-order formulae and it can be used to convert formulae into CNF.
The current implementation contains all features described by Nonnengart, Rock
& Weidenbach (1998): Optimized and strong Skolemization and the improved
implementation of formula renaming, the replacement of subformulae by new
predicate symbols. Furthermore, we extended renaming such that it now first
searches for generalizations of renaming candidates and then simultaneously re-
places all instances of the found generalization. We say that a formula ¢ is an
instance of a formula ) if there exists a substitution o for the free variables in
1) such that 1o is a renamed variant of ¢.

For problems containing equality we added a bunch of simplification rules
that eliminate occurrences of equations. For example, the rule

Vo |zt Dy] — p{z—t}
can be used to remove the equation x = t if x does not occur in ¢t. For some
classes of problems, cardinality properties of minimal models are known or can
be easily derived. For example, if we know that any minimal model of some
formula has at least two domain elements, the rule
Ve(x#tN¢) — L

falsifies a complete (sub)formula if 2 does not occur in ¢.

2.3 Atom Definitions

It is often useful to expand atom definitions before CNF transformations and/or
to apply atom definitions to conjecture formulae/clauses. An atom definition is
meant to be formula of the form

Ve, ..., xnl¢ D (P([z1, ..., 2n]) = ¢)]
where P([z1,...,z,]) denotes an arbitrary atom with predicate symbol P con-
taining the variables x1, ..., z,. We require that P does not occur in . SPASS
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searches an input file for formulae that can be transformed in the above form and
then allows the user via options to replace occurrences of atoms P([t1,...,t,])
by to if in the replacement context the formula ¢o is valid where o = {x; —
ti|1<i<n}

2.4 Inference Rules

We added a bunch of new inference rules to SPAss: Ordered/unordered hyper res-
olution, unit resolution, merging paramodulation, ordered /unordered paramod-
ulation. All inference rules can be combined with selection strategies for negative
literals. A further new inference rule is depth bounded unit resolution, a variant
of unit resolution that requires the term depth of a unit resolvent to be less or
equal to the maximal term depth of its parents. Although this rule is not com-
plete, even in a Horn setting, it is guaranteed to terminate on any clause set and
turned out to be very useful in practice for subproofs in the context of optimized
Skolemization (see E=@ (Nonnengart et al. 1998)) and the applicability test for
definitions (see ).

2.5 Transformation/Approximation

For many applications, like, e.g., automatic type inference it is necessary /useful
that the prover is a decision procedure for the input formula classes. If classes
do not belong to a decidable fragment, safe approximations can be used to guar-
antee termination. We concentrated on monadic clause classes and implemented
various methods to transform arbitrary clause sets into monadic clause sets.
These can then be further approximated into decidable monadic clause sets. For
example, a clause
R, f(w,y) v ~S(z) V R(g(a), h(y))
can first be equivalently transformed into a monadic clause
~T(r(a, f(w,y))) v ~S() V T(r(g(x), hy)))
and then be approximated by the clauses
~T(r(z, f(z,y))) V ~S() V 2P() V Q) V T(r(z,v))
~T(r(, f(w,y))) v ~S(x) V Plg(x))
~T(r(x, f(z,y)) V ~S() V Q(h(y))
that then overestimate the relation R, represented by the function r in the
approximation. The fragment formed by clauses of the final form is decidable
and effective representations for R can be derived by a saturation of the clause
set (Weidenbach 1999). Approximation techniques are also a prerequisite for se-
mantic approaches to guide the search for a prover itself (Ganzinger, Meyer &
Weidenbach 1997).

2.6 Proof Documentation/Checking

We completely re-implemented the extraction of proofs out of SPASS runs. The
extracted proofs are now less redundant with respect to the application of the
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splitting rule and our proof module is now able to deal with proofs of several
hundred thousand steps in reasonable time. If splitting occurs in a proof, the
proof has a tree (tableau) like structure. It is now possible to transform such
proofs into trees that can then be graphically displayed.

Furthermore, we built an automated proof checker based on logical impli-
cation between clauses. SPASS proofs are translated into a sequence of proof
obligations, one for each proof step. The tree structure caused by splitting ap-
plications is separately checked by an independent algorithm. Every single proof
step obligation is then checked by a (different) prover. We usually employ Otter
for this task. The advantage of this method is that it is completely independent
from variations of the used calculus (see &) and is able to check proofs up to
several hundred thousand steps in reasonable time. Since the proof checker does
not depend on SPASS nor on the calculus used in SPASS, any clause based refu-
tation proof that relies on logical implication can be checked using the checker.

2.7 WWW Interface

We added a www interface to the SPASS homepage (see BE). The interface in-
cludes the possibility for a file upload and offers the full functionality of the
prover including help files. In order to restrict the load of the server, SPASS runs
are currently limited to 30 seconds.

2.8 Tools

We added a bunch of tools:

FLOTTER is still our CNF-translator. Now its simply implemented
by a link to SpaAss.
pcheck is a proof checker (see EEH).

dfg2otter  transforms SPASS input files into Otter syntax. Our mo-
tivation for this was to employ Otter as a proof checker
(see EEH).

dfg2tptp transforms SPASS input files into TPTP-Syntax.

prolog2dfg transforms prolog programs into SPASS input files. This
is currently restricted to purely logical programs. The
motivation is type inference from PROLOG programs
using SPASS (see also D).

dfg2ascii this tool provides an ASCII pretty print variant for
SPASS input files.

dfg2dfg this is a conversion tool that transforms SpASS
input files, currently dedicated to the computa-
tion/approximation of monadic clause classes (sec [ES).
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A combination of the translator dfg2tptp with tptp2X yields a translation
procedure from DFG-Syntax into all prover formats supported by the TPTP-
library (Sutcliffe & Suttner 1998).

2.9 Distribution

The SpAss distribution now also contains binaries for SUN Sparc Solaris, DEC
Alpha Ultrix, PC Linux, PC X86 Solaris and PC Windows 95/Windows 98 /Win-
dows NT. For the Windows versions we added a neat GUI to SPASS that is built
using the Qt library and also available as a SUN Sparc Solaris binary. Under a
unix environment, the source code (excluding the GUI) should compile without
any problems if recent versions of the standard GNU tools bison, flex, make
and gcc are available. The distribution is available from the SPASS homepage:

http://spass.mpi-sb.mpg.de/

where also links to the WWW-Interface, documentation and problem libraries
exist.

The distribution of SPASS contains texinfo based documentation in different
formats: man pages, info pages, html pages and postscript documents.

3 Future Directions

Further development of SpasS will concentrate on application domains like se-
curity protocol analysis, software verification and automatic type inference.
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1 General Description

Nonclassical propositional logics play an increasing role in computer science.
They are used in model checking, verification, and knowledge representation.
Traditional decision procedures for these logics are based on semantic tableaux
@@, SAT-based methods [H], or translation into classical logic [Ed]. In this
system abstract we overview the system K3 that implements the tableau method
and the less traditional inverse method for propositional modal logic K.

The main purpose of KM is to compare top-down (tableau) and bottom-up
(inverse) decision methods for K and other logics. It is expected to extend K3
with several modal logics, description logics and quantified boolean formulas.

The theoretical basis for K3 is presented in [i]. The system is implemented
in ML and runs under Windows32 and Unix. No graphical interface is yet avail-
able.

Propositional K is PSPACE-complete. Tableau-based decision procedures for
K can easily be implemented in polynomial space. It is not clear whether the
inverse method can, in general, be implemented in polynomial space..

2 Preliminaries

For simplicity, we restrict ourselves to formulas built up from literals (i.e. proposi-
tional variables or their negations) using A, V, O and <». We denote propositional
variables by lower-case letters, and formulas by upper-case letters. A sequent is
a finite multiset of formulas. We denote sequents by Greek letters I' and A.
For a sequent I' = Ay, ..., A,, we denote by {I" the sequent $Aq, ..., A, A
sequent Aq,..., A, is called satisfiable if it is true in some Kripke model and
unsatisfiable otherwise.

3 The Tableau Method Implementation

The tableau method implemented in K3 is based on the sequent calculus Seq
given in Figurell The sequent calculus is complete for unsatisfiability: a formula
A is unsatisfiable if and only if it has a proof in Seq.

! Recently, Hustadt and Schmidt [ have shown that semantic tableaux can be poly-
nomially simulated by a variant of resolution, but we do not have enough details to
comment on the relevance of their results for the inverse method.
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. I'A,B
axioms: I, p, —p TAND (N)
A IB A A

rave Toao4 (@)

Fig. 1. Sequent calculus Seq

The proof-search by the tableau method is implemented in a straightforward
way as a backward proof procedure for Seq. We use an efficient encoding of
sequents and the heuristics selecting the shortest subformula in a sequent. We
also tried to add to Seq a restricted but sound version of simplification rules

I'[p« true]  I'[p < false]
Iip I';=p

but it did not improve the performance.

4 The Inverse Method Implementation

The inverse method is based on a bottom-up version of Seq. The sequent calculus
for the inverse method depends on the goal formula G, is denoted by Invg and
shown in Figure B

N I'A A o

axioms: p, —p —RA (@)
I,A I,B

rars ™ Targ M
A AB y
IAAV B (V)

I A T ,

DF,OA (<>) DF,OA (<>)

All formulas occurring in the rules are subformulas of G.

Fig. 2. Sequent calculus Invg

This calculus is complete in the following sense: a formula G is unsatisfiable if
and only if it is derivable in Invg (completeness for sequents can also be proved
but is formulated in a different way). The implementation of the inverse method
is based on a standard saturation procedure:
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1. Let S be a set of sequents, initially {p, —p | p, =p are subformulas of G}.

2. Repeatedly apply all possible inference rules to sequents in S, adding their
conclusions to S until no new sequents can be obtained or a derivation of G
is found.

However, such a procedure is hopelessly inefficient compared to the tableau
method, unless augmented with powerful redundancy criteria allowing us to get
rid of redundant sequents and redundant inferences.

Several such redundancies are discussed in [i]. The redundancies used in our
implementation are obtained by analyzing possible derivations in Seq and spe-
cializing Invg to avoid derivations that either cannot occur in Seq or correspond
to redundant derivations in Seq. We also used subsumption as a redundancy
criterion.

5 Experiments

In this section we consider experimental results obtained by running our system
on 20 randomly generated benchmarks. The benchmarks were generated using
the random formula generator implemented by Fabio Massacci and discussed
in [H.

Since our aim was a prototype implementation and the comparison of the
inverse method with the tableau method, our current implementation is made
in ML. A more efficient implementation in C++ will be released soon.

The results (in seconds, rounded down to an integer) are given in Tablell The
second column shows the results for the tableau method, the third column for
the inverse method. The fourth column describes the naive combination of the
two methods: two methods are run in parallel using equal system resources until
at least one of them terminates. The bottom rows of the table give the average
time for all 20 problems, the average time for 80% of the problems (excluding
two fastest and two slowest) and the number of problems solved within some
time intervals (for example, 1 minute). The best results are grayed.

We would like to emphasize that we compare a very straightforward imple-
mentation of the inverse method with a very straightforward implementation
of the tableau method. Some remarks about further possible optimizations are
included in Section .

As in the case of CASC competition for classical logic, one can note that
the correlation between runtimes for different methods is quite loose. We do not
want to discuss the big difference in performance on some benchmarks (though
there is an easy explanation), for example problem 11 is solved in less than a
second by the tableau method and in about 7 hours by the inverse method. Our
implementations of both methods are not optimized which causes instability of
experimental results.

2 http://hermes.dis.uniromal.it/ massacci/TANCS/problem.html. The generator
was called with the -K option.
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problem|tableau|inverse| mixed problem |tableau|inverse lmixed
1 1 4 2 11 0] 23,198 0
2 403 1 2 12 3,690 17,512| 7,380
3 1,296 913| 1,826 13 15 586 30
4 12,642 1,264| 2,528 14 910 21 42
5 10,323 1,135| 2,270 15 275 11 22
6 4,383 4 8 16 3l 789 62
7 2,120 65| 130 17 23,290( 1,370| 2,740
8 16,332| 8,477/16,954 18 11,626 46 92
9 102,339( 4,187| 8,374 19 701 20 40
10 7 23 14 20 1,348 72| 144
avg 9,586| 2,984| 2,576
80% 4,131 1,186| 1,083
10 sec 3 3 4
1 min 5 8 9
5 min 6 10 13
30 min 11 16 13

Table 1. Experimental results

6 Further Developments

To implement the inverse method more efficiently, more investment in datastruc-
tures and algorithms in needed. ML is not very efficient (both in terms of time
and space) for such datastructures. We are now implementing a C++ version of
the prover. Many important optimizations have not been included in the system
yet.

When we implemented the first version of K3, we were not aware of the opti-
mizations used in the fastest tableau-based implementations and described in [H].
All redundancy criteria used to optimize our implementation are specific for the
inverse method and cannot be used for tableaux. We are currently investigating
which optimizations described in [ can be applied to the inverse method. Our
guess is that any optimizations not destroying the subformula property can be
used in some form without losing completeness. Some optimizations of [H] do not
preserve the subformula property, but in a very liberal way. For example, in the
semantic splitting rule

LA IL-AB
I AVB (v)

the formula —=A may not be a subformula of the goal formula. However, it is not
difficult to modify the inverse method by allowing negations of all subformulas
to be used.
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Current programming environments for novice functional programming (FP)
are inadequate. This paper describes ways of using proofs as a foundation to
improve the situation, in the context of the language ML [4]. The most common
way to write ML programs is via a text editor and compiler (such as the Standard
ML of New Jersey compiler). But program errors, in particular type errors, are
generally difficult to track down. For novices, the lack of debugging support
forms a barrier to learning FP concepts [5].

CYNTHIA is an editor for a subset of ML that provides improved support
for novices. Programs are created incrementally using a collection of correctness-
preserving editing commands. Users start with an existing program which is
adapted by using the commands. This means fewer errors are made. CYNTHIA’s
improved error-feedback facilities enable errors to be corrected more quickly.
Specifically, CYNTHIA provides the following correctness guarantees:

1. syntactic correctness;

2. static semantic correctness, including type correctness as well as checking
for undeclared variables or functions, or duplicate variables in patterns etc.;

3. well-definedness — all patterns are exhaustive and have no redundant matches;

4. termination.

Note that, in contrast to the usual approach, correctness-checking is done incre-
mentally. Violations of (1), (3) and (4) can never be introduced into CYNTHITA
programs. (2) may be violated as in general it is impossible to transform one
program into another without passing through states containing such errors.
However, all static semantic errors are highlighted to the user by colouring ex-
pressions in the program text. The incremental nature of CYNTHIA means
that as soon as an error is introduced, it is indicated to the user, although the
user need not change it immediately.

In CYNTHIA, each ML function definition is represented as a proof of a
specification of that function, using the idea of proofs-as-programs [2]. As editing
commands are applied, the proof is developed hand-in-hand with the program,
as given in Fig. 1. The user starts with an existing program and a corresponding

* This author is now with Recom Technologies, NASA Ames Research Center, Moffet
Field. CA 94035

** First author supported by EPSRC studentship and 519-50-32 NASA Code R Aero IT
Base Program, SIPS, Program Synthesis. Other authors EPSRC grant GL/L/11724

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 388-392, 1999.
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initial proof (from an initial library). The edits are actually applied to the proof,
giving a new partial proof which may contain gaps or inconsistencies. CYNTHI A
attempts to fill these gaps and resolve inconsistencies. Any which cannot be
resolved are fed back to the user as program errors.

Initial  \ ............ > Initial
Proof EXTRACT Program
U EoIT
New Partial
Proof
\LJ/ RESOLVE

Fig. 1. Editing Programs in CYNTHIA.

CYNTHIA’s proofs are written in Oyster [1], a proof-checker implementing
a variant of Martin-Lof Type Theory. Oyster specifications (or conjectures) may
be written to any level of detail, but to make the proof process tractable in
real-time, CYNT HIA specifications are restricted severely. Specifications state
precisely the type of the function and various lemmas needed for termination
analysis. Proofs of such specifications provide guarantees (1)-(4) above. Given
this restriction, all theorem proving can be done automatically.

We only consider a functional subset of the Core ML language [5]. In addi-
tion, we exclude mutual recursion and type inference. Mutual recursion could
be added by extending the termination checker. We made a conscious decision
to insist that the user provide type declarations. This is because the system is
primarily intended for novices and investigations have shown that students find
type inference confusing [5].

1 An Example of Using CYNTHIA

To illustrate the idea, consider the task of writing a function, count, to count
the number of nodes in a binary tree, where the definition of the datatype tree
is given in ML as:
datatype tree = leaf of int | node of int * tree * tree;

Suppose the user recognises that a function, length, to count the number of
items in an integer list, is similar to the desired function. He! can then use
length as a starting point. Below we give the definition of length preceded by
its type

! We refer to the user by the pronoun ‘he’ although the user may be male or female.
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’a list -> int
fun length nil = 0
| length (x::xs) = 1 + (length xs);

Note that ’a 1list is the polymorphic list type. We show how length could be
edited into count. The user may indicate any occurrence of length and invoke
the RENAME command to change length to count. CYNT HIA then changes all
other occurrences of length to count:

’a list -> int
fun count nil = 0
| count (x::xs) = 1 + (count xs);

We want to count nodes in a tree so we need to change the type of the parameter.
Suppose the user selects nil and invokes CHANGE TYPE to change the type
to tree. CYNTHIA propagates this change by changing nil to leaf n and
changing :: to node:

tree -> int
fun count (leaf n) = 0
| count (node(x,xs,ys)) = 1 + (count xs);

A new variable ys of type tree has been introduced. In addition, count ys is
made available for use as a recursive call in the program. It remains to alter the
results for each pattern. 0 is easily changed to 1 using CHANGE TERM. If the user
then clicks on 1 in the second line, a list of terms appear which include count
ys. Selecting this term produces the final program:

tree -> int
fun count (leaf n) = 1
| count (node(x,xs,ys)) = 1 + (count ys) + (count xs);

2 Representing ML Definitions as Proofs

Each ML function is represented by a proof with specification (i.e. top-level goal)
that is precisely the type of the function along with lemmas required for termi-
nation analysis. In general, such specifications may specify arbitrarily complex
behaviour about the function. However, CYNTHIA specifications are deliber-
ately rather weak so that the theorem proving task can be automated. The
definition of quicksort given in Fig. 2 is easily represented in CYNTHIA.

A specification for partition would be as follows:

AP : (V21 : (int * int — bool). Vza : int. Vz3 : int list.
(f z1 22 z3) sint list N (f z1 22 23) <4 23) (1)

where f represents the name of the function and P is a variable representing
the definition of the ML function. P gets instantiated as the inference rules
are applied. A complete proof instantiates P to a complete program. This is
a standard approach to extracting programs from proofs. The first part of the
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(int * int -> bool) -> int -> int list -> int list
fun partition £ k nil = nil
| partition £ k (h::t) = if f£(h,k) then h::partition f k t

else partition £ k t;

int list -> int list
fun gsort nil = nil
| gsort (h::t) = (gsort (partition (op <) h t)) @ [h]

@ (gsort (partition (op >=) h t));

Fig. 2. A Version of Quicksort.

(weak) specification merely states the existence of a function of the given type.
The last conjunct specifies a termination condition.

CYNTHIA’s termination analysis is an extension of Walther Recursion [3] to
ML. Walther Recursive functions form a decidable subset of the set of terminat-
ing functions, including primitive recursive functions over an inductively-defined
datatype, nested recursive functions and some functions with previously defined
functions in a recursive call, such as gqsort. Walther Recursion assumes a fixed
size ordering: w(c(u1, ... ,up)) =1+ > ,cp w(u;) where ¢ is a constructor and
R, is the set of recursive arguments of c.

There are two parts to Walther Recursion — reducer / conserver (RC) anal-
ysis and measure argument (MA) analysis. Every time a new definition is made,
RC lemmas are calculated for the definition. These place a bound on the defini-
tion based on the fixed size ordering. In (1), a conserver lemma for partition
is (f z1 22 23) <u 23 which says that the result of partition has size no greater
than its third argument. To guarantee termination, it is necessary to consider
each recursive call of a definition and show that the recursive arguments de-
crease with respect to this ordering. Since recursive arguments may in general
involve references to other functions, showing a measure decrease may refer to
previously derived RC lemmas. In gsort, for example, we need, amongst other
things, to show that partition (op >=) h t <, t. This is achieved by using
the lemma for partition.

Walther Recursion is particularly appropriate because CYNTHITA is meant
for novices who have no knowledge of theorem proving. The set of Walther Recur-
sive functions is decidable. Hence, termination analysis is completely automated.

Clearly, there are an infinite number of proofs of a specification such as
(1). The particular function represented in the proof is given by the user, how-
ever, since each editing command application corresponds to the application of
a corresponding inference rule. In addition, many possible proofs are outlawed
because the proof rules (and corresponding editing commands) have been de-
signed in such a way as to restrict to certain kinds of proofs, namely those that
correspond to ML definitions.

Formula (1) can be proved in a backwards fashion. The main ingredients of
this proof are induction, to represent the recursion in partition, along with var-
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ious correctness-checking rules which perform type-checking, termination anal-
ysis etc. The structure of the program is mirrored in the proof because the user
drives the proof indirectly by applying editing commands to the program.

The use of proofs to represent ML programs is a flexible framework within
which to carry out various kinds of analyses of the programs. It allows changes
at multiple places in the program to be achieved by a single change to the proof,
e.g. the induction scheme captures the recursion pattern of the function.

3 Evaluating CYNTHIA

CYNTHIA has been successfully evaluated in two trials at Napier University
[5]. Although some semi-formal experiments were undertaken, most analysis was
done informally. However, the following trends were noted:
e Students make fewer errors when using CYNTHIA than when using a
traditional text editor.
e When errors are made, users of CYNT HI A locate and correct the errors
more quickly. This especially applies to type errors.
e CYNTHIA discourages aimless hacking. The restrictions imposed by the
editing commands mean that students are less likely, after compilation
errors, to blindly change parts of their code.

CYNTHIA can be downloaded from http://ase.arc.nasa.gov/whittle/
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Abstract. An enumerative approach to conjecture formulation is pre-
sented. Its basic steps include the generation of terms and formulas, and
testing the formulas in a set of models. The main procedure and some
experimental results are described.

1 Introduction

Automated theorem provers are used to prove conjectured theorems. But where
do the conjectures (theorems) come from? In most cases, they are provided by
human users. However, a user might miss some interesting conjectures. It is also
well known that the addition of a few key lemmas may make automated theorem
proving much easier. The same is true for finite model searching [H]. We think
that it can be beneficial to generate some simple formulas systematically and
then test them for theoremhood.

About 10 years ago, Wos [d] listed “theorem finding” as a basic research
problem in automated reasoning. What he had in mind is adopting some criteria
that will help us select interesting theorems from those deduced by a theorem
prover. The subject of this short paper is to find some simple conjectures which
are likely to be theorems. They are tested in a set of small finite models of the
underlying theory. If they pass the test, they become interesting conjectures.

2 The Approach

Our approach is essentially generate-and-test. For a given theory which consists
of a signature and a set of axioms, we need to do the following;:

1. Generate a set of finite models.

2. Generate a set of closed well-formed formulas.

3. Test the truth of each formula in the models. Depending on the results, we
divide the set of formulas into 3 subsets: Sy (containing formulas which are
false in every model), S; (containing formulas which are true in every model)
and Sy (containing the other formulas).

* Partially supported by the Natural Science Foundation of China (No. 69703014).
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4. Formulas in Sy are discarded. Each formula in S; is a conjecture. As for
formulas in S, we may discover possible relationships between them using
machine learning techniques.

5. (Optional) Try to prove the conjectures using a theorem prover or to refute
them using a model generator.

Axioms
Model Models
Signature Generation
Conjectures
Term Terms Formula 51
V.d.R) Enumeration Construc.tlon Sy
and Testing [— Learning [

The overall process can be described by the above diagram. In the process, we
can use existing provers like OTTER to prove conjectures, and use existing finite
model generators (such as FINDER, SEM or MACE) to find the models and
counterexamples. In addition, we need tools for enumerating terms, generating
formulas and so on. In what follows, we shall give some details about them.

Obviously, for nontrivial theories, there can be too many formulas (even
restricted to some length). We choose to generate some simple terms first, and
then construct formulas of certain forms. To produce terms, we implemented a
procedure called STerms() [H]. It has 3 parameters: V' (a set of variables), d (a
positive integer) and R (a set of rewrite rules).

The terms generated by the procedure will contain no variables other than
those listed in V', and they are different from each other up to variable renamingl.
The number of function symbol occurrences in each term will not exceed d. In
addition, if R is not empty, the terms will be irreducible with respect to R.
Currently our tool is not able to perform AC rewriting. When a theory has AC
functions, we use McCune’s equational prover EQP to reduce the number of
generated terms. (Any other AC rewriting tool could also be used.)

Given a set of terms, the formulas are constructed in the following way:

for each pair of terms tl and t2 {
find the variables appearing in the terms;
formulate different combinations of quantifiers;
for each combination PREN
output the formula "PREN (t1 = t2)" ;
}

This choice is arguable. On one hand, it prevents the generation of redundant con-
jectures such as Vz [f(z,z) = z] and Vy [f(y,y) = y]. On the other hand, we will
not be able to find the commutative law, since f(z,y) and f(y,x) are not generated
simultaneously. However, the user can add any interesting terms manually.

[un
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As an option, one can choose to generate equations only (in which all vari-
ables are universally quantified). Otherwise, we may get too many theorems,
some of which are not so interesting. For example, suppose we have the the-
orem VzVy [¢p(x,y) = ¢(x,y)], then we also have JxIy [¢(x,y) = ¢(x,y)], and
VaTy [o(z,y) = ¢(x,y)], and so on.

Step 3 is realized in a straightforward way. For every (closed) formula gen-
erated in Step 2, we check its truth in each model.

For the formulas which are true in some models but false in the others (i.e.,
those in the subset S2), we may find some relationships between them through
inductive learning. For example, which formula implies another formula. We im-
plemented a method which is similar to the least-commitment search algorithm
(Section 18.5 of [M]). Its functionality is to find a minimal set of formulas whose
conjunction implies a given formula. (There may be more than one minimal
sets.)

The tools are implemented in C (on SPARCstations). They communicate
through files. For example, when we study group theory, we work with the files
Groupl.term, Groupl.mod and so on.

3 Experiments

Ezample 1. Quasigroups. The QG5 theory [ has the following 4 axioms:

f(z,2) =2
We first generate three models, of sizes 5, 7 and 8, respectively. Then we enu-

merate some terms. Suppose we choose V' = {z, y}, d = 3, and R consists of the
rule f(x,z) = x. Then there will be 23 terms, as given below.

fxy) = fle,2) »y =2
f@,2) = f(y,2) mx =y

X f(x,y) f(x,f(x,y))
f(x,f(y,x)) f(£(x,y),%) f(£(x,y),y)
f(x,f(x,f(x,y))) f£&,f(&,£(Gy,x))) £&,f(y,fx,y)))
f(x,f(y,f(y,x))) f(x,f(f(x,y),x)) I, f(E&,y),y))

f(x,f(f(y,x),x))
f(E(x,£(x,y)),%)
f(£(x,f(y,x)),y)
f(EEEX,y),y),%)

f(x,f(£(y,x),y))
f(£(x,£(x,y)),y)
f(£(£(x,y),%x),x)
fEEE, YY), ,y)

f(£(x,y),£(y,x))
f(f(x,f(y,x)),x)
fEEx,y),x),y)

Only 12 pairs of them are equal in all the 3 models. All of the 12 conjectures
turn out to be theorems. They can be proved by any state-of-the-art prover. The
simplest of these theorems include the last axiom and the following three:

fU f@y)y) =2 [y, f[(f(@y),y) =2 [z fly,2)) = f(f(z,y), )
The first two are generally believed to be helpful in solving the QG5 problem[H].

We have also experimented with other theories, like group theory, rings,
boolean algebras and so on. Some results are given in Table . The meanings of
the parameters are as follows:
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Theory|Models Terms Conjectures
mlin |v|d|r |t q klp|f
Group| 6| 5 |22 0]23|253|16|16]|0
GrpH 6| 5 [2]2|17(29|406| 5 | 3|2
Ring |6 7 (22| 442|861 23|19 |4
Ring {68 |3]|2] 9|39|71| 8| 8]0
Bool 8|3 |1]2]10|17|136 |37 |37 |0
Bool 8|3 |2]2(19]24|276|23|23]0

Table 1. Experiments with Some Abstract Algebras

the maximum size of the models;
the number of models;
the size of V;
the size of R;
the number of generated terms;
the number of equational formulas;
the number of formulated conjectures;
the number of true conjectures;
the number of false conjectures.

SR AR T e 33

We have, ¢ = t(t—1)/2 and k = p+ f. GrpH refers to group theory extended with
commutators. For this theory, one conjecture (i.e., h(f(x,y),z) = h(g(x),y) ) is
falsified by a 12-element model; another one (i.e., h(h(z,y),x) = h(z, h(y,z)) )
is also false, but we failed to find a finite counterexample (of size up to 20).

All conjectures are equational in the first example and in Table ll The next
example is about implicational conjectures in group theory.

Ezample 2. Group theory. Suppose we want to know under what conditions a
group is Abelian. We set V = {z, y} and d = 2. Using a set of 11 groups (whose
sizes are between 4 and 8), we found more than 10 equations, each of which
implies commutativity. Some of the equations are given below.

All conjectures are proved to be theorems. But in an earlier attempt, we used 5
groups (of sizes 4, 5 and 6). And one conjecture is wrong:

Vo (2° =271 — Vavy(vy = yx).

4 Concluding Remarks

Conjecture formulation as outlined above combines term rewriting, theorem
proving, model generation and machine learning. As we said in the Introduc-
tion, it helps to produce the targets of theorem proving (i.e., the theorems to be
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proved), and it helps to prove certain theorems or to find certain models quickly.
This may also be considered as an interesting application of finite models.

In many cases, key lemmas and good theorems are very simple formulas.
We believe that the model-based conjecture searching process is very useful,
especially when studying a new theory or when trying to prove a new theorem.
It is also feasible, since we have good model generators now. Usually we do not
need too many models, and the models do not have to be very big, to distinguish
between “good” (i.e., theorems) and “bad” (i.e., false conjectures).

Of course, it is inevitable that a few conjectures turn out to be false. But the
number of such conjectures can be reduced, if more models are used. And some
of them may lead to interesting discoveries. In the case of modes, for example,
even though a conjecture like VaVy [ f(z,y) = « | is not valid, it can hold under
certain conditions [M].

Useful lemmas can also be generated by a resolution style, forward chain-
ing program. DELTA [, for example, generates unit clauses by applying UR-
resolution, and adds them to the original formula. Such tools generate conclu-
sions (rather than conjectures) automatically, many of which are quite compli-
cated. But most resolution-based programs do not deal with quantified formulas
directly. Our approach may be considered as complementary to forward chaining.

Combinatorial explosion is a major obstacle, although some measures have
been taken (such as exploiting rewrite rules). In the future, we shall study tech-
niques for the automatic discovery and selection of more complex, more inter-
esting conjectures.
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The theory of programming languages is one of the core areas of computer sci-
ence offering a wealth of models and methods. Yet the complexity of most real
programming languages means that a complete formalization of their semantics
is only of limited use unless it is supported by mechanical means for reasoning
about the formalization. This line of research started in earnest with the seminal
paper by Gordon [ who defined the semantics of a simple while-language in
the HOL system and derived Hoare logic from the semantics. Since then, an ever
growing number of more and more sophisticated programming languages have
been embedded in theorem provers. This talk surveys some of the important
developments in this area before concentrating on a specific instance, Bali. Bali
(http://isabelle.in.tum.de/Bali/) is an embedding of a subset of Java in
Isabelle/HOL. So far, the following aspects have been covered:

1. Bali: operational semantics, type system, and a proof of type safety [HH.

2. Bali Virtual Machine: operational semantics, type system, and a specifica-
tion of the bytecode verifier together with a proof that the bytecode verifier
specification guarantees type safety [H].

Current developments include a Hoare logic for Bali, a verified compiler and a
verified bytecode verifier.

We hope to demonstrate that theorem proving is a key technology for for-
malizing and reasoning about real programming languages.
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Abstract. This paper presents two approaches to primitive equality
treatment in higher-order (HO) automated theorem proving: a calculus
EP adapting traditional first-order (FO) paramodulation [ESES] , and
a calculus ERUE adapting FO RUE-Resolution [[JigZd] to classical type
theory, i.e., HO logic based on Church’s simply typed A-calculus. EP and
ERUE extend the extensional HO resolution approach ER [RESE]. In
order to reach Henkin completeness without the need for additional ex-
tensionality axioms both calculi employ new, positive extensionality rules
analogously to the respective negative ones provided by ER that operate
on unification constraints. As the extensionality rules have an intrinsic
and unavoidable difference-reducing character the HO paramodulation
approach loses its pure term-rewriting character. On the other hand ex-
amples demonstrate that the extensionality rules harmonise quite well
with the difference-reducing HO RUE-resolution idea.

1 Introduction

Higher-Order (HO) Theorem Proving based on the resolution method has been
first examined by Andrews [AndZl] and Huet [EueZl]. Whereas the former avoids
unification the latter generally delays the computation of unifiers and instead
adds unification constraints to the clauses in order to tackle the undecidability
problem of HO unification. More recent papers concentrate on the adaption of
sorts [KahWd] or theory unification [Bald] to HO logic. Common to all these
approaches is that they do not sufficiently solve the extensionality problem in
HO automated theorem proving, i.e., all these approaches require the exten-
sionality axioms to be added into the search space in order to reach Henkin
completeness (which is the most general notion of semantics that allows com-
plete calculi [Ea558]). This leads to a search space explosion that is awkward
to manage in practice. A solution to the problem is provided by the extensional
HO resolution calculus ER [EESEE]. This approach avoids the extensionality ax-
ioms and instead extends the syntactical (pre-)unification process by additional
extensionality rules. These new rules allow for recursive calls during the (pre-)
unification process to the overall refutation search whenever pure syntactical
HO unification is too weak to show that two terms can be equalised modulo the
extensionality principles. ER has been implemented in LEO [RKUXH| and case
studies have demonstrated its suitability, especially for reasoning about sets.
There are many possibilities to improve the extensional HO resolution ap-
proach and the probably most promising one concerns the treatment of equal-
ity. ER assumes that equality is defined by the Leibniz principle (two things

H. Ganzinger (Ed.): CADE-16, LNAT 1632, pp. 399- 18 1999.
© Springer-Verlag Berlin Heidelberg 1999
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are equal iff they have the same properties) or by any other valid definition
principle, and thus provides no support for primitive equality. But a primitive
equality treatment seems to be more appropriate as it avoids the many flexi-
ble literals introduced when using defined equality, which unfortunately increase
the amount of blind search with ER’s primitive substitution rule Prim. There-
fore we adapt two well known first-order (FO) approaches to primitive equality:
the paramodulation approach [ES&RY] (the basis of many successful refinements
such as the superposition approach) and the RUE-resolution approach [Dig7%
(a generalisation of F-resolution [&E0a]). The main goal thereby is to preserve
Henkin completeness. We will show that therefore positive extensionality rules
are needed (which operate on positive equation literals) as in contrast to FO
logic single positive equations can be contradictory by themselves in HO logicl

This paper summarises the Chapt. 6, 7, and 8 of B85S and because of lack
of space the preliminaries and the formal proofs can only be sketched here.

The preliminaries are concisely presented in Sect. Bl and calculus ER is re-
viewed in [l Section B discusses interesting aspects on primitive and defined equa-
lity, before the extensional HO paramodulation calculus EP and the extensional
HO RUE-resolution approach ERUE are discussed in @ and B Both approaches
are briefly compared by examples in l and the conclusion is presented inH.

2 Higher-Order (HO) Logic

We consider a HO logic based on Church’s simply typed A-calculus [E88Z0] and
choose BT := {i,0} as base types, where ¢ denotes the set of individuals and
o the set of truth values. Functional types are inductively defined over BT. A
signature X (X=) contains for each type an infinite set of variables and con-
stants and provides the logical connectives —o o, Voo—o, and I(q—o)—o (ad-
ditionally =% := =,_,4—,) for every type a. The set of all X-terms (closed
X-terms) of type « is denoted by wff,, (cwff,). Variables are printed as upper-
case (e.g. X, ), constants as lower-case letters (e.g. ¢,) and arbitrary terms
appear as bold capital letters (e.g. Ty). If the type of a symbol is uniquely
determined by the given context we omit it. We abbreviate function applica-
tions by ha,—...—a,—pg UL, which stands for (- - - (ha,—...—a,—p U, ) -+~ UL ).
For a-, -, n-, Bn-conversion and the definition of Gn- and head-normal form
(hnf) for a term T we refer to [BazXa] as well as for the definition of free vari-
ables, closed formulas, and substitutions. Unification and sets of partial bind-
ings ABQL are well explained in [RIXY]. An example for a pre-clause, i.e., not
in proper clause normal form, consisting of a positive literal, a negative lit-
eral, and a special negative equation literal (also called wnification constraint)
isC:[~(P_, T)]TV [h5—0 Y_V’;}F VI[Q.—., a, = Y,_, b]F. The corresponding
proper clause, i.e., properly normalised, is C': [P T] V[h Y"FV[Q a =Y b]F.
The unification constraint in C and C’ is called a flez-flex pair as both unification
terms have flexible heads. A clause is called empty, denoted by [, if it consists

! Consider, e.g. the positive literal [a, = —ao]T or [G X = f]T (resulting from the
following formulation of Cantor’s theorem: =3G,—.—o. VP, 0. 3X,. G X = P).
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only of flex-flex unification constraints. A clause C; generalises a clause Cs, iff
there is a substitution o, such that the Sn-normal form of ¢(Cy) is an a-variant
of the fn-normal form of Cs.

A calculus R provides a set of rules {r,| 0 < n < i} defined on clauses. We
write @ ™ C (C’' ™ C) iff clause C is the result of an one step application of rule
Ty, € R to premise clauses C, € & (to C’ respectively). Multiple step derivations
in calculus R are abbreviated by @1 kg @ (or C1 kg Ci).

A standard model for HOL provides a fixed set D, of individuals, and a set
D, :={T, L} of truth values. The domains for functional types are defined in-
ductively: D,_.g is the set of all functions f: D, — Dg. Henkin models only
require that D, 3 has enough members that any well-formed formula can be
evaluated. Thus, the generalisation to Henkin models restricts the set of valid
formulae sufficiently, such that complete calculi are possible. In Henkin and
standard semantics Leibniz equality (=% :=AXa. AYa. VParso. PX = PY) de-
notes the intuitive equality relation and the functional extensionality principles
(VMa—p. VNa—g. (VX. (MX) = (NX)) & (M = N)) as well as the Boolean exten-
sionality principle (VPe. ¥Qo. (P = Q) & (P < Q)) are valid (see [Rentdl[REIT]).
Satisfiability and validity (M |=F or M = @) of a formula F or set of formulas
@ in a model M is defined as usual.

The completeness proofs employ the abstract consistency method of RS &
[E&250) which extends Andrews’ HO adaptation [Aadal]| of Smullyan’s approach
[E5554] to Henkin semantics. Here we only mention the two main aspects:

Definition 1 (Acc for Henkin Models). Let X be a signature and I3; a class
of sets of X-sentences. If the following conditions (all but V.* ) hold for all A, B €
cwff,, ¥, G € cuwff,_3, and ® € Iz, then we call I;; an abstract consistency

class for Henkin models with primitive equality, abbreviated by Acc™
(resp. abstract consistency class for Henkin models, abbreviated by Acc).

Saturated ~ PU{A} € & ordU{-A} € L.

V.  If A is atomic, then A ¢ & or -A & P.

V. If--Acd, thendU{A} € 3.

Vi  If A € & and B is the Bn-normal form of A, then ®U {B} € L.

VW IfAVBe®, then®U{A} € I3 or PU{B} € .

Vi  If=(AVB) €, then?U{-A,-B} € I3.

Y  IfII°F € &, then PU{F W} € I3 for each W € cuff,.

V5 If-II°F € &, then @ U {—~(F w)} € I for any new constant w € X .

Y If-(A="B)€®, then®PU{A,-B} € & or U {-A,B} € [5-.

V, If~(F —o—h G) € &, then U {~(F w =’ G w)} € Ix for any new constant
wE Xy

V' ~(Aa=A)¢d. V: IfF[A], € and A =B € &, then d U {F[B],} € 11

Theorem 1 (Henkin Model Existence). Let ® be a set of closed X-formulas
(X=-formulas), Is; (Iz=) be an Acc (Acc™) and @ € I3;. There exists a Henkin
model M, such that M |= &.
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Fig. 1. Clause Normalisation Calculus CNF

| Clause Normalisation: | D CeCNF(D)

C
(defined on proper clauses only)

[A]*VC [B]’VD a#p [A]*V[B]*VC ac{T, F}
CVDVIA =BJf ° [A*VCVI[A =BJF

Cnf

Fac

(@, TFl*vC P e ABIVIVUIPIBET™) - iy
@, UF*vCVI[Q=P]"

Prim

‘ Extensional (Pre-)Unification: ‘

CV [M,_s =N,_5]" s, Skolem term for this clause
CV[Ms=N s]F
Cv [A"/Hﬁ C"/ = B"/Hﬁ D"/]F
CV[A=B]"v[C=D]"

CVI[A=A)F CV[X = A]" X does not occur in A
——(—— Trw Subst

G Cia/xy
vnF Ge AB: .
— FlexRigid
Vv [F =GF)F
CV[MD:ND]F C\/[MAIZN,Y]F

- Equiv + Leib
CV [M, < Ny CV |VPy—o. PM = P N]

Func

Dec

(C VIFm, Un = Hym v Ge AB:THA, for a constant h-

— — = FlexFlex
CVI[FUr»=H V™" V[F=G]

ABQ specifies the set of partial bindings of type 7 for head h as defined in [S&Xy]

Fig. 2. Extensional HO Resolution Calculus ER
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3 ER: Extensional HO Resolution

Figure M presents calculus CNF := {VT,vE vE =T <F [IT ITF} for clause nor-
malisation. These rules are defined on (pre-)clauses and are known to preserve
validity or satisfiability with respect to standard semanticsll

The syntactical unification rules (cf. Fig. ) provided by ER which operate on
unification constraints are UNZ := { Func, Dec, Triv, Subst, FlexRigid}. These
rules realise a sound and complete approach to HO pre-unification. Note the
double role of extensionality rule Func: on the one hand this rule works as a
syntactical unification rule and subsumes the a- and 7-rule as, e.g. presented
in [BESZ); on the other hand Func applies the functional extensionality prin-
ciple if none of the two terms is a A-abstraction. Apart from rule Func, ER
provides the extensionality rules Fquiv and Leib (cf. Fig. l). The former applies
the Boolean extensionality principle and the latter simply replaces a negative
unification constraint (encoded as a negative equation) by a negative Leibniz
equation. The extensionality rules operate on unification constraints only and
do in contrast to the respective axioms not introduce flexible heads into the
search space.

The main proof search is performed by the resolution rule Res and the fac-
torisation rule Fac. It is furthermore well known for HO resolution, that the
primitive substitution rule Prim is needed to ensure Henkin completeness.

For the calculi presented in this paper we assume that the result of each rule
application is transformed into hnfll, where the hnf of unification constraints is
defined special and requires both unification terms to be reduced to hnf. A set
of formulas @ is refutable in calculus R, iff there is a derivation A : &, Fgr O,
where @, := {[F/]T|F’ hof of F € &} is the clause-set obtained from & by simple
pre-clausification. More details on ER are provided by [EROXRAEentd].

Whereas completeness of ER has already been analysed in [KKGXA] this paper
(and [Rentild])) presents an alternative completeness proof for a slightly extended
version of ER (this version, e.g. employs the instantiation guessing FlexFlex-
rule). The new proof is motivated as follows: (i) it eases the proof of the lifting
lemma and avoids the quite complicated notion of clause isomorphisms as used
in [BESRAANGA] ) (ii) it can be reused to show the completeness for calculi EP
and ERUE as well, (iii) it prepares the analysis of non-normal form resolution
calculi, and (iv) it emphasises interesting aspects on rule FlezFlex, unification,
and clause normalisation wrt. ER, EP, and ERUE.

One such interesting aspect is that different to Huet [ES&Z eager unification
is essential within our approach. This is illustrated by the argumentations for Vj
and Vj in the completeness proofs (cf. [EEETHEEGEA]) as well as the examples
presented in Sec. Bor [Renil]. However, we claim that rule FlezFlex can still be
delayed until the end of a refutation, i.e., FlezFlex can be completely avoided.

The author has not been able to prove the latter claim yet. And thus the
completeness proofs for ER (and EP, ERUE) still depends on the FlexFlex-rule.
2 A does not contain free variables.

3 For Skolemisation we employ Miller’s sound HO correction [REid].
* One may also Sn-normal form here.
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We now sketch the main results on ER as discussed in detail in [Eendd].

Definition 2 (Extensional HO Resolution). We define three calculi:

ER = {Cnf, Res, Fac, Prim} UUNT U {Equiv, Leib} employs all rules
(except FlexFlex) displayed in Fig. B.

ERy = ERU{FlexFlex} uses full HO unification instead of pre-unification.

ER = (ER\{Cnf}) UCNF employs unfolded and stepwise clause normali-
sation instead of exhaustive normalisations with rule Cnf.

These calculi treat equality as a defined notion only (e.g. by Leibniz equality) and

primitive equations are not allowed in problem formulations. Although unification

constraints are encoded as negative equation literals, no rule but the unification

rules are allowed to operate on them.

Theorem 2 (Soundness). The calculi ER, ERy, and ERy are Henkin-sound
(H-sound).

Proof. Preservation of validity or satisfiability with respect to Henkin semantics
is proven analogously to the standard FO argumentation. For Skolemisation
(employed in rule IT¥ and Func) we use Miller’s sound HO version [RIIXd].
Soundness of the extensionality rules Fquiv, Func, and Leib is obvious as they
simply apply the valid extensionality principles.

Lemma 1 (Lifting of ERy). Let @ be clause set, D1 a clause, and o a substi-
tution. If o(®) Fer,. D1, then @ Fer, D for a clause Do generalising D .

Proof. One can easily show that each instantiated derivation can be reused on
the uninstantiated level as well. In blocking situations caused by free variables
at literal head position or at unification term head position, either rule Prim or
rule FlexFlex can be employed in connection with rule Subst to introduce the
missing term structure. The rather unintuitive clause isomorphisms of [ERIXS]
or [BG0Y2)] are thereby avoided.

Theorem 3 (Completeness). Calculus ERy. is Henkin complete.

Proof. Analogously to the proof in [BESRE] we show that the set of closed for-
mulas that are not refutable in ERy. (i.e., I :={P C cwff,|Pu Ver, O}) is a
saturated abstract consistency class for Henkin models (cf. Def. l). This entails
Henkin completeness for ERs. by Thm. Hl.

Lemma 2 (Theorem Equivalence). The calculi ERy and ERy are theorem
equivalent, i.e., for each clause set @ holds that ® Fer,, U iff D Fer, L.

Proof. We can even prove a more general property: For each proper clause C
holds @ Fgg,. C implies @ Fgr, C. The proof idea is to show that the unfolded
clause normalisations can be grouped together and then replaced by rule Cnf.

Question 1 (Theorem Equivalence). The author claims that the calculi ER and
ERy. (or ERy) are theorem equivalent. A formal proof has not been carried
out yet. Some evidence is given by the case studies carried out with the LEO-
prover [BRIRH| and the direct completeness proof for ER in [EEGRA].
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4 Primitive Equality

Treating equality as a defined notion in HO logic (e.g. by the Leibniz principle)
is convenient in theory, but often inefficient and unintuitive in practical appli-
cations as many free literal heads are introduced into the search space, which
increases the degree of blind search with primitive substitution rule Primll This
is the main motivation for the two approaches to primitive equality presented in
the next sections. Before we discuss these approaches in detail we point to the
following interesting aspects of defined equality in HO logic:

— There are infinitely many different valid definitions of equality in HO logicl
For instance: Leibniz equality (=% := AX4. AYa. VParso. PX = PY), Reflex-
ivity definitionll (£ = AXa. A\Va. YQa—amor (VZa. (Q Z Z)) = (Q X Y)),
and infinitely many artificial modifications to all valid definitions (e.g., =
= AXaw AYa. VPo 0 (a0 V = a0) AP X) = ((bo V = bo) A P Y)). The latter
definition is obviously equivalent to Leibniz definition as it just adds some
tautologies to the embedded formulas.

— The artificially modified definitions demonstrate, that it is generally not
decidable whether a formula is a valid definition of equality (as the set of
tautologies is not decidable). Hence, it is not decidable whether an input
problem to one of our proof procedures contains a valid definition of equality,
and we cannot simply replace all valid definitions embedded in a problem
formulation by primitive equations as one might wish to.

If we are interested in Henkin completeness, we therefore have to ensure that the
paramodulation and RUE-resolution approaches presented in the next sections
can handle all forms of defined equality (like the underlying calculus ER) and
can additionally handle primitive equalityl

5 EP: Extensional HO Paramodulation

In this section we adapt the well known FO paramodulation approach [E3Z6Y
to our HO setting and examine Henkin completeness. A straightforward adap-
tation of the traditional FO paramodulation rule is given by rule Para in Fig. B
Analogous to the ER rules Res and Fac, (pre-)unification is delayed by encoding
the respective unification problem (its solvability justifies the rewriting step) as

® This is illustrated by the examples that employ defined equality in [EREGZS and the
examples that employ primitive equality in Sect. ll.

5 For this statement we assume Henkin or standard semantics as underlying seman-
tical notion. In weaker semantics things get even more complicated as, e.g., Leibniz
equality does not necessary denote the intended equality relation. For a detailed
discussion see [RANUUIERAIE .

" As presented in Andrews textbook [EREXd, p. 155.

8 The author admits, that in practice one is mainly interested in finding proofs rather
than in the theoretical notion of Henkin completeness. Anyhow, our motivation in
this paper is to clarify the theoretical properties of our approaches.
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[A[T,]]*vC [L"/:R"/]TVD p [A]*VC [L"/:R"/]TVD ,
AR vevDvIT=1" " [P _.RFVCVDVA—PLF

We implicitly assume the symmetric application of [L, = R,]7.
T (in Para) does not contain free variables which are bound outside of T.

Fig. 3. Adapted Paramodulation Rule and a HO specific reformulation

a unification constraint. Rule Para’ is an elegant HO specific reformulationl] of
paramodulation that has a very simple motivation: It describes the resolution
step with the clause [P L]¥ v [P R]T Vv D, i.e., the clause obtained when re-
placing the primitive equation [L = R]T by its Leibniz definition. Note that the
paramodulant of Para’ encodes all possible single rewrite steps, all simultane-
ous rewrite-steps with rule Para, and in some sense even the left premise clause
itself. This is nicely illustrated by the following example: C; : [p (f (f a))]T and
Cy : [f = h]T, where p, .o, f.., h,_, are constants. Applying rule Para’ to C
and Cy from left to right leads to Cs : [P, W]TVIp (f (f @) = Pi—n—. f1F.
Eager unification computes the following four solutions for P, which can be back-
propagated to literal [P h]T with rule Subst:

[AZ,—.,-p (f (f a))/P] the pure imitation solution encodes C; itself.

\Z,_..p (Z (f a))/P] encodes the rewriting of the first f ([p (h (f a))]T).

[\Z,_..p (f (Z a))/P] encodes the rewriting of the second f ([p (f (h a))]?).

[\Z,_...p (Z (Z a))/P] encodes the simult. rewr. of both f ([p (h (h a))]T).

Rule Para’ introduces flexible literal heads into the search space such that rule
Prim becomes applicable. Thus, a probably suitable heuristics in practice is to
avoid all primitive substitution steps on flexible heads generated by rule Para’.

Note that reflexivity resolutionu and paramodulation into unification con-
straintsu are derivable in our approach and can thus be avoided.

9 This rule was first suggested by Michael Kohlhase.

10 In FO a reflexivity resolution rule is needed to refute negative equation literals
[T1 = Tg]F if T1 and T2 are unifiable. As such literals are automatically treated as
unification constraints reflexivity resolution is not needed in our approach.

Y Let C1 : C V[A[T] = B]" and C; : [L = R]T v D. The rewriting step Para(Ci,Ca) :
Cs : CVDVI[A[R] = B V[L = T]¥ can be replaced by derivation Leib(C1) :
Cs:[p AT)TVC, Cs: [pB]F vVC; Para(Cs,Cs) : Cs : [p A[R]]"VCVDVI[L =
T)"; Res(Cs,Cs), Fac, Triv : Cr : CVDV[p A[R] = p B]F V[L = T]¥; Dec(Cr) : Cs.
Notational remark: Res(Cs,Cs), Fac,Triv describes the application of rule Res to
Cs and Cs, followed by applications of Fac and Triv to the subsequent results.
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In the following discussion we will use the traditional paramodulation rule
Para onlyn As Para’ is obviously more general than Para we obtain analogous
completeness results if we employ Para’ instead.

Definition 3 (Simple HO Paramodulation). &P, uive := ER U {Para} ex-
tends the extensional HO resolution approach by rule Para. Primitive equations
in input problems are no longer expanded by Leibniz definition. Para operates on
proper clause only and omits paramodulation into unification constraints.

Whereas soundness of rule Para can be shown analogously to the FO case,
it turns out that our simple HO paramodulation approach is incomplete:

Theorem 4 (Incompleteness). Calculus EPpaive is Henkin incomplete.

Proof. Consider the following counterexamples: E*"e: =3X,. (X = =X), i.e.,
the negation operator is fix-point free, which is obviously the case in Henkin
semantics. Negation and clause normalisation leads to clause C; : [a = —a]T,
where a, is a new Skolem constant. The only rule that is applicable is self-
paramodulation at positions (1), (2), and (), leading to the following clauses
(including the symmetric rewrite steps):

Para(Cy,C1) at (1):Ca: [a==a]T V[~a=a]f, C3: [na=-a]TV]a=a]

Para(Cy,C1) at (2):Cy: [a==a)T V]a=-alf, C5: [a=a]TV[-a=-a]f

Para(Cy,C1) at () : Ce: [a]T V[-a= (a=-a)lF,Cr: [a]f'V]a=(a=-a)f

A case distinction on the possible denotations {T, L} for a shows that all clauses
are tautologous, such that no refutation is possible in EP,qive- Additional ex-
amples are discussed in [BendY], e.g. EF9me: [G X = p|T, which stems from a

simple version of cantor’s theorem —=3G, ., .,. VP, .- 3X,. G X = P, or example
Efera: [M = AX,. 1]T, which stems from IM,_,. M # (.

The problem is that in HO logic even single positive equation literals can be
contradictory. And the incompleteness is caused as the extensionality principles
are now also needed to refute such positive equation literals Hence, we add
the positive counterparts Func’ and Fquiv’ (cf. Fig. @) to the already present
negative extensionality rules Func and Fquiv. The completeness proof and the
examples show that a positive counterpart for rule Leib can be avoided.

Definition 4 (Extensional HO Paramodulation). Analogously to the ex-
tensional HO resolution case we define the calculi EP .= ER U {Para, Equiv’,
Fund'}, EPy == EP U{FlexFlex}, and EPy. := (EP\{Cnf})UCNF.

Theorem 5 (Soundness). The calculi EP, EP, and EPy. are H-sound.

12 1t has been pointed out by a unknown referee of this paper that rule Para’ already
captures full functional extensionality and should therefore be preferred over Para.
Example EJ"" discussed in Sec. 10.6 of [E&5G illustrates that this is generally not
true.

13 Tn contrast to EP, the underlying calculus ER does not allow positive equation liter-
als as the equality symbol is only used to encode unification constraints. Therefore
the pure extensional HO resolution approach &R does not require a positive exten-
sionality treatment.
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CV[M, =N,” CV [M,—5=N,_5]" X new variable

Equiv’ Func'
CcvM, & N,JT CVMX, =N x,]” une

Fig. 4. Positive Extensionality Rules

Proof. Soundness of rule Para with respect to Henkin semantics can be proven
analogously to the FO case and soundness of Fquiv’ and Func’ is obvious, as they
simply apply the extensionality principles, which are valid in Henkin semantics.

Lemma 3 (Lifting of £Pr). Let & be a clause set, D1 a clause, and o a sub-
stitution. If o(®) Fer, D1, then @ Fep, Do for a clause Dy generalising D;.

Proof. Analogous to Lemmalll. The additional rules do not cause any problems.

The main completeness theorem B for EPy. below is proven analogously to
Thm. B i.e., we employ the model existence theorem for Henkin models with
primitive equality (cf. Thm.l). As primitive equality is involved, we additionally
have to ensure the abstract consistency properties V" and V* (cf. Def. W), i.e.,
the reflexivity and substitutivity property of primitive equality. Whereas the
reflexivity property is trivially met, we employ the following admissibld — and
moreover even weakly derivable (i.e., modulo clause normalisation and lifting)
— paramodulation rule to verify the substitutivity property.

Definition 5 (Generalised Paramodulation). The generalised paramodula-
tion rule GPara is defined as follows:

[T[As]]*VC [As =Bgsl"
[TB]]*VvVC

GPara

This rule extends Para as it can be applied to non-proper clauses and it restricts
Para as it can only be applied in special clause contexts, e.g. the second clause
has to be a unit clause. GPara is especially designed to verify the substitutivity
property of primitive equality V. in the main completeness theorem B

Weak derivability (which obviously implies admissibility) of GPara is shown
with the help of the following weakly derivable generalised resolution rules.

Definition 6 (Generalised Resolution). The generalised resolution rules
GResy1, GResy, and GRess are defined as follows (for all rules we assume

a,B € {T, F} with a # 3, and for GResy we assume that Y™ ¢ free(A)):

14 Rule r is called admissible (derivable) in R, iff adding rule 7 to calculus R does not
increase the set of refutable formulas (iff each application of rule r can be replaced
by an alternative derivation in calculus R).
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A= . TZ*VC [As_, X7’V D A, Y"*vC [X,Tr°VvD
(A5 5] [A5 7] GRes, [A, Y] [Xy Tn] GRess
(CV D) 5m (CV D)p)x77/7m
A, T)*vC [X,Y"]?VvD
[A, Tn] [Xy Y7 GRess
(CV D)) x 75777

These rules extend Res as they can be applied to non-proper clauses, and they
restrict Res as they are only defined for special clause contexts. The rules are
designed just strong enough to prove weak derivability of GPara.

Lemma 4 (Weak Derivability of GRes; 23). Let C1,C2,C3 be clauses and
r € {GRes1, GResa, GRess}. If {C1,Ca} F" Cs Fene Ca for a proper clause Cy,
then {C1,Ca} Fep,. Cs for a clause Cs which generalises Cy.

Proof. The proof is by induction on the number of logical connectives in the
resolution literals. It employs generalised (and weakly derivable) versions of the
factorisation rule Fac and primitive substitution rule Prim (see [Randd|), which
are not presented here because lack of space. GRess and G Ress are needed to
prove weak derivability for GRes;. As the rules Para, FEquiv’, Func’ are not
employed in the proof, this lemma analogously holds for calculus ERy..

Lemma 5 (Weak Derivability of GPara). LetCy : [T[A]p)]*VD:1,Co: [A =
B|T,C5 : [T[B],]*V Dy be clauses. If A : {C1,Ca} FEP Cy e Cy for a proper
clause Cy, then {C1,Ca} Fep, Cs for a clause Cs generalising Cy.

Proof. The proof is by induction on the length of A and employs the (weakly
derivable) generalised resolution rule GRes; and the standard paramodulation
rule Para in the quite complicated base case.

Theorem 6 (Completeness). Calculus EPy. is Henkin complete.

Proof. Let Iy, be the set of closed X-formulas that cannot be refuted with cal-
culus EP. (i.e., Ik :={P C cwff,|Pc ep, O}). We show that I3 is a saturated
abstract consistency class for Henkin models with primitive equality (cf. Def. H).
This entails completeness by the model existence theorem for Henkin models
with primitive equality (cf. Thm. ).

First we have to verify that I5; validates the abstract consistency properties
Ve, Vo, Vs, W, VA, W, V&, Vi, V; and that I5 is saturated. In all of these cases
the proofs are identical to the corresponding argumentations in Thm. H.

Thus, all we need to ensure is the validity of the additional abstract consis-
tency properties V" and V. for primitive equality:

(V") We have that [A =~ A} FT7 [ and thus —=(A =% A) cannot be in &.

(V?#) Analogously to the cases in Sec. B we show the contrapositive of the asser-
tion, and thus we assume that there is derivation A : & U{[F[B]]”} Fep, O. Now
consider the following EPy.-derivation: A’ : &, U {[F[A]]T,[A = B|T} -G¢Fara
o U{[F[A]]T,[A = B]",[F[B]]"} bep, 0. By Lemmall GPara is weakly deriv-
able (hence admissible) for calculus EPy., such that there is a EPp-derivation
A" @y U{[FIA]]", [A = B]"} Fep, 0 U{[F[A]]", [A = B]", [F[B]]"} Fep, O
which completes the proof.
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Lemma 6 (Theorem Equivalence). EPy, and EP are theorem equivalent.

Proof. Analogous to Lemmall. The additional rules do not cause any problems.

Question 2 (Theorem Equivalence). The author claims that the calculi EP and
EPy. (or EPf) are theorem equivalent. The formal proof will most likely be anal-
ogous to the one for question ll

6 ERUE: Extensional HO RUE-Resolution

In this section we will adapt the Resolution by Unification and Equality ap-
proach 87| to our higher-order setting. The key idea is to allow the resolu-
tion and factorisation rules also to operate on unification constraints (which is
forbidden in ER and £P). This implements the main ideas of FO RUE-resolution
directly in our higher-order calculus. More precisely our approach allows to com-
pute partial E-unifiers with respect to a specified theory E by resolution on
unification constraints within the calculus itself (if we assume that F is specified
in form of an available set of unitary or even conditional equations in clause
form). This is due to the fact that the extensional higher-order resolution ap-
proach already realises a test calculus for general higher-order E-pre-unification
(or higher-order E-unification in case we also add the rule FlexFlex). Further-
more, each partial E-(pre-)unifier can be applied to a clause with rule Subst,
and, like in the traditional FO RUE-resolution approach, the non-solved unifica-
tion constraints are encoded as (still open) unification constraints, i.e., negative
equations, within the particular clauses.

Definition 7 (Extensional HO RUE-Resolution). We now allow the fac-
torisation rule Fac and resolution rule Res to operate also on unification con-
straints and define the calculi ERUE = ER U {Equiv’, Func'}, ERUE; = ERUE U
{FlexFlex}, and ERUE: = (ERUE\{Cnf}) UCNF.

Theorem 7 (Soundness). The calculi ERUE,., ERUE;, and ERUE are H-sound.

Proof. Unification constraints are encoded as negative literals, such that sound-
ness of the extended resolution and factorisation rules with respect to Henkin
semantics is obvious.

Lemma 7 (Lifting of ERUE:). Let @ be a clause set, D1 a clause, and o a
substitution. If o(®) t-gr,, D1, then @ Ferug, D2 for a clause Dy generalising D; .

Proof. Analogous to Lemmata [ll and B

Within the main completeness proof we proceed analogously to previous sec-
tion and employ the generalised paramodulation rule GPara to verify the crucial
substitutivity property V.. Thus, we need to show that GPara is admissible in
calculus ERUEs.. Note that in Lemma Bl we were even able to show a weak deriv-
ability property of rule GPara for calculus £Pr.. Whereas GPara is not weakly
derivability for calculus ERUE., we can still prove admissibility of this rule here.
As in Lemma @, we employ the generalised resolution rules which are weakly
derivable in ERUE;. as well.
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Lemma 8 (Weak Derivability of GRes; 23). Let C1,Ca,Cs be clauses and
r € {GRes1, GResa, GRess}. If {C1,Ca} F" Cs Fene Ca for a proper clause Cy,
then {C1,Ca} Ferug,. Cs for a clause Cs which generalises Cy.

Proof. Analogous to Lemma [l

Lemma 9 (Admissibility of GPara). Let ¢ be a clause set, such that A : P
pGPara g/ Ferug, U, then there exists a refutation @ Ferye, U

Proof. The proof is (analogous to Lemma H) by induction on the length of A
and employs the weakly derivable generalised resolution rule GRes;. The ap-
plications of rule Para in the proof of Lemma [l are replaced by corresponding
derivations employing resolution and factorisation on unification constraints.
The latter causes the loss of the weak derivability property.

Theorem 8 (Completeness). Calculus ERUE. is Henkin complete.

Proof. Analogously to LemmaBwe show that the set of closed X-formulas which
cannot be refuted by the calculus ERUE. (i.e., I = {P C cwff,|Pu Vere,. O}) is
a saturated abstract consistency class for Henkin models with primitive equality
(cf. Def. l). This entails the assertion by Thm. [l

The proof is analogous to Lemmall Even the abstract consistency properties
V. and V; are proven analogously by employing the generalised paramodulation
rule GPara, which is by Lemma Bl admissible in ERUE, .

Lemma 10 (Theorem Equiv.). ERUE,. and ERUEs are theorem equivalent.

Proof. Analogous to Lemma B The additional or modified rules do not cause
any problems.

Question 8 (Theorem Equivalence). The author claims that the calculi ERUE
and ERUEy. (or ERUEs) are theorem equivalent. A formal proof will most likely
be analogous to questions ll and B

7 Examples

The first (trivial FO) example illustrates the main ideas of EP and ERUE: a, €
mi—o Aa = b = b € m. Sets are encoded as characteristic functions and
€ := AXa, Ma—o. M X, such that the negated problem normalises to: Ci : [m a]7,
Cz:[a=0b]", C3:[mb]". An obvious term-rewriting refutation in EP: Para(Ci,Ca),
Triv: Cy: [mb]T; Res(Cs,Ca), Triv : QN A difference-reducing refutation in ERUE:
Res(C1,C3) : Ca: [m a=m b"; Dec(Cs), Triv:Cs: [a=b"; Res(Cz,Cs), Triv : O.
We now examine the examples mentioned in Thm.Bin calculus EP: ELee .
(G X.) = pi—o]T (Cantor’s theorem) Func (ES*™), BEquiv' : C1 : [G X Y,)F Vv

!5 Notation (as already used before): Res(Cs,Cs), Fac describes a paramodulation step
between Cs and Cs followed by factorisation of the resulting clause. Prim(Ci|C2)
denotes the parallel application of rule Prim to C; and C.
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[pY.]", C2: [G X Y] V[pY.]"; Prim(C1|Cz), Subst : Cs : [G" X Y]" v [p Y], C4:
[G" X YIF VIp Y]'; Fac(Cs|Ca),UNT: C5 : [p YT, Co : [p Y]'; Res(Cs,Cs), UNT :
Cr - 0. EPare and EF* can be proven analogously. The key idea is to employ
the positive extensionality rules first. As paramodulation rule is not employed,
these proofs are obviously also possible in ERUE.

Example E$¢ focuses on reasoning about sets: ({X| odd X A num X} =
{X| —ev X A num X}) = (2{X\ odd XAX>100Anum X} __ 2{X\ - ev XAX>100Anum X]»)7
where the powerset-operator is defined by ANq—o. AMa—o. VXoo M X = N X.
CNF(ES), Func, Func' : C1 : [(odd X Anum X) = (= ev X A num X)]T and
Co: [(VX.n X = ((odd X NX > 100) Anum X)) = (VX.n X = ((-ev XAX > 100)A
num X))]¥ where n is a Skolem constant. The reader may check that an applica-
tion of rule Para does not lead to a successful refutation here as the terms in the
powerset description do unfortunately not have the right structure. Instead of fol-
lowing the term-rewriting idea we have to proceed with difference-reduction and
a recursive call to the overall refutation search from within the unification pro-
cess: Dec(C2), Triv, Func, Dec, Triv : Cs : [((odd sAs > 100) Anum s) = ((— ev sAs >
100) Anum 8)]*; Equiv(Cs),CNF, Fac,UNT: Ca : [odd s]TV]ev s], Cs : [s > 100]%, Cs :
[num s]T, Cr : [odd 5]V [s > 100]F V [num s]" V [ev s]T; Equiv'(C1),CNF, Fac, UNT :
Cs : [odd X1FV [num X])FV [ev X]F, Cy : [odd X]T V [num X])¥V[ev X]T. The rest of
the refutation is a straightforward resolution proof on C4 —Cy. It is easy to check
that an elegant term-rewriting proof is only possible if we put the succedent of
E;et in the Tlght order: 2{X\ (odd X Anum X)AX>100} __ 2{X\ (= ev XAnum X)/\X>100}.
Thus this example nicely illustrates the unavoidable mixed term-reducing and
difference-reducing character of extensional higher-order paramodulation.

On the other hand a very interesting goal directed proof is possible within
the RUE-resolution approach ERUE by immediately resolving between C; and
the unification constraint Cy and subsequently employing syntactical unification
in connection with recursive calls to the overall refutation process (with the
extensionality rules) when syntactical unification is blocked.

[BE5S8] provides a more detailed discussion of these and additional examples.

8 Conclusion

We presented the two approaches EP and ERUE for extensional higher-order
paramodulation and RUE-resolution which extend the extensional higher-order
resolution approach ER [REIXZ] by a primitive equality treatment. All three
approaches avoid the extensionality axioms and employ more goal directed ex-
tensionality rules instead. An interesting difference to Huet’s original constraint
resolution approach [EueZl] is that eager (pre-)unification becomes essential and
cannot be generally delayed if an extensionality treatment is required.

Henkin completeness has been proven for the slightly extended (by the ad-
ditional rule FlezFlex) approaches ERy, EPy and ERUEs. The claim that rule
FlexFlex is admissible in them has not been proven yet. All three approaches
can be implemented in a higher-order set of support approach as presented
in [Reniy]. [Reniy] also presents some first ideas how the enormous search space
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of the introduced approaches can be further restricted in practice, e.g. by intro-
ducing redundancy methods.

It has been motivated that some problems cannot be solved in the paramod-
ulation approach EP by following the term-rewriting idea only, as they unavoid-
ably require the application of the difference-reducing extensionality rules. In
contrast to EP the difference-reducing calculus ERUE seems to harmonise quite
well with the difference-reducing extensionality rules (or axioms), and thus this
paper concludes with the question: Can HO adaptations of term-rewriting ap-
proaches be as successful as in FO, if one is interested in Henkin completeness
and extensionality, e.g., when reasoning about sets, where sets are encoded as
characteristic functions? Further work will be to examine this aspect with the
help of the LEO-system [RKUXE| and to investigate the open questions of this

paper.
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Abstract. P, is introduced: an algorithm for the automatic generation
of proof search strategies from sets of examples of proofs. The proof
search strategies are generated as sets of assertions (called methods)
about the use of inference rules found in the examples. Sets of methods
are prioritized and they can be compiled into clauses of a logic program.
Proofs obtained for difficult problems in classical second-order logic are
used as evidence of the adequacy of the methodology.

1 Introduction

This paper presents the algorithm Ps, that generates assertions (called methods)
about the uses of the inference rules of a given logic from examples of proofs. The
algorithm assumes that proofs can be performed in a goal-oriented fashion, and
that they can be decomposed in proof steps, containing a goal and a designation
of an inference rule applied to it. Its main components are: a set of randomized
algorithms for generating methods from proof steps, and algorithms for ordering
methods, for matching methods with proof goals, and for establishing redundancy
of methods. It uses examples of proofs to generate sets of methods that can
be compiled into logic programs, encoding proof search strategies. However, a
fundamental characteristic of the generated sets of methods is the fact they are
prioritized.

P2 has been applied to generate provers for Intuitionistic Propositional Cal-
culus (IPC), modal logics S4, and S5 (results in [I] and in [d]). In this paper,
results of an experiment with classical second-order logic are shown and ana-
lyzed. In the experiment to be analyzed, a proof search strategy generated by
an implementation of Py was used to drive proofs in fully automatic mode for
all of the problems in Fig. B Particularly interesting are the automatic proofs
obtained for the problems 5 to 14 (taken from [B]) and for Cantor’s theorem that
the power set of a set S is larger than S (problem 15.)

The following properties of the generated provers will be discussed: the sound-
ness of the generated provers, the generality of the methodology with respect to
application to several logics, and the re-usability of the generated provers. Also
discussed are the importance of assigning priorities to the methods that consti-
tute a proof search strategy, and the use of a lazy elimination of quantifiers in
proofs involving higher-order quantification as a device to avoid the explosion in
the tree to be searched.

H. Ganzinger (Ed.): CADE-16, LNAI 1632, pp. 414l 1999.
© Springer-Verlag Berlin Heidelberg 1999
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1. FYXYYVZ(X =Y)A(Y =2)) D (X = Z2))

2. FYXVY((X =Y) D (Pi(X) < Pi(Y)))

3. FYXVYYVZ((X =Y) D (G2(X, Z) = G2(Y, 2)))

4. FYXVY((X = F1(Y)) D (Hi(G1(X)) = Hi(G1(Fy(Y))))

5. FIAVX(A(X) D (X <=0))

6. FVP(P(a) DIANVX(A(X) D P(X))ATYA®Y)))

7. EVXVYVZ((X <Y)A(Y < Z)) D FA(RAX) A (AY) A—A(Z))))
8. FVP(P(Fi(b)) D ISFANVX(A(X) D P(X)) AN A(F1(9))))

9. F ((P2(a,b) A >

VEQo (b, E))
JANWY (A(Y) 5 3X (Pu(Y,
10. FVX3A-A(X)
11. F VYUYV ((U < 0) D ~(U = abs(V))) O
SA(VY (~A(abs(Y))) A A(~(2))
12. FYX@EU(X = (2 *U))<—>ﬂEIV((X+1) (2%V))) D
JAVX (A(X) < —A(X +1))
13. F YPYY (VA((A(0) A VX (A(X) D A(X + 1)) D A(Y))A
(X ) D

(P(0) AVX(P(X) D P(X +1)))) D P(Y))
14. VXVYVZ((F(X,Y) = Fa(Z,2)) > (X = Y)) -
VPYUYV (YA((A(F2(0, 0))A

VXYY (A(F2(X,Y)) D A(Fa(Fi(X), Fi(Y))))) D A(F2(U,V)))A P(U)) D P(V))
15. F-3GYF3J(G(J) = F)

Fig. 1. A problem set for Ps

2  Outline of the Methodology

P2 receives as input a structure representing a set of proofs in a given logic, and
it generates a structure defining a proof search strategy for that logic. The proof
search strategy is composed of methods. A method defines a recommendation
for the use of an operator (for example, a recommendation for the use of an
LCF tactic) of that logic, and is the analogue of the Condition-Action rules
of rule-based systems. In that sense, P2 comprises an inductive generalization
methodology for generating, from sets of examples, methods, defining conditions
for the use of a set of operators, which in our case happen to be inference rules
(or tactics in tactical implementations of provers). However, it will be argued
that inductive generalization methodologies can and should learn from the given
examples the preferences implicitly assigned to the use of some operators: when
more than one operator can be applied to the same goal, the choice of one of them
is an important property that should be captured by the inductive generalization
procedure.

2.1 The Structure of the Provers

It is assumed that provers in general perform their proofs in a goal-oriented
fashion: proving consists in solving a set of goals. Starting with an initial goal,
that encodes a theorem to be proved, the prover has a set of operators that can
be applied to this goal. Typically the operators implement the inference rules of
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the underlying logic. The application of an operator to a goal can either solve it
completely, or generate a set of new goals that must be added to other unsolved
goals that the prover may already have and that must be eventually all solved,
if a proof is to be achieved. It is also assumed that provers are implemented,
keeping a clear separation between control and logic. The generated proof search
strategies are used to control the application of the inference rules of the logic
in question. They do not interfere in the formalization of the logic and the
implementation of this formalization. This issue is illustrated in Figll It shows
that a proof is performed through the interaction of two distinct processes: logic,
that should implement the formalization of the underlying logic; and driver, that
uses a proof search strategy to drive (control) the proof. The logic component
is responsible for implementing the inference rules. It receives from the driver
a recommended inference rule for a goal, and it either performs the inference
returning a set of sub-goals to be solved, or fails in applying the recommended
rule to the given goal.

| Proof strategy T' |

(goal+rule)

Fig. 2. Driving proofs

3 Second-Order Logic

P2 has been used to generate provers for several logics. In this paper, however,
the examples and experiments are concentrated on the generation of proof search
strategies for second-order logic. The prover used in the experiments with second-
order logic, called Ps-hol, can be decomposed in three main elements: a set of
methods, generated by P, and defining a proof search strategy; a driver; and
a logic component. The logic component implements a tableau formalization
of a Simple Theory of Types ([H]). The complete formalization of the logic is
presented in []. Here, a subset of its inference rules is introduced to facilitate
the discussion of Ps.

The logic of Ps-hol is a sub-logic of Church’s Simple Theory of Types, exclud-
ing the axioms of extensionality, descriptions, and infinity. It contains two base
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types: o(type for propositions), and ¢(type for individuals.) (« — ) will denote
the type of functions with domain type a and co-domain type 3. Formulas are
terms of a simply typed A-calculus, generated from a set of atomic terms, that is
itself the union of three disjoint sets: a set of logical constants, a denumerable set
of free variables, and a denumerable set of parameters (non-logical constants.)
This lambda calculus will be called A —.

The logic is formalized as a tableau of signed formulas. A signed formula is
either a term T o or F a where a is a term of A — with type o, and T and F
are reserved for the signs of the formulas.

A goal is a tuple of prefixed signed formulas, and « ¢ I" will represent a tuple
whose first formula is « (I" being a tuple itself.) A prefixed signed formula is a
pair containing: a tuple of free variables (the prefix), and a signed formula. The
prefix contains variables introduced by quantifier elimination inference rules.
This is the same device used by Shankar (in [&]) to deal with quantification in
intuitionistic first-order logic.

Formulas will be displayed without types and the following abbreviations will
be used: (p D ¢q) abbreviates ((D p)q), and JzP abbreviates (3(AzP)), where:
D is a logical constant with type (0o — o — 0), 3 is a logical constant with type
((t = 0) — 0). Lambda abstraction is used to bind quantified variables.

The inference rules for O and — (that has type (o — 0)) are shown below.

(T —) provable(Il : T—ao I, 0y, 6,) if
provable(Il :Fa o I, 0y, 61)
(F—) provable(II:F—ao I, 6y,0;) if
provable(IT: Ta o I', 0y, 61)

(T D) provable(IT: T (a D B) oI, 60,0:) if
provable(Il :Fa o I',0y,02) and
provable(IT: T3¢ I, 6y, 63) and
unify(62 U 05, 61)

(F D) provable(IT:F (a D f)oTI,0,061) if
provable(Il : TaoII:FBo I, 60y,0:1)

where II:Fao I is a tuple whose first prefixed signed formula is IT: F .. The
inference rules are defined with the help of two predicates:

— unify(0;, 0,), that is true if 0, is a substitution that is a unifier for the set
of pairs 6;. (This relation can be implemented using Huet’s higher-order
unification algorithm introduced in [#].)

— provable(I, 0y, 61), which is true if I" has a proof under restriction 6y (a
restriction being a set of pairs of terms) with output unifier 6; (another set
of pairs of terms.)
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The inference rules for the quantifier 3 are shown below.

(T3) provable(XI:T 3JyR, 0, 61) if

provable(Z1 : T ['f(?x1, ..., 7xm)/y|R, 00, 61)
(F3) provable(IT:F3zR, 0, 061) if

provable((?z ¢ IT:F [?z/x|R) o Il :F 3z R, 0y, 01)

where: 7z is a new variable, and it has type v if the quantifier has type ((v —
0) — 0); and !f is a new function constant, with type (v1 — ... — v, — V)
when the quantifier has type ((v — 0) — o), IT is the tuple (z1,...,z,), and
each z; (0 < i < m) has type v;. Notice that: ! f(?z1, ..., ?x,,) is the application
of If to the tuple (?x1, ..., ?xy), i.e., IT,and [a/z] R is the result of replacing all
free occurrences of z in R by «.

Finally, there are the rules: (axiom), which is used to close a branch in a
proof tree, and the structural (exchange), which is necessary because tuples are
used in the formalization.

(axiom) provable(Il: TaoIl:Fa' o 1',0y,0;) if
wnify({ (@, a’)} U B, )
(exchange) provable(8oI',6y,0:) if
provable(I" ++3, 6o, 61)

where  is a signed formula, and I" 44 is the tuple that results when 3 is added
at the end of I', itself a tuple.

The system defines rules for rewriting (o = ) to VR(R(a) D R(f)).

Admissibility Rule: A goal can be admitted to proof (through provable
defined above) if and only if the free variables occurring in any of its formulas
were introduced by quantifier elimination rules.

An important concept used in the definition of Py is the Skolem instance
of a formula. The Skolem instance of a formula is either the formula itself, or
any formula obtained from it by eliminating one or more of its quantifiers, using
the inference rules provided by the formalization of the given logic. A Skolem
instance of a goal I' is another goal I'' such that o’ € I'" if and only if o’ is the
Skolem instance of some a € I'.

4 The P, Algorithm

Figure B shows the Py algorithm. P receives as input a set of proof steps (W
in Figl), and a set of fixed terms (F in Figll) of the logic, that will contain, for
example, logical constants. It generates a set of methods (represented by M in
Figl), defining a proof search strategy.

Proofs are decomposed in steps. A step is an ordered pair containing a goal
and the name of an inference rule. A method is a triple, containing a meta-goal, a
set of negative conditions (a set of signed formulas), and the name of an inference
rule. A meta-goal is a tuple of signed formulas (without prefixes.)
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Algorithm P»
Input: W: set of steps; I set of fixed terms
Output: set of methods
let M = {schematization(z,F): v € W};
set M to {z € M: not redundant(z,M,W)};
do n times
let L=M
for each = in M
for each y generated from z=
if acceptable(y,z,M,W)
then set L to L U {y};
endfor;
set M to {x € L: not redundant(z,L,W)};
enddo;
return M.

Fig. 3. The Py Algorithm

Py can be seen as an evolutionary algorithm for generating methods from
steps. In the beginning, one method is generated for each step, by a process
of schematization (defined below). After that, a cycle is repeated where new
methods are generated from old ones by randomized algorithms, and methods
are evaluated with respect to a criterion of redundancy, redundant methods being
discarded. The number of repetitions of the cycle (n in the figure) was set to 10
in the experiments reported in this paper.

4.1 Matching, Confirmation, and Contradiction

Method matching is one of the fundamental concepts of Ps . This concept es-
tablishes the interface between P and the logic to which Py is applied. Method
matching is used to define the concepts of confirmation and contradiction, used
by Pz to evaluate the strength of methods. In the definition below, len(I") is
the number of formulas in I", drop(I, n) is a sub-tuple of I" without its n initial
formulas, and zip(Iy, I1) is a set of pairs obtained by pairing element ¢ of I
with element ¢ of I, until exhausting the shortest of them. I'’ is a permutation
of I' when, for all o, « € I'" if and only if « € T".

Definition 1. A match between a method (I'y; Am; Rim) and a goal Iy is a
pair (I',0) such that for some I'; all of the following conditions hold:

— Iy is a permutation of a Skolem instance I'y of I'y;

— len(l,) < len(I'));

unify(zip( L, T3, 6)

there is no 0" such that for some aq € Ay, unify({{cq, 8'Y} U0,0"), where
B’ is Skolem instance of some (3 occurring in

drop(L, len(Ly,))-
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In the matching between method (EE¥) and goal (€J), a Skolem instance for
D is (BB, which would be the I')’ of the definition above. Its permutation, I',
in the definition, would be (E).

(ADB), TA);{FA};(T D)) (my
):F 3zq(x), (): T 3ap(x), (): TVz(p(x) O q(z))) (
):F3zq(z), (): Tp(la), (Tz0): T (p(?x0) > q(?x0))) (Gs
20): T (p(?20) 2 q(?20)), (): Tp(la), (): F 3zq(x)) (

o~ o~~~

(T
(
(
(

The unifier 6 is the solution of

{{T (A > B), T (p(?20) > q(?0))), (T A, Tp(la))},
that gives {(?zo, la), (A, p(la)), (B, ¢(la))}. Given that 6(F A) (where F A is the
only formula in the negative conditions) does not have an occurrence in

(O):F Jzq(x))

the resulting match is the pair (I, 8), where 6 is as above, and I is
(=T (p(a) > g('a)), (): Tp(a), (): F3wg(x).

Definition 2. A step s = (Is; Rs) is a confirmation for a method m =
(Lm; A; RY (denoted s = m) if and only if both R is equal to Ry and there is a
match between m and Is.
The set of confirmations of a set of methods M in a set of steps W is
KMW)={seW:3me M.s =m}.

Definition 3. A step s = ([s; Rs) is a contradiction for a method m =
(L A; R)Y (denoted s 5 m) if and only if both R is different from Rs and there

is a match between m and Is.

4.2 Generating Methods

The first set of methods produced by Pz is a result of uniformly replacing vari-
able terms occurring in steps by fresh meta-variables: this is called Schemati-
zation. The Schematization of the step represented by ((T p, F p); (axiom)) is
(T A, F A); {}; (axiom)).

Definition 4. The schematization of a goal I' w.r.t. to a set of fixed terms
F' is the goal obtained by uniformly replacing each atomic term t occurring in I,
such that t € F' and t is not bound, by a new variable with the same type as t.

The schematization of a step (I'; R) w.r.t. to a set of fixed terms F is
the method (I''; A; R), where I'' is a schematization of I', and A = ().

New methods can be generated from other methods by generalization proce-
dures and one strengthening procedure, which creates negative conditions. The
processes of generalization widen the set of steps matched by one method, possi-
bly producing overlapping methods, while the strengthening procedure reduces
the scope of application of a method, and it should be applied to reduce its set
of contradictions.
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Definition 5. A method m = (I'; A; Ry) is a negative strengthening of a
method mg = (Iy; Ao; Ro) with respect to a step s = (I's; Rs) if and only if the
following conditions all hold:

— there is a match (I, 0) between mg and Is;

— I is a schematization of I's;

— I is an initial sub-tuple of I'" such that len(I") = len(Ip);
—A={acl’":a¢l}.

The method (gEg, next, could be generated by negative strengthening of (g
with respect to step (E3.

(T(-AD L), T(-BD L), TBT(—(BANA)FL);{}(T D) (ms)
(T (=(pNq), T(=pD L), Tp,T(=gD 1), Tq,F L);(T=)) (s6)
((T(=Ag D 1), T(=By D> 1), TBy, T (—~(BoAAp)),FL);{T Ao};(T 3)() )

mr

Definition 6. A method m is generated from a method n if and only if m s
the result of applying to n one of the following procedures:

Thinning, which consists of dropping any meta-formula occurring in either the
meta-goal or the negative conditions of n ;

Random lifting, which replaces one occurrence of a term in m by a new vari-
able of the same type;

Uniform lifting, that replaces all occurrences of one term by a unique new
variable of the same type;

Negative strengthening with respect to a step s.

{(TA,TAD L FA;{}; (axiom)) (msg)
(T A F A); {}; (awiom)) (mo)
(TVz.(P(G(A),z) > Q(B,G(A)))); {}; (TV)) (m10)
(TVz.(P(G(A),z) > Q(B,4(C)))); {}; (TV)) (m11)
(TVz.(P(C,z) > Q(B,C))); {}; (TV)) (mi2)
(TVz.(R(z) > Q(B,G(A)))); {}; (TV)) (mi3)

For example, given the methods above, from (EE), (@@ could be generated
by thinning; random lifting could be used to generalize (G to (EE), with C
replacing the second occurrence of A; uniform lifting could be used to generalize
(E3) to cither (EEE) (by substituting C for G(A)) or (g (by substituting R
for (P(GA)).

These procedures give Py the characteristic of randomized search: the for-
mulas to be dropped or replaced are chosen at random. In the next section, a
structure is defined to order methods in a default hierarchy, which is used to
discard superfluous or redundant methods and to give priority to the best ones.
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4.3 Q;1: Precedence among Methods

A structure will be defined that will be used to partition a set of methods M
into levels, such that contradictions for methods in one level are confirmations
for methods in levels preceding it. Such partition is founded on the idea (already
studied by Kleene for Intuitionistic Logic in [§] and also [&]) that for many logics
there are certain inferences that should always take precedence over any other
inferences. However, since many alternative criteria can be used to perform such
partition, a general structure (Q, ), parameterized with respect to a partitioning
function @, is introduced first.

Definition 7. The Q, structure for a set of methods M and a set of steps W
(denoted Q. (P, (M;W))) is a family of subsets of M indexed by the map
Y :N—2M

where N is the set of non-negative integers, 2M is the power set of M, and:

1. let o9 = (M, W)

E(O){M’ ifJoiw

09, otherwise
2. foranyi >0, let 0,41 = P(M — X(2), W — K(X(3), W))

E(iJrl){M’_ Zfa'i+1 .—w
Y()Uoip1, otherwise

Given an adequate criterion (through parameter @), this structure can pro-
duce X as a chain of subsets of M ordered w.r.t. set inclusion. ¢, defined below,
separates from a set of methods M all methods that do not have contradictions
in W. Assuming that rule(m) (rule(s)) denotes the inference rule recommended
by a method m (used in a step s), the function @; separates a subset of a given
set of methods M, such that each method in the subset is confirmed by all steps
that used the inference rule recommended by the method.

Definition 8.

S,(M,W)={me M|-(3s € Ws= m)}
O(M, W) ={me M :Vs cW. if rule(s) = rule(m) then s = m}

The structure defined by Q. (P, (M;W)) would partition the set of methods
in the chain X, such that methods in one level (say X(i)) would always have
contradictions confirmed by methods in levels above (X(i — j),j > 0). A more
restrictive criterion, however, is used to define a structure called Q;. This cri-
terion gives preference to more general methods, through the function @;. &,
is composed with &, through ®y,. The function Py below denotes a set of
functions: one for each W.
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Definition 9.

Pw (M) = {M otherwise

Qi (M; W) = Qu(Pw o Py, (M; W)),

where Py o @, denotes the composition of Pw with D,,.

Definition 10. The level of a method m in a structure Qi(M;W) (denoted
level(m, Q1 (M; W))) is the least i such that m € X(3).

Definition 11. A method m is redundant in a structure Q1 (M; W) if and only
if there is another method m' € m such that both

— level(w’, Q1 (M;W)) < level(m, Q1 (M; W)), and
— K({m}, W) € K({m'}, W)

Definition 12. A method m is acceptable in comparison with n with respect
to Q1(M; W) if and only if for some k >0

level(m, Q1 (M; W) < level(n, Q1 (M; W)) + k.

The parameter £ must be determined by experiment. It must be noticed,
however, that acceptability is incorporated in Ps mainly for the sake of efficiency:
methods which would be deemed unacceptable tend to have a high number of
contradictions and to be located in the deepest level of Q1, being eliminated by
the redundancy criterion.

5 Experiments with P,

P2 has been implemented on the top of a platform, the Pframe, which is com-
posed of modules implementing: the syntax of the A\ —; Huet’s higher-order
unification algorithm (J&) with Miller’s occurrence check ([&]); the concepts of
goals and proof steps; method matching that can generate a lazy list of matches
between a method (or a list of methods) and a goal; and the concept of proof tree,
with procedures for depth-first, iterative deepening and breadth search. A prover
is constructed for a logic £ by linking Pframe with a module implementing the
inference rules for £, and a set of methods generated by Ps.

The search tree for a given proof is defined by the selected search procedure
(depth-first, iterative deepening, or breadth first), and the set of methods. In
depth-first search, a prover behaves very much like a standard Prolog. P, orders
the methods by priority (level 0 of Q; first.) The prover uses the methods in
the given order, and maintains a list of goals that is expanded in a left-to-right
order (backtracking being, of course, part of this search procedure.)
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At the kernel of the driver of Ps-hol, there is a procedure that generates
recommendations of inference rules to be applied to given goals. This procedure
can also be seen as implementing a relation, like:

recommend((Ly : 6,),m, ((I": ), R)),
that recommends the application of R to goal I', where:

— Iy is the goal to be solved under restriction 0.
— m is a method (Iy,; Am; R).

— (I": 0) is a match between m and (I : 6).

— R is the recommended rule.

Proofs can be performed in either interactive, or fully automatic mode.

1. F(»>(¢Dp))

2. F((pA(pDq)Dq)

3.p,(PDqs(gDr)kr

4. F(=(pAg) D (=pV9q))

5. F(pV -p)

6. (-pAp)F(gVvr)

7. F(prg) D(pVr))

8' (p D q)v_‘qv (p/\’l’) }_

9. F((p=-p) Dq),IXQ:1(X)
10. (pAq),(r D -r),((A=A)D(B=A))kFp3IXQ:1(X)
11. (pAq), ((rVvs) D (Qi(A)ASi(B))),rFq
12. (pDq),(pVp),(ror)kgq
13. (pvr)Dq),p,(sDr),(ror)kgq
14. (rAs), (gD p) - ~(-pAp)
15. (pvag) - ((gVr)Vp)
16. FVYX((P(X) A (Pi(X) D =Q1(X))) D —Q1(X))

17. F(pD (A= A4))

18. (A=B)F (B=A)

19. p, (A= B) - (Gi(A) = G1(B))

20. ((pV'r) > (Q1(4) A'8)),p F X Q1 (X)
21. F -3XQ1(X),3XQ1(X)

Fig. 4. A training set for Ps

5.1 An Experiment with Second-Order Logic

An experiment was conducted with P, to generate a prover for second-order
logic. The training set was the one given in Figll A set of problems, proved
using the generated set of methods, is in Figlll The two sets were chosen to
assess Po’s ability to generate heuristic provers that can deal with potentially
explosive proofs. An important characteristic of the training set is the simplicity
of the theorems contained in there, most of them, theorems of the propositional
calculus. This is a very important feature of the set because it provides evidence
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in support of the idea that potentially explosive proofs (as proofs with higher-
order variables usually are) can be controlled, using proof search strategies gen-
erated from propositional or first-order examples. It is important to observe also
that the examples were chosen to teach P, the proof skills that are taught in
any introductory text of logic, essentially including: splitting conjunctions, as in
problem 7; identifying contradictions, as in problem 6; using the sequent calculus
(or tableau) equivalents of modus ponens and modus tolens, as in problem 3;
and the elimination of quantifiers. The timings and numbers of inferences used
by the prover (with a P, generated proof search strategy) are in Tab.(fll). The
experiment was conducted with an implementation of Ps-hol written in Clisp,
and running under Linux on a PC 486, 66 MHz. Several of those problems can be
considered as hard. The author is not aware of any prover that, using a machine
generated proof search strategy, has been able to prove in automatic mode, for
example, the induction principles of problems 13 and 14 (taken from [H]), or the
Cantor’s theorem of problem 15. Cantor’s theorem has been proved before in
automatic mode by TPS, using a human-coded plan ([H].)

Thm |Infs|Secs||Thm|Infs|Secs
27 18.611|9 9 13.50
19 |4.97||110 |4 ]0.28
6 [0.95(11 |12 |4.37
5 |1.20][12 |2 |[3.67
0.25((13 [ |[2.14
5 10.90((14 (54 |34.93
17 |3.18{|15 |12 |8.39
5 10.97

0O Utk W
[\

Table 1. Po-prover applied to set in figure B

5.2 Important Features of Py Strategies

A few examples, from Fig. ll are analyzed to highlight the importance of some
features of the strategies generated by Ps.

Proof by Analogy. A Ps strategy can accommodate proofs by analogy.
For example, problem 3 of Figll was proved by Ps-hol using exactly the same
sequence of inferences found in the training set (FigHl) for problem 19.

The Importance of Priority. The proof of problem 5 (Fighl) illustrates
the importance of the assignment of priorities to the generated set of methods.
It started with an application of (F D) (possible thanks to the elimination of
the two external quantifiers during method matching), producing:

((7Ag): T7Ao(1f(?A0)), (7A0): F (If(?A0) < 0))
?Ay is a free variable and it can be instantiated to any term (including a term
with new quantifiers.) However, the method with highest priority generated by
P, was (B, that had no contradictions in the training set. A match between
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(=) and the goal above lead to a solution in one step (through the recom-
mended inference rule (axiom).)

((T A, F A); {}; (axiom)) (mi4)

Skolem Instance. The importance of the concept of Skolem instance can be
illustrated by the proof of the problem 12, that again started with an application
of (F D) to produce
():TVXEU(X =(2x0)) < -3V ((la+1)=(2xV))),
():FIAVX(A(X) « —A(X +1))).
In the next step, the method with highest priority was again [ but a match
was only possible after the elimination of the external quantifiers present in the
two formulas of the goal above, which produced:
((?20):TAU(?x0 = (2xU)) < =TV ((?zo + 1) = (24 V),
(7A0):F (TAo(!f(?Ap)) < =7Ao(1f(?Ao) + 1))).

The proof above took only 2 steps with Ps-hol. It was presented with 14 steps in
[E. Problem 12, after skolemization, and conversion to clausal notation, produced
4 clauses in [d. This contrasts with the fact that in the proof obtained with Pa-
hol, at most 2 formulas are present at any time. The approach taken with Ps-
hol, which consists in a lazy elimination of quantifiers (quantifiers are removed
only when they appear as external) seems to contribute to a reduction in the
number of formulas introduced. In addition, the quantifier elimination followed
by unification with methods acquired from previous experience helps in many
cases to find terms to instantiate free variables as soon as they are introduced.

These factors played an important role in the proofs for problems 13 and
14. Problem 14 was proved in 54 steps. This is apparently worse than the 25
presented in [M]. However, notice that Pa-hol has no special axioms for dealing
with sets, and that [B] presents just the final proof obtained, without commenting
on redundant inferences performed by the prover. The 54 steps reported for Po-
hol included steps that were discarded by backtracking.

6 Properties of the Generated Provers

The most important property of the provers generated with Ps is the fact that
their soundness depends exclusively on the formalization of the logic in question.
This is achieved in Py through the concept of method match, which contains the
interface between P, and the given logic. This interface is more exactly located
in the definitions of Skolem instance, and unification, both assumed as being
provided by the logic. Py has been used, for example, with propositional modal
logics S4 and S5, where the Skolem instance of a formula is the formula itself, and
the unification is indeed a first-order matching procedure. The result of a method
match is a pair, containing a permutation of the input goal and a substitution.
Soundness is easily guaranteed in this case.

In the case of Pa-hol, the soundness is guaranteed in the formalization of
the logic through the admissibility rule, which basically imposes that variables
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occurring in any method are kept separated from variables occurring in goals:
methods’ variables will not affect the dependencies that should exist between
parameters introduced by quantifier rules and free variables occurring in the
prefixes of any goal. In [, the soundness of Pa-hol itself is discussed. Pa-hol
is also compared in [E] with Miller’s 7 ([i&]), a sound formalization of a sub-
logic of Church’s type theory that excludes the axioms of choice, extensionality,
descriptions, and infinity. Differently, Pa-hol is a sound formalization of a sub-
logic of Church’s type theory that includes the axiom of choice. (Hintikka’s
defense, in [, of formalizations of second-order logic that assume the axiom of
choice is discussed in [EH].)

Another important property of the methodology underlying P5 is in its gen-
erality. Po does not impose many restrictions on the formalizations of the target
logics. It has been used to generate provers for IPC, modal logics S4, S5, and
second-order logic. This provides, probably, a wider range of applications than
that found for any other study of Machine Learning applied to automated the-
orem proving.

Re-usability is a distinctive feature of the provers generated with Py. A proof
search strategy generated by P2 combines the knowledge of several proofs, and,
as such can be applied to a wide range of new problems. In addition, Py provers
do not need special procedures to implement patches for cases when a proof plan
fails: each structure Q; can accomodate several methods with different levels of
generality that recommend the same inference rule.

7 Conclusions and Related Work

P is an algorithm of the family P,. P, was introduced first in [B. The first al-
gorithm presented in there was Py. Py was heavily based on Tarver’s M2([H]),
which has itself important similarities with the Version Spaces methodology
([E1]). M2 used limited forms of thinning and random lifting to generate tac-
tics, tactic being the name given by Tarver to a method without negative condi-
tions, and whose meta-goal could contain only one F-signed formula. M2 defined
fitness of a tactic as the difference between its numbers of confirmations and con-
tradictions, and it used fitness to discard unacceptable tactics. Py and M2 are
discussed in [, where they are compared with P4 (another P, algorithm) and
P. A priority queue for classifying methods was first described in [H].

The P, algorithms comprise an effective methodology for applying machine
learning to automated theorem proving. P, has been probably applied to a
wider range of logics than any other methodology combining ML with theorem
proving. In addition, they seem to offer a clear advantage over the case-based
reasoning approach of analogical proving systems, which in general demands,
first, the interference of a user in the selection of one source problem for each
target analogue that must be proved, and, second, complicated procedures for
patching flawed plans. P, can produce generic provers for a target logic, as it has
been done for IPC, and modal logics S4 and S5 (see experiments in [E5]), and it
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can produce specialist provers for one specific domain (set theory, for example,
in the experiments of this paper.)

It is shown in [i] that Angluin’s training sequences (a criterion for the
learnability of programs from graphs of functions introduced in [4]) are a special
case of the structures generated by Q. [E] also introduces Qs, that further
generalizes Q;. It remains to be shown whether a program exists, that can be
learned with Qs, and it cannot be learned with Q;.

The structures generated by Q; can be compiled into a Petri net, which could
be used to produce parallel provers. This compilation is discussed also in [
[ also discusses how Ps can be applied to resolution-based provers.
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